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Dear  Conference  Participant: 

I  am  pleased  on  behalf  of  the  Rochester  Institute  of  Technology  to  welcome  you  to 
Thermal  Stresses  ‘97. 

This  international  conference  brings  together  experts  from  across  the  world.  It  promises  to 
advance  the  theoretical  underpinnings  of  this  important  technological  area,  improve  our 
collective  ability  to  analyze  stress  in  engineered  systems,  and  advance  our  capability  to 
design  systems,  structures,  and  products.  I  am  pleased  that  you  can  bring  your  special 
expertise  to  bear  on  this  subject. 

The  world  has  long  depended  on  collaboration  among  members  of  the  technical 
community.  RTT  values  such  international  cooperation  and  is  proud  to  play  a  role  in  the 
planning  and  implementation  of  this  special  symposium. 

I  hope  this  conference  meets  your  expectations  in  all  respects  and  that  your  stay  here  in 
Rochester  will  be  personally  and  professionally  rewarding.  If  any  of  us  at  RIT  can  help 
you  in  any  way  we  would  be  pleased  to  do  so. 


Sincerely 


Paul  E.  Petersen 

Dean,  College  of  Engineering 


RECENT  INTERESTS  IN  THERMAL  STRESSES 


Thermal  stress  problems  continue  to  attract  the  attention  of  a  large  international  community  of  inves¬ 
tigators.  Based  on  a  survey  of  87  papers*  published  during  1996,  a  number  of  problem  areas  of  major  con¬ 
cern  can  be  identified.  One  area  of  concentration,  representing  over  one-fifth  of  the  reviewed  papers, 
involves  thermo-mechanical  behaviors  of  anisoptropic  and/or  nonhomogeneous  media.  Among  this 
group,  13  articles  address  problems  associated  with  composite  materials  or  structures,  with  9  of  this 
emphasizing  response  of  laminated  systems  to  various  loads  (e.g.,  thermal  shock,  combined  mechanical 
and  thermal  loads,  thermoelectric  fields,  etc.).  Another  area  receiving  considerable  attention  involves  the 
potential  utilization  of  advanced  materials  and  “smart”  structures  for  controlling  thermal  deformations; 
studies  in  this  area  have  focused  mainly  on  functionally  graded  media  (6  articles)  and  piezoelectric  ceram¬ 
ics  (5).  Thermally  induced  dynamic  behaviors  are  investigated  in  16  of  the  reviewed  papers,  with  attention 
directed  primarily  at  thermoelastic  wave  propagation  (5),  and  free  or  forced  vibrations  (5)  of  beams,  plates 
and  shells.  Other  of  the  surveyed  investigations  treat:  crack  problems  (8),  including  analysis  of  edge  cracks 
in  composite  and  functionally  graded  materials;  stability  problems  (7)  associated  with  thermal  loading  of 
beams,  plates  and  shells;  inelastic  response  (7),  entailing  viscoelastic,  viscoplastic  or  elastic-plastic 
behaviors;  development  and  application  of  numerical  methods  for  thermal  stress  analysis,  in  particular, 
boundary  element  (4)  and  finite  element  techniques  (3);  thermoelastic  contact  problems  (5);  and  exper¬ 
imental  techniques  (4)  for  determination  of  stress,  damage  or  fracture,  based  upon  thermoelastic  data. 

As  evidence  of  the  worldwide  interest  in  thermal  stresses,  it  is  noted  that  of  the  nearly  50  articles 
published  in  the  Journal  of  Thermal  Stresses  during  1996,  the  82  contributing  authors  and  co-authors 
represent  19  different  countries,  including:  Bulgaria  (2  authors),  Egypt  (2),  France  (3),  Georgia  (1), 
Germany  (1),  India  (7),  Iran  (3),  Italy  (3),  Japan  (19),  Korea  (1),  Kuwait  (1),  Poland  (4),  Romania  (1), 
Russia  (3),  South  Africa  (1),  Taiwan  (7),  Turkey  (1),  Ukraine  (4),  and  United  States  (18). 


T.  R.  Tauchert 

Chair,  National  Organizing  Committee 

*  Articles  included  in  the  survey  were  those  appearing  in  Volume  19  of  the  Journal  of  Thermal  Stresses  plus  those  cited 
in  the  “Publications  on  Thermal  Stresses”  section  of  the  journal. 


A  Note  from  the  Principal  Organizers  of  Thermal  Stresses  '97 


We  take  this  opportunity  to  tell  you,  the  Participants,  that  we  have  enjoyed  working  on  the  preparations  leading 
to  Thermal  Stresses  '97.  After  two  years  of  effort  we  observe  with  amazement  that  the  various  pieces  of  the  big  jigsaw 
puzzle  are  starting  to  fall  into  place.  Until  very  recently  some  of  these  pieces  seemed  to  not  fit  well  together.  Now,  with 
only  a  few  weeks  before  the  opening  ceremony  of  Thermal  Stresses  '97,  we  are  beginning  to  feel  confident  that  things 
will  work  out.  We  hope  that  you  will  find  our  efforts  worthwhile. 

We  express  our  thanks  to  Rochester  Institute  of  Technology  for  allowing  us  to  have  Thermal  Stresses  '97  on  its  cam¬ 
pus.  We  thank  various  service  departments  of  RIT  for  their  friendly  cooperation,  especially  the  Catering  Service, 
Resident  Life,  and  the  Physical  Plant. 

We  express  our  appreciation  to  the  School  of  Printing  Management  and  Sciences,  and  in  particular,  we  thank 
Professors  Archibald  D.  Provan  and  Barbara  Birkett  for  providing  an  excellent  service  for  us,  and  to  Keli  McCreadie 
and  Magda  Knaflewska  for  taking  great  care  in  the  design  and  printing  of  the  Program,  Proceedings  Volume,  and  other 
materials. 

Last  but  not  least,  we  thank  Mrs.  Connie  LaBarre,  the  secretary  to  Richard  B.  Hemarski,  for  two  years  of 
dedicated  hard  work,  often  after  hours  and  on  weekends,  on  the  preparations  for  Thermal  Stresses  '97. 

We  hope  you  will  enjoy  being  a  part  of  Thermal  Stresses  '97. 


6 .  U€iw.  /Y", 


Richard  B.  Hetnarski 
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Thermomechanics  of  Heterogeneous  Media 
George  J.  Dvorak 

Modeling  of  Thermal  Cracking  in  Elastic  and 
Elastoplastic  Solids 
K.  R  Herrmann 


Thermal  Stress-Focusing  Effect  Following  Rapid 
Uniform  Heating  of  Spheres  and  Long  Cylindrical  Rods 
Toshiaki  Hata 


THERMOMECHANICS  OF  HETEROGENEOUS  MEDIA 


George  J.  DVORAK 


Center  for  Composite  Materials  and  Structures  and 
Department  of  Mechanical  Engineering,  Aeronautical  Engineering 
and  Mechanics 

Rensselaer  Polytechnic  Insdtute,  Troy,  NY  12180 


Key  Words:  Composite  Materials,  Miciomechanics,  Thermomechanics,  Graded  Materials 


1.  Introdnctioii 

This  lecture  will  survey  some  recently  developed 
micromechanical  modeling  methods  and  certain 
results  concerning  the  overall  dieimmnechanical 
response,  average  local  fields  and  heat  conductivity  of 
bodt  elastic  and  inelastic  composite  materials,  with 
either  constant  or  variable  volume  fractions,  and  with 
extensions  to  polycrystals  and  laminated  plates. 

2.  Thenooelastkcmnpositesandpolycrystals 

Tnitial  connections  between  mechanical  and  thermal 
responses  of  heterogeneous  media  were  established  in 
the  1960s,  primarily  by  Levin,  who  evaluated  the 
overall  strain  due  to  a  uniform  change  of  temperature 
in  a  statistically  homogeneous  multiphase  aggregate  in 
terms  of  the  overall  and  local  elastic  moduli,  and 
thermal  expanaon  coefficients  and  volume  fractions  of 
the  phases.  More  recently,  many  other  connections 
have  been  identified  between  the  ^ects  of  mechanical 
loading  and  thermal  changes  in  composite  materials 
and  laminates.  Several  such  results  were  found  using 
the  method  of  uniform  fields  in  heterogeneous  media, 
which  provides  a  class  of  exact  solutions  for  local 
fields  caused  1^  certain  overall  loads  and  local 
eigenstrains.  Siqjeipositions  of  the  uniform  fields  with 
fiiose  caused  hy  other  loading  states  offer  interesting 
insights  into  the  effect  of  thermal  changes  on  the 
response  of  materials  with  complex  microstractural 
geometry.  For  exan^le,  we  will  show  that  the  local 
stress  and  strain  fields  due  to  a  uniform  change  in 
temperanzxe  in  a  r^vesentative  volume  of  a  two-phase 
composite  material  can  be  related  by  exact 
connections  to  the  respective  fields  caused  by  uniform 
mechanical  loading.  In  certain  multi-phase  materials, 
such  coanections  can  be  obtained  for  the  av^ages  of 
the  diennal  and  mechanical  fields.  Anodier  example 
win  iUustrate  connections  between  thermal  expansion 
and  compliance  coefficients  of  selected  polyciystals, 
both  in  bonded  and  partially  debonded  configurations. 


3.  Elastic-plastic  fibrous  composites  and  laminates 

Evaluation  of  the  inelastic  response  of  both  metals  and 
metal  matrix  composites  and  laminates  relies,  in  part, 
on  information  about  the  initial  yield  surfaces  and  tiieir 
motion  in  stress  space  during  plastic  loading.  In 
heterogeneous  solids,  the  overall  yield  surfaces  are 
typically  constructed  using  the  local  stresses  and  yield 
surfaces  of  the  inelastic  phases.  Therefore,  changes  in 
die  local  fields  induced  by  temperature  variations  may 
cause  thermal  hardening  effects  even  in  the  absence  of 
any  local  inelastic  deformation.  For  fibrous  metal 
matrix  composites,  the  method  of  uniform  fields 
predicts  rigid  bo<fy  translation  of  the  overall  yield 
surface  in  stress  space.  Also,  inelastic  deformation  of 
fibrous  systems  along  a  combined  thermomechanical 
loading  padi  is  exactly  simulated  by  purdly  mechanical 
loading  along  an  equivalent  path,  in  superposition  witii 
uniform  local  fields.  This  simplifies  solution 
procedures  and  illuminates  coi^ling  between  thermal 
and  mechanical  deformations  in  the  fibrous  systems. 

4.  Functfonally  graded  materials 

Thermomechanical  modeling  of  composite  materials 
with  composition  gradients  often  calls  for  solution  of 
both  heat  conduction  and  tiiermoelasticity  problems. 
Exclusive  use  of  discrete  models  of  the  micro¬ 
structure  is  not  practical,  hence  homogenized  models 
are  required,  such  that  provide  accurate  estimates  of 
both  die  variaUe  heat  conductivities  and  diermoelastic 
moduli.  Frequent  concern  is  with  nonlocal  effects 
created  by  interactions  of  property  and  field  gradients. 
Results  of  numerous  comparative  studies  of  local 
fields  and  overall  response  of  both  discrete  and 
homogenized  micromechanical  models  suggest  that 
appropriate  combinations  of  standard  averaging 
techniques,  which  reflect  the  local  microstructural 
arrangement,  provide  accurate  homogenization 
procedures  for  graded  material  systems.  The  nonlocal 
effects  are  found  to  be  significant  only  if  local  field 
gradients  are  large  and  field  averages  small,  and  may 
tiius  be  neglected  in  most  applications. 
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Modeling  of  thermal  cracking  in  elastic  and  elastoplastic  solids 

K.P.  Herrmann*!  M.  Dong**),  and  T.  Hauck***) 

*)  Professor,  Mechanical  Engineering  Department,  University  of  Paderbom, 

Pdilweg  47-49,  D-33098  Paderbom,  Gennany 
♦♦)  Dr.-Ing.,  Staatliche  Materialpnifun^anstalt,  University  of  Stut^art, 

P&flfenwaldring  32,  D-70569  Stuttgart,  Gennany 
**♦)  Dipl.-Ing.,  Motorola  GmbH,  Geschaftsbereich  Halbleher,  AISL  Europe, 

SchatzbQ^  7, 81829  Munchen 

Key  Words:  Thennoelasticity,  Thermoplasticity,  Thermal  Cracks,  Dissimilar  Material,  Fiactme  Mechanical  Paiam^ers 

kinking  direction  S'*  of  an  interfece  crack  out  of 
1.  Introduction  ^  interfece  could  be  predicted  under  the  cooside- 

lation  of  the  finite  thickness  of  an  interlayer 
The  stn^  of  thermal  crack  growth  in  multiphase  (mteiphase).Furthermore,  the  influences  of  three- 

materials  is  necessary  fer  fee  assessment  of  fee  dimensional  effects  on  fee  feermal  crack  propagation 
strength  of  con^)05ite  stmctures  because  modem  axialsymmetric  two-phase  ccxnposite  structures 

conq>osite  materials  axe  often  subjected  to  variable  have  been  studied  by  means  offeis  crack  growth  crite- 

teniperatuie  fields.  Furthermore,  there  exists  e?q)eii-  rion  as  weU  as  by  using  fee  finite  elemeiit  method.  The 

mental  evidence  fer  fee  appearance  of  different  feiiure  numerical  results  show  scnne  remarkable  differences 

mediamsms  in  thermally  loaded  conpounds,  like  cur-  betweoa  2*D  and  3-D  bimaterials  concerning  fee 

vilinear  matrix  and  interfece  cracks,  respectively,  thermal  crack  pafes  as  well  as  fee  associated  fi:acture 

vhere  these  thermal  cracks  arise  mostly  under  mixed-  mffrhatiioal  parameters, 

mode  loading  conditions,  in  this  paper,  a  review  is 

given  about  fee  fiacture  mechanical  investigation  of  3^  Local  J-integral 

the  thermal  cradc  irutiation  and  propagation  in  cme  of 

fee  s^nuraits  or  in  the  material  interfece  of  two-  and  Finally,  an  analysis  of  the  stress  and  strain  fields 

feiee-  dimensional  self-stressed  bixnaterial  stmctures.  in  the  vidnity  of  thermal  interfece  cradcs  in  the  dis- 

contimiity  area  of  2-D  and  3-D  elastoplastic  two- 
2.  CrackPath Prediction  phase  conpounds  has  been  perfinmed  by  using  the 

^  j  1  FE-mefeod.  Moreover,  a  heat  source  QxxA  was 

Die  resultmg  boundary  value  problems  of  the  sta- 

tiOTaiy  feennoelastidty  and  feermoplastidty  for  fee  assumed  in  one  of  fee  two  inaterials  m  fee  nei^^- 

cxacked  2-D  and  3-D  twophase  compounds  are  sol-  of  an  mterfece  crack  tip.  The  resulting  initial- 

vedl^  means  ofthe  finite  dement  mefliod  Moreover,  bom^  value  jwoblem  of  tbe  instatioiiaiy  heat  coo- 

by  flying  an  apprapnate  cock  growth  criterion  dnction  equation  has  been  sdved  by  using  the  FE- 

based  on  the  numerical  calculation  oftbe  total  energy  method  and  imder  consideration  of  an  ^ipropriale 

release  rate  of  a  quasistatic  mixed-mode  crack  exten-  semidiscretization  procedure  as  weU  as  by  flying  a 

Sion  the  fintherdevekqmient  of  themal  crack  pate  Newt<mian  boundary  condition  fiw  te  heat  transitkm 

starting  at  te  intersection  line  of  the  material  inter-  &«“  specimen  to  the  envircmment  (tempei^ 
tee  with  te  extanal  stress-firee  surtee  of  the  2-D  To)  and  an  msulation  ccmditian  conceming  te  mter- 

and  3-D  elastic  bimaterials  could  be  predicted.  In  case  fece  crack  surfeces.  Furthermore,  tiie  conespondiDg 
of  fee  disk-  like  two-phase  conpounds  the  theo-  stress  states  in  fee  two-phase  conpouiids  and  espe- 

retically  predicted  crack  pafes  show  a  very  good  dally  in  tiie  vicinity  of  an  interfiice  crack  tp  have 

agreement  with  results  gai^  by  associated  cooling  been  calculated  by  ^plying  fee  incremental  J2  pla- 
experimCTts.  Several  specimen  geometries  consisting  stidty  as  well  as  by  a  bilinear  hardening 

of  different  matmal  ccHiibinatians  and  subjected  to  material  law.  Therd)y  tiie  calculation  of  fee  stress 
uniform  as  well  as  to  ncm-uniform  temperature  distn-  states  is  based  on  a  so-called  sequentially  coipled 

butions  have  beai  investigated  by  applying  the  rele-  solution  of  fee  heat  transfer  and  tiie  tiier^  stress 

vant  methods  of  fiacture  mechanics.  As  an  mportant  boundary  value  problem.  The  assessment  in  terms  of 

result  could  be  stated  tiiat  thermal  cracks  propagating  feilure  is  performed  on  the  basis  of  fee  local  J-int^t^l 

in  <»e  of  an  elastic  bixnaterial  only  ob^  the  \feidi,  for  tiuee-dimeDdoDa]  inteifece  cradcs,  has 

rule  Gjj  =  0 ,  wheras  for  interfece  cracks  a  mixed-  recently  been  generalized  by  Henmaim  and  Hauck 

mode  propagation  is  always  existent  vdiere  fee  Gjj-  (1995)  following  the  earlier  woric  by  Moran,  Shih  and 

values  play  an  inportaiit  role.  Moreover,  by  ^plying  Nakamura  (1986,1987)  and  Nddshkov  and  Afluri 

fee  proposed  crack  growth  criterion  fee  possible  crack  (1987). 
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1.  Introduction  2.Subjects  to  be  treated 


Stress  waves,  that  develop  following  rapid  uniform 
heating  of  linear-elastic  spheres  and  long  cylindrical 
rods,  display  a  stress-focusing  effect  as  they  proceed 
radially  towards  the  center  in  these  geometries.  The 
stress-focusing  effect  is  the  phenomenon  that,  under  a 
rapid  uniform  heating,  stress  waves  reflected  from  the 
free  surface  of  the  sphere  or  the  cylindrical  rod  result 
in  very  high  stresses  at  the  center,  evei  though  the 
initial  thermal  stress  should  be  relatively  small.  This 
phenomenon  may  be  observed  in  the  solid  spheres 
subjected  to  the  spherical  symmetric  heating  and  in 
the  cylindrical  rods  subjected  to  the  cylindrical  sym¬ 
metric  heating. 

The  phenomenon  of  stress-fociising  effect  in  a  long 
cylindrical  rod  subjected  to  a  sudden  rise  in  tempera¬ 
ture  uniformly  over  its  cross-section  has  been  studied 
by  Ho  in  1976. 

Consider  a  long  cylindrical  rod  subjected  to  a  sud¬ 
den  rise  in  temperature  uniformly  over  its  cross  sec¬ 
tion.  This  type  of  temperature  distribution  may  be 
developed  by  the  absorption  of  infrared  rays  radiation 
or  electromagnetic  radiant  energy  from  pulses  that 
are  typically  of  duration  much  less  than  1  microsec¬ 
ond.  Because  the  material  is  inertially  restrained, 
the  rapid  heating  results  initially  in  a  constrained 
thermal  e?q)ansion  and/or  induced  compressive  ther¬ 
moelastic  stress  in  the  rod.  As  the  particles  of  the 
material  begin  to  move,  stress  waves  are  created  and 
propagate  throu^  the  rod.  Waves  reflected  from  the 
cylindrical  surface  of  the  rod  may  accumulate  at  the 
center. 

If  the  interest  of  the  problem  is  in  the  maximum  de¬ 
veloped  stresses  due  to  the  rapid  heating  of  the  rod, 
then  the  solution  needs  to  be  determined  only  for 
short  elapsed  time  after  the  termination  of  heating; 
i.e.,  a  time  duration  whidi  is  of  the  order  b/ c,  where 
b  and  c  are  the  radius  of  the  rod  and  the  elastic  wave 
speed,  respectively.  For  most  materials,  thermal  dif¬ 
fusion  time  is  much  longer  than  b/c  and  so  thermal 
conductivity  can  be  neglected. 


This  paper  reviews  recent  extensions  of  the  ana¬ 
lytical  methods  for  the  problem  of  thermal  shock  in 
spheres  and  cylindrical  rods,  especially  for  the  prob¬ 
lem  of  thermal  stress-focusing  effect  in  spheres  and 
cylindrical  rods. 

First,  considering  the  problem  of  thermal  shock  in 
a  hollow  sphere  subjected  to  the  rapid  uniform  heat¬ 
ing,  if  the  ratio  of  the  outer  radius  to  the  inner  radius 
of  the  sphere  increases,  the  peak  tangential  stress  at 
the  internal  surface  becomes  higher  and  higher. .  As 
a  limit  case,  for  a  solid  sphere,  it  might  be  possible 
to  observe  the  stress-focusing  effect.  Next,  as  for  the 
analysis  of  a  cylindrical  rod  due  to  the  rapid  uniform 
heating,  stress  waves  also  show  the  stress-focusing  ef¬ 
fect. 

As  for  the  analytical  methods,  the  solutions  are 
carried  out  by  using  Laplace  transform  on  time.  The 
inversion  of  Laplace  transform  is  carried  out  by  using 
the  ray  integrals  in  the  case  of  the  sphere,  while  by 
using  the  ray  series  in  the  case  of  the  cylindrical  rod. 
By  using  these  methods,  we  show  that  the  compli¬ 
cated  Laplace  transformed  solutions  of  the  problem 
lead  to  rimple  solutions. 

Following  the  ray  methods,  we  could  obtain  math¬ 
ematically  the  order  of  angularity  of  the  stresses  in 
a  cylindrical  rod  and  a  sphere  subjected  to  the  ramp 
heating,  which  is  0(p“^)  for  the  cylindrical  rod  and 
0(p~^)  for  the  sphere.  Ftohermore,  in  order  to  clar¬ 
ify  the  strength  of  the  stress-focusing  effect,  the  stress 
focusing  intensity  factors  can  be  defined. 

As  stated  in  the  paper,  many  problems  come  out 
from  the  thermal  stress-focusing  ^ect.  In  the  future 
the  interaction  between  the  cracks  and  the  stress- 
focusing  effect  in  a  solid  should  be  considered  in  the 
fracture  mechanics. 

Hence,  the  major  accomplishment  of  this  study 
is  in  gaining  a  better  understanding  of  the  thermal 
stress-focusing  effect  in  the  solid  spheres,  the  cylin¬ 
drical  rods,  and  other  geometries. 
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Tlie  two-dimensional  interface  crack  problem  in  a  surface  coating  leered  material  is  considered 
under  rolling/sliding  contact  with  frictional  heat  generation.  Ihe  interface  crack  is  replaced  by  the 
distributed  edge  dislocations.  Hie  numerical  results  are  given  for  some  tribological  material  coatings 
on  a  steel  substrate.  Hie  effects  of  the  frictional  ooefricient,  slide/roU  ratio,  the  coating  thickness  and 
the  crack  length  upon  the  stress  intensity  factors  are  considered  numerically. 

Key  words:  Elasticity,  Thermal  Stresses,  Contact  Problem,  Coating  Layered  Material,  Interface  Crack 


1.  Introduction 

The  surface  coating  composite  materials  are  more 
and  more  used  to  improve  the  mechanical  and  tribo¬ 
logical  behavior  of  si:^ces  in  the  industries.  In  most 
cases,  rolling  contacts  are  accmnpanied  by  frictional 
heat  generation.  Thermomechanical  cracking  can  occur 
on  the  interface  when  they  are  subjected  to  the  rolling 
/sliding  contact  In  recent  years,  a  considerable  effort 
has  been  devoted  to  thermomechanical  contact  problem 
in  the  various  layered  materials  [l]-[2].  Most  of  these 
studies  are  not  involved  in  the  crack  analysis.  Hierefore, 
one  of  the  authors  has  delt  with  a  crack  problem  iii  a 
surface  leered  medium  due  to  rolling  contact  [3]. 
However,  this  study  do  not  involve  in  the  interfece 
crack  analysis.  In  order  to  gain  a  better  understanding 
for  die  conditions  of  fracture  with  debonding  in  layered 
materials  due  to  rolling  contact,  the  tribological  and 
thermal  effects  due  to  rolling  contact  on  the  internee 
crack  growth  must  be  considered. 

In  this  article,  the  two-dimensional  interface  crack 
problem  in  a  surface  coating  layered  material  is 
omsidered  under  rolling/sliding  contact  with  frictional 
heat  generation.  Attention  here  is  focused  on  the  stress 
intensity  factors  at  the  crack  tips  which  provide  the 
measure  for  quantifying  the  magnitude  of  crack  growth. 
In  this  analysis,  the  crack  is  replaced  by  the  distributed 
edge  dislocations,  and  it  is  assumed  that  the  crack  face 
friction  is  negrected  and  that  the  temperature  field  is  not 
disturbed  by  the  crack  with  a  large  Peclet  number.  The 
problem  is  reduced  to  a  pair  of  singular  integral 
equations  fi>r  dislocation  densities.  The  singular 
integral  equations  can  be  solved  numerically  by 
considering  the  nature  of  the  oscillatory  singularities  at 
the  crack  tips.  Hie  numerical  results  of  the  stress 
intensity  factors  are  given  for  some  tribological 
material  coatings  on  a  steel  substrate.  Hie  effects  of  the 
frictional  coefficient,  slide/roll  ratio,  the  coating 
thickness  and  the  crack  length  upon  the  stress  intensity 
factors  are  cemsidered  numerically. 


2.  Problem  Formulation 

Figure  1  shows  the  geometry  and  coordinate 
system  for  this  study.  The  layered  half-space  is  loaded 
by  an  arbitrarily  distributed  contact  pressure 
and  tangential  j^ctional  load  fP2(Xj)  in  the  contact 
region.  Where  f  is  fidetionai  coefficient.  Then,  the 
frictional  heat  generation  Qi(^i)  is  given  as  follows: 

Q,(Xj)=fVsPj(Xj)  (1) 

Here  Vs  is  the  sliding  velocity  during  rolling  contact. 
In  the  analysis  the  following  dimensionless 
quantities  are  used. 

(x,y)=(x/c,  Y/cX  (Xj,y,)=(Xi/c,  y^/c),  R.=c  V/^  , 
Sr=Vs/V,  h=h/c,  l=J/c,  e=e/c,  K=VK,, 
G=(^/G, ,  P(x,)=  P,(^)/P„ ,  K.  =3-4v. 
Co=2C^(l-a)/{(K.  +  lXl#)} 

w 

where  aj  is  thermal  diffusivity,  Kz  is  thermal 
conductivity,  Gj  is  shear  modulus,  j  is  the  poisson 's 
ratio,  R:  is  the  Peclet  number,  Sr  is  the  slide/roll 
ratio,  Pq  is  the  maximum  contact  pressure  and  a ,  ^ 
are  the  Dundurs  parameters  [4].  The  subscript  j=l,  2 

denote  the  coated  and  substrate  regions  respectively. 


Fig.l  Problem  confiigulation  and  coordinate  system 
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Hie  non-contact  region  is  assumed  to  be  thermally 
insulated,  and  the  crack  face  friction  is  assumed  to  be 
negrectecL  Then,  the  thermal  and  mechanical  boundary 
conditions  can  be  given  as: 


-fVS,cPoP(xi)/K,  ,  N^l,yi=0 


,  |xj>l,  yj=0 


gi<.) 


=  0,  X*  +  -oo 
qO)_  /  I^J— ^  7  yi“^^ 

yy  \  0  ,  |x,|>i,yi=o 


</*>=/  -fPoP(5'i) 7  Wsi,yi=o 
‘  0  ,  W>i,yi=0 

,  V  “h  *  V  «h 

yy  jy  »  yj  "  >  »  yj-'* 


(3) 
(4)  ;  (5) 
(6) 

(7) 

(8) 

(9);  (10) 


Yi-lt;  y,-h  (11);  (12) 

o^-O,  Op,q=x,y),  Xj+yJ-o.  (13) 

0^=0,  y=0,  -l^xsl  (on  the  crack  face)  (14) 

C^=0,  y=0,  X6x^  (on  the  crack  face)  (15) 

(on  the  crack  face)  (16) 

where  x^p  and  are  the  crack  face  opening  and  dosing 
region,  respectively. 


3.  Stress  Analysis 


Applying  the  Fourier  transfomi  to  the  quasi¬ 
stationary  heat  euuation,  the  temperature  solutions  in 
the  transformed  space,  which  satisfies  the  boundary 
conditions  Eqs.(3>(6),  can  be  obtained  as  follows  [3]. 

i«  -  f  c  V  S,  F0')(s)/D,  0=  I7  2)  (17) 

F<'>(s)-  cosh(h-y,>j+  Ks^sinhQi-yj)Sj 

FP5(s)-  exp(li-yj)Sj  ,  s„-  s,/Sj ,  s.=(s*+  i  s 

D,=  SiSinh(hSj)  +  KSjCosh(hSj)  , 


where,  s  is  the  complex  transform  parameter. 

Ihe  stress  field  in  the  cracked  layered  half-space 
su^ected  to  the  rolling-slidng  contact  is  represented  by 
superposition  as  follows. 


=  O®  0)  .f.  0) 

M  pq  pq 


(p>q=M)tO-i72)  (18) 


Here,  denote  the  thermal  stresses  in  an  nncradced 
leered  half-space  subjected  to  the  rolling-slidng 
contact.  The  stresses  denote  the  disturbance 

induced  by  the  crack. 

The  thermal  stresses  in  the  Fourier  transformed 
space  due  to  the  temperature  field  Eq (17)  are  shown  as: 


(fj  /(2G)=  -  -  s"y.  (►f  -  2  vj  <t>®  '  -  Qffl  " 

/(2q)=  <|>®  ”  +  y.  <|)®  " -  2(1  -Vj)"^'  +  s"  Q®  ” 

<® /(2q)=-fs{  d.®  '  +  y,  d.®  ' -(1  -2y)^ +s*  Q®  ' } 

(19) 

where  prims  denote  the  differentiation  with  respect 
to  yj.  The  stress  functions  and  the  thermoelasdc 
potential  in  the  transformed  space  are  given  as  : 


=  cf  exp(-sy,)  + 

(2-j)  Df  exp(syi) 

(20) 

IJffl  _  (l+v^a,f 

(r=0,3:j=l,2) 

(21) 

(l-Vj)sR5 

By  applying  the  boundary  conditions  (7)-(12),  flie  six 
coefScients  CjOD  ,4®  can  be  solved  fiom  six 
algebraic  equations.  Consequently,  the  thprmai 
stresses  in  an  uncradced  layered  media,  which  satisfy 
the  boundary  conditions  (7)-(13),  are  obtained  by 
applying  the  inverse  Fourier  transform  as 

J  exp(-isxi)ds  (22) 

To  account  for  the  disturbance  ^9?  by  the  crack, 
we  consider  the  problem  of  a  discrete  edge  dislocation 
bx5  by  being  at  the  interface  (x=;7)  as  shown  in 
Fig.2.  The  induced  stress  field  o^\.y)  and  o^®(3c,y) 
due  to  bx  and  by  ,  can  be  easily  obtained.  For 
example,  the  stresses  at  the  interface  are  shown  as: 

o^ffl(x,0)— C^a)(^,0)— pC,b,6(x-T))  (23) 
n(x-r|) 

o^®(x,o)=-S^,  o^«\x,0)=pq,b8(x-T|)  (24) 

3t(X-T]} 


Fig.2.  Geometry  for  the  glid  and  climb  dislocations 
(bx  and  by)  located  at  the  interface 


In  order  to  remove  the  suifece  tractions  and  satisfy 
the  boundary  contfitions  Eq5.(9)-(13),  aditional 
stresses  must  be  considered.  The  stresses 

PS 

can  be  obtained  in  the  same  manner  as  Eqs.(19)-(20) 
with  Q®=0.  The  unknown  constants  being  equivalent 
tocf,  vf  in  Eq(20)  can  be  detennined  by  solving 
algebraic  equations  to  meet  the  boundary  conditions 
Eqs,(9)-(13)  and  ^  oj^  *0  on  the  surface  (y=0). 
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Replacing  bx  and  by  by  cfistributed  dislocation 
density  bx(  ??  )d 77  and  by(  7?  )d??  defined  along  the  line  of 
the  cradc,  the  stresses  induced  by  the  crack  can  be 
obtained  by  integration  of  77  as  follows. 

! 


J  {  Op‘®(*.y)  +  o^'Vy)  +  }  *1 

_7 


5.  Numerical  Calculations 

Numerical  results  were  carried  out  for  the  case 
of  some  tribological  material  coatings  on  a  steel 
substrate  as  Table  1.  Contact  pressure  P(xi)  was 
assumed  to  have  a  Parabolic  distribution. 


Substituting  Eqs.(22),  (29)  into  Eq.(18)  and  the 
crack  fece  boundary  conditions  Ecf,(14),  (15),  the 
following  singular  integral  equationa  are  obtained. 

f  *1  +  J  B.(ti)r,(x,T])dn 


1  -7 


1 


+jBy(n)r:i(x,Ti)dn  = 
-/ 


O0(i) 

«y 


y=0 


(30) 


Table  1.  Material  properties 


layer 

(j=i) 

Substiate(}=2) 

A1205 

SiC 

Si3N4 

Slemielll 

C^aibott  steel 

Gj  (GPa) 

158.5 

14Z0 

117.6 

93.4 

80.0 

0.23 

0.127 

0.25 

0.285 

0.3 

Kj(W/mK) 

20.73 

104.4 

21.0 

9.7 

36.053 

/Cj 

4.99 

1  49.0 

0.98 

Z77 

9-72 

aj  (aK-1  ) 

7.19 

5.01 

2.6 

11.3 

10.0 

B  (XlO-3) 

-59.27 

7.648 

-25.49 

-12.81 

‘-p7fBx(x)+  J  cin  +  J  B.(T))r3(x,ii)dn 


"^1  _7 
I 

»'/By(il)r4(x,T])dr]- 

-7 


-7 


^0) 


X  ex 


y=0 


(31) 


where  B3j(  77 )  =  Gib,^  /Pq  ,  By(  77 )  =  Gjby  /Pq  and  the 
kernels  ri,r2,r3,r4  are  the  functions  of  x  and  77 . 
We  must  require  in  arkfition  that  the  total  Burgers 
vectors  of  the  dislocations  vanish,  or  that 
1  I 

jB,(x)dx-0,  -7^x^7  (32);  jB^(x)dx=0,  xex^  (33) 
-7  -7 

as  the  concfitions  ensure  that  the  displacements  are 
single-valued. 


4.  Stress  Intensity  Factors 


Replaceing  ;?(-/,?]  by  f  [-1, 1]  (r  =  !7/0, 
BJ^t})  andBy( 77 ) are  written  as 

[  B,(t)  ] - tg.(£),g,(£)3 


(34) 


(i-?)^(i  +  5)® 

5-l-fa,  co=^log(i^)  (35) 


Substituting  Eq.(34)  into  Eqs.(30)-(33)  and  using  the 
technique  develop^  by  Miller  and  [5],  the  integral 
equations  Eqs.(30)-(33)  reduce  to  the  simultaneous 
linear  algebraic  equations  for  gx  and  gy.  In  solving  these 
equations,  the  region  x^p  or  x^j  are  determined  by  the 
iteration  method  under  the  condtion  of  the  absence  of 
oval^  of  the  materials  at  the  interfece.  The  boundary 
condition  Eq.(16)  can  be  satisfied  by  setting  gy=0  for 
the  portion  of  xgx^]  . 

Defining  the  stress  intensity  factors  by  [6],  Kj  and 
Kn  can  be  numerically  determine  as  follows. 

At  the  crack  tip  A, 

[Kj  >  Kjj]=  Pq  [Sy(-l)  J  &(-!)] 

At  the  crack  tip  B, 

[K, ,  Kd ]=  P.  C,  Vc/(l-P')  [g,(l) ,  -g,(l) ]  /G, 


As  the  numerical  results  of  stress  intensity 
factors  at  the  crack  tip  A  were  always  larger  than 
those  at  the  crack  tip  B  and  Ki  was  very  small 
compared  to  Kj ,  we  show  only  the  results  of  Kn  at 
the  crack  tip  A.  In  F igs.3,  4  ,  the  results  of  Al2C)3 
coating  are  plotted  as  functions  of  the  crack  location 
over  a  complete  loading  cycle  showing  the  fictional 
and  thermal  (side/roU  ratio)  effects  respectively. 


Fig.3  Kji  as  a  function  of  e  showing  effects  of  f 
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and  slide/roU  ratioSr  for  various  layer  thickness 


surface  layer  bonded  to  a  half-space  under  lolling- 
slicfing  contact  1  oading.  F rom  numerical  examples  for 
some  tribological  material  layers  bonded  to  a  steel 
substrate,  thennomechaaical  effects  on  an  interface 
cradk  growth  were  investigated  When  f  and  Sr  take 
small  values,  the  value  of  AKji  for  AI2O3  layer  is 
larger  than  that  for  other  material  layers.  As  f  and  Sr 
increase,  A for  SiC  layer  has  the  most  remarkable 
thermomedianical  effect.  In  the  present  numerical 
examples,  the  greatest  value  of  AKn  occurs  when 
h=0.4^0.6.  As  the  crack  length  mcreases,the  values 
of  A  Kji  increase.  When  f  and  Sr  take  small  values, 
the  increasing  rate  of  AKn  decrease  with  an  increase 
of  crack  length.  However,  especially  for  the  case  of 
thin  layer,  the  increasing  rate  of  AKn  is  influenced 
significantly  by  the  slide/roll  ratio  and  fictional 
coefficient  (thermomechanical  effects). 
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Thermal  Plastic  Zone  Size  In  An  Infinite  Solid  With  An  External 
AxiaUy  Symmetric  Crack 

Janice  S.  Pawloski  and  Yu-Min  Tsai 


Department  of  Aerospace  Engineering  and  Engineering  Mechanics,  Iowa  State  University 
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In  this  paper,  an  integral  transform  method  is  employed  in  order  to  determine  the  solution  of 
the  axially  symmetric  steady-state  problem  of  an  infmite  linearly  elastic,  perfectly  plastic  solid  with 
an  extern^  annular  crack  opened  by  an  applied  temperature  over  the  crack  sur^ce.  This  problem  is 
symmetric  with  respect  to  the  plane  of  the  crack.  The  Dugdale  hypothesis  is  used  to  define  the 
plastic  zone.  Two  cases  for  the  location  of  the  plastic  zone  wiD  be  considered.  The  size  of  the  plastic 
zone  is  determined  by  eliminating  the  singular  stress  at  the  beginning  of  the  region  of  plastic 
behavior.  The  results  for  both  cases  are  compared. 

Key  Words:  Fracture,  Thermal  Stresses,  Integral  Transforms,  Plastic  Zone 


1.  Introduction 

The  problem  of  determining  the  axially 
symmetric  thermal  stress  distribution  in  infinite 
bodies  with  armular  cracks  has  been  considered  in 
several  papers.  The  symmetric  problem  for  a  brittle 
material  caused  by  applying  a  temperature  to  the 
crack  surfeces  is  presented  by  Das(i).  The  anti¬ 
symmetric  problem  resulting  fiom  an  applied  heat 
flux  on  the  crack  surfece  is  presented  by  Kassir(2), 
The  second  p^r  also  uses  the  hypothesis  of 
Dugdale(3)  in  determining  the  size  of  the  plastic  zone 
about  the  crack  tip  for  an  elastic-plastic  material. 

In  this  paper,  an  integral  transform  solution  is 
employed  to  determine  the  temperature  distribution, 
the  normal  stresses  in  the  plane  of  the  crack,  and  the 
displacement  of  the  crack  surfiice  for  an  infinite  elas¬ 
tic-plastic  solid  with  an  external  crack  opened  by  an 
applied  temperature  on  the  crack  surfece.  Dugdale’s 
hypothesis  will  also  be  used  to  determine  the  size  of 
the  plastic  zone  at  the  crack  tip.  It  is  assumed  that  a 
constant  uniform  tensile  yield  stress  acts  over  an 
annular  band  near  the  crack  tip.  The  singular  stress 
at  the  beginning  of  the  plastic  region,  and  therefore 
the  stress  intensity  &:tor,  is  in  this  case  equal  to  zero. 


2.  Definition  Of  The  Problem 

Consider  an  infinite,  isotropic  elastic-plastic 
body  containing  a  flat  external  crack.  Cylindrical 
coordinates  are  used  to  describe  the  problem.  Let  r 
and  z  be  the  variables  in  the  plane  of  the  crack  and 
perpendicular  to  the  crack,  respectively.  The  origin 
of  this  coordinate  system  lies  in  the  plane  of  the  crack 


and  at  the  centroid  of  the  imcracked  portion.  Let  d^ 
be  the  radial  distance  from  the  origin  to  the  start  of 
the  plastic  zone,  dj>  be  the  distance  from  the  origin  to 
the  physical  crack  tip,  and  dp  be  the  distance  firom 
the  origin  to  the  end  of  the  plastic  zone.  Two 
different  cases  will  be  considered: 

Case  One:  The  plastic  zone  starts  at  the  physi¬ 
cal  crack  tip,  and  extends  over  the  crack  suifece.  In 
this  case,  ds-dj<dp.  This  is  the  same  assumption 
used  in  the  solution  presented  by  Kassii<2). 

Case  Two:  The  plastic  zone  exists  over  the 
uncracked  portion  of  the  solid,  and  ends  at  the 
physical  crack  tip.  In  this  case,  d^<dy=dp. 

Both  mechanical  and  thermal  loads  are  allowed 
to  act  along  the  crack  surface.  The  conditions  are 
symmetric  with  respect  to  the  plane  of  the  crack,  so 
only  the  semi-infinite  body,  z  >  0 ,  will  be  considered. 
In  addition,  only  conditions  which  are  axially  sym¬ 
metric  will  be  imposed,  therefore  variations  with  the 
angular  coordinate  6  can  be  neglected. 

The  temperature  change  from  the  stress-fiee 
state  will  be  Quoted  T(r,z).  The  displacement 
vector  u(r,z)  has  components  Ur,  u^,  and  u^.  The 
non-zero  components  of  the  stress  tensor  a(r,z)  are 
Orr>  cTee,  and  a^.  The  symmetry  of  the  tem¬ 
perature  and  stresses  with  respect  to  z  =  0  gives  rise  to 
the  following  boundary  conditions: 


37’(^0)  _  . 

& 

0<r<dr 

(1) 

a.(r,0)  =  0, 

0<r<ds 

^  j 

(2) 

=  0, 

r>0. 

(3) 

In  addition,  the  crack  face  is  subjected  to  a  tempera¬ 
ture  and  pressure  distribution: 

Tir,0)  =  T^g{r), 

r>dr 

5 

(4) 

<y^(r,0)  =  -p(r). 

r>ds 

(5) 
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3.  The  Heat  Conduction  Problem 


05) 


In  the  linear  theory  of  thennoelasticily,  the 
temperature  field  can  be  determined  independent  of 
the  stresses  and  displacements.  For  a  steady-state 
conduction  problem  with  no  internal  heat  generation, 
the  governing  differential  equation  is  simply 
Laplace’s  equation.  The  method  of  integral  trans¬ 
forms  leads  to  a  general  solution  to  this  differential 
equation  of  the  form 

00 

nr, 2)  =  (6) 

0 

Application  of  the  boundary  conditions  found  in 
Equations  (1)  and  (4)  leads  to  the  following  set  of 
dual  integral  equations: 

00 

\%A{%)J,{%r)d^^O,  0<r<dr,  (7) 

0 
CO 

jA(OJo(^)d^  =  Tog(r),  r>dj..  (8) 

0 

Equation  (7)  is  identically  satisfied  if  A(^)  has  the 
fonn 


A(^)  =  jx(f)sm(^t)dt.  (9) 

dr 

Equation  (8)  can  then  be  solved  for  the  unknown 
function  x(t): 

r(0=-^^G(0.  (10) 

71  at 

where 


G(0  . 

Once  T(r)  has  been  determined,  the  temperature 
at  any  point  can  be  found.  In  particular,  in  the  plane 
of  the  crack  over  the  uncracked  portion. 


dGjt) 

dt 


dt .  r<  dr 


(12) 


4.  The  Thennoelastic  Problem 

Once  the  temperature  is  known,  the  displace¬ 
ment  field  can  be  determined.  The  displacements  are 
related  to  the  change  in  temperature  through  the 
tensor  expression 

div(gradu)+pLgrad(divu)  =  (13) 

where  a  is  the  coefficient  of  thermal  expansion  and  v 
is  Poisson’s  ratio.  It  is  convenient  to  assnmft  a  dis¬ 
placement  vector  of  the  form 

u  =  gradO+u^,  (14) 

where  d>  is  called  the  thennoelastic  displacement 
potential.  Substituting  Equation  (14)  into  Equation 
(11)  yields  the  decoupled  set  of  equations: 


V^d)  =  pT, 


where  p  s  ,  and 

1-  V 

div(gradu,)+3:^grad(divui)  =  0.  (16) 

A  solution  to  Poisson’s  equation  (15)  gives  an 
expression  for  the  thermoelastic  potential: 

^  0 

A  solution  of  the  homogeneous  equation  (16)  yields 
the  following  Airy  stress  fimction  which  satiffies  the 
boundary  condition  of  Equation  (3): 

eo 

X{r,2)  =  (18) 

0 

The  non-zero  displacements  can  be  written  in  terms 
of  these  two  functions: 


dr 


1 

2\i  drdz  ’ 


8^  J_ 

dz  2|i 


(19) 

(20) 


The  stress  tensor  can  be  found  firom  the 
constitutive  relation 

®  =  2ui:^(divu-^ar)l+2n£,  (21) 

where  is  the  shear  modulus,  I  is  the  unit  tensor,  and 
s  is  the  strain  tensor,  which  is  defined  as  the 
symmetric  part  of  gradu  . 

The  dual  integral  equations  for  the  thermoelas¬ 
tic  problem  are  obtained  by  ^plying  the  boundary 
conditions  of  Equations  (2)  and  (5): 

J  jCiQJo  (^)d^  =  0 ,  0<r<ds,  (22) 

0  ^ 


+]c(%)Joi^r)d^ 

0  0 

=  (23) 

Equation  (22)  is  identically  satisfied  if  C(|)  has  the 
form 


no  =  ?jF(/)cos(§r)<*,  (24) 

dr 

where 

limF(0  =  0.  (25) 

r->«) 

Substituting  Equations  (9)  and  (24)  into  Equation 
(23)  yields 

fl  »  flO 

-  J x(t)j  Jo(^) ^(%t)d^dt 

^  d^  0 


-jF'(/)Jjo(4^)sin(5/)d|^fr 


ds  0 


1 


(26) 


16 


Equation  (26)  can  be  solved  for  the  function  F(f), 
Assuming  that  crack-tip  blunting  occurs  at 
r-dp,  and  that  the  crack  tip  opening  displacement 
is  equal  to  u(dp),  consider  the  displacement  of  the 
crack  outside  the  plastic  zone.  In  terms  of  the 
function  F(r),  the  displacement  is 

tt,(r,0)  =  r>d^.  (27) 

The  normal  stress  in  the  plane  of  the  crack  can  also 
be  expressed  in  terms  of  Fit): 

o^irSS)  =  r<ds.  (28) 


5.  Solution  Of  Case  One 


If  it  is  assumed  that  the  physical  crack  tip 
coincides  with  the  start  of  the  plastic  zone  {dj^d^X 
then  Equation  (26)  can  be  written  as 

\g(r)-]F\t)-j=  =  ^pir),  r>d,.Q.9) 

Assuming  perfectly  plastic  behavior  after  yielding, 
uniform  tension  Oq  exists  throughout  the  plastic 
regioa  Let  dp  locate  the  end  of  the  plastic  region, 
such  that 

p(r)  =  -aoH(dp-r),  r>ds  (30) 
where  Hidp  -r)  is  the  Heaviside,  or  unit  step, 
function.  Using  this  assumption,  equation  (29)  can 
be  solved  for  Fit) : 

F(t)  =  -^^dj-t^H(dp-t)-^G(t),t>ds.01) 

For  plastic  deformation,  the  stress  is  no-where 
singular.  Therefore,  the  stress  intensi^  factor  at  the 
start  of  the  plastic  region  should  be  zero.  Assuming 
the  location  of  the  physical  crack  tip  is  known,  the 
resulting  equation  can  be  solved  for  dp,  the  end  of 
the  plastic  region.  The  plastic  zone  width,  non- 
dimensionalized  with  respect  to  the  distance  to  the 
end  of  the  plastic  region,  is  given  as 


where  y  .  Define  the  following  terms: 


u,ir,0)  = 


0 


(33) 


and 


(l-v)a 

where  K  and  F  are  elliptic  integrals  of  the  first  kind, 
£  is  an  elliptic  integral  of  the  second  kind,  and 
a^=sm'^[ds/dp) .  The  crack  displacement  can  be 


expressed  as 


^P(r,0)  =  -  5oW-:r/ 


r  G(t)dt  \ 


r>dp.  (35) 

The  normal  stress  in  the  plane  of  the  crack  reduces  to 


CT£5(r,0) 


2  . 

=  —sm 


-'iGids') 


r<ds.  (36) 


6.  Solution  Of  Case  Two 


If  the  assumption  is  made  that  the  plastic  zone 
ends  at  the  physical  crack  tip  (dj-=dp).  Equation 
(26)  can  be  written  as 


o  J ^(0-7==t  - > 


dt 


dt 


1 


d^<r<dp,  (37) 


=  ^/.(r).  r>dp.  (38) 


dt 


Let  the  prescribed  stress  assume  the  form  given  in 
Equation  (30).  Equations  (37)  and  (38)  then  become 

F(t)  =  -^^dj-t^  -^G(dp) ,  ds<t<  dp  ,(39) 


\}:k 


p, 


Fit)  =  -i^Git), 

71 


t>d 


P.  (40) 


Setting  the  stress  intensity  factor  at  the  start  of 
the  plastic  zone  to  zero,  the  width  of  the  plastic  zone, 
non-dimensionalized  with  respect  to  the  distance  to 
the  end  of  the  plastic  region,  is  given  as 


(41) 


The  crack  di[q)lacement  can  be  e?q>ressed  as 

^Yoin— 

f  Git)dt  \ 


di^\r,0)  =  I  Uo(r)-^[a^-a,)Gidp) 


-—I 

d-  J 


piv^r 


r>d 


P’ 


(42) 


where  sin*^(£/p/r) ,  and  sin’^{if5/r) .  The 
normal  stress  in  the  plane  of  the  crack  reduces  to 


tC2) 


(P.O)  „  2  1 

- =  — sm 

an  71 


-yg(^p) 


r<d..  (43) 


7.  Some  Specific  Examples  Of  Prescribed 
Temperatures 

7.1  INVERSE  SQUARE  OF  THE  DISTANCE 

Assume  that  the  temperature  distribution  over  the 
physical  crack  sur&ce  is  expressed  as 
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*(^)  -  -fi-. 

(44) 

Then 

G(4)  = 

(45) 

and 

r 

J- 

4- 

G{f)dt  d 

i^.  (46) 

The  temperature  distribution  is 

r(r,0)  = 

jf^Lj  1 

r  j  ' 

|,  r<d^.  (47) 

The  width  of  the  plastic 

zone  for  each  case  is  given  as 

y  1 —  ■ 

O]  =  1- 

(48) 

and 

©2  =  1 

-R- 

(49) 

For  small  values  of  y  (less  than  0.1),  the  values  of  © 
for  the  two  cases  differ  by  less  than  2.5  percent. 
However,  as  y  increases,  the  difference  between  the 
values  of  ©  becomes  more  apparent. 

The  crack  displacements  and  the  normal 
stresses  in  the  plane  of  the  crack  for  each  case  can  be 
found  by  substituting  Equations  (45)  and  (46)  into 
Equations  (35),  (36),  (42),  and  (43). 


7.2  CONSTANT  OVER  AN  ANNULAR  REGION 
An  aimular  region  of  the  crack  face  is  maintained 
at  a  constant  temperature  below  the  reference  state 
such  that 

g(X) 

Then 

For  r<a, 

and  for  r>a, 

<53) 

The  temperature  distribution  is 


(50) 

(51) 

(52) 


T(r,0)  =  — rosin" 


,  r<dj..  (54) 


The  width  of  the  plastic  zone  for  each  case  is  given  as 

(55) 


and 


©1  =  i-/-\/i+y^(p^-i) 
©2  =  l--^l-Y^(p^-l), 


(56) 


where  p  s  afdj  .  As  e^qpected,  the  wider  the  annular 
r^on  of  constant  temperature,  the  wider  the 
region,  and  the  more  slowly  the  two  solutions  begin  to 
differ. 

The  crack  displacements  and  the  normal 
stresses  in  the  plane  of  the  crack  for  each  case  can  be 
found  Ity  substituting  Equations  (51),  (52)  and  (53) 
into  Equations  (35),  (36),  (42),  and  (43). 


7.3  EXPONENTIALLY  DECAYING 

The  temperature  difference  decays  exponentially 
from  a  maximum  absolute  value  at  the  tip  of  the 
crack: 


gQ.)  = 

where  c  is  some  constant.  Then 

G{dj)  =  -e^rd^K.icdj), 
and  the  temperature  distribution  is 

’ctKo(ct)dt 


(57) 

(58) 


rfr.0).--V'.J  ,r<d,.  (59) 


where  Kq  and  are  modified  Bessel  functions  of 
the  second  kind.  The  width  of  the  plastic  zone  for 
each  case  is  given  as 

“>i  =  1  -  /^1 +r  ^  a:,  (cd^)]^  (60) 

and 


©2  =  Kj{cdp)f  .  (61) 

The  slower  the  rate  of  temperature  decay,  the  wider 
the  plastic  region,  as  is  expected,  and  the  more  slowly 
the  two  solutions  begin  to  differ. 

The  crack  displacements  and  the  normal 
stresses  in  the  plane  of  the  crack  for  each  case  can  be 
found  by  substituting  Equation  (58)  into  Equations 
(35),  (36),  (42),  and  (43). 
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The  Thermoelastic  Problem  of  Uniform  Heat  Flow  Disturbed  by  a 
Penny-Shaped  Crack  in  a  Finitely  Deformed  Incompressible 

Elastic  Medium 


Y.M.  Tsai  and  Y.C.  Shiah 

Aerospace  Engineering  and  Engineering  Mechanics 
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Ames,  Iowa  50011 


Ihe  effea  that  the  lateral  ncxmal  stresses  has  on  the  thermal  stresses  tot  a  penny-sh£^)ed  crack  is 
investigated  on  the  basis  of  the  theory  of  small  deformations  superposed  on  finite  defoimatiCHi.  An  infinite 
homogeneous  incompressible  isotropic  elastic  solid  is  initially  subjected  to  an  axisymmetrical  tension  df 
any  amount  at  infinity.  The  deformation  which  is  produced  by  a  uniform  heat  flow  disturbed  by  a  penny- 
sb^)ed  crack  is  then  superposed  and  characterized  by  a  small  di^lacement  field.  The  equations  of 
equilibrium  are  derived  in  terms  of  the  temperature  gra^ent  and  the  lateral  normal  stress. 

Using  the  techniques  of  Hankel  transfixms  and  multiple  integrations,  the  thermal  stresses  and 
displacements  in  the  crack  plane  are  obtained  in  closed  forms.  The  rnode-U  stress  intensity  factor  is  shown 
to  be  depend^t  upon  the  lateral  normal  stress.  Both  the  superposed  vertical  di^lacement  and  the  shear 
stress  are  symmetrical  with  respect  to  the  oadc  plane.  The  superposed  radial  displacement  and  all  the 
normal  stresses  are  shown  to  be  antisymmetrical  with  respect  to  the  crack  plane. 


Key  Words:  Thermal  stress,  heat  flow,  flnitely  deformed  medium,  penny-shaped  erode,  mode-Il  fracture 


1.  Introduction 

The  final  deformed  state  of  a  material  body  can  oft^ 
be  reached  by  the  composition  of  two  defexmatiems:  an 
initial  finite  deformation  and  a  superimposited 
infinitesimal  deformation  [1].  The  stress  distribution 
for  a  penny-shaped  crack  in  an  infinite  elastic  solid  under 
infinitesimal  deformation  depends  upon  the  tension 
normal  to  the  crack  plane,  but  is  independent  of  the 
normal  uniform  stresses  parallel  to  the  crack  plane.  In 
the  present  work,  the  effea  that  the  lateral  normal 
stresses  has  on  the  thermal  stresses  for  a  penny-shaped 
crack  is  investigated  on  the  basis  of  the  theory  of  small 
deformaticxis  superposed  cm  finite  deformation  [1,2].  An 
infinite  homc^eneous  isotropic  elastic  solid  is  initially 
subjected  to  an  axisymmetrical  tension  of  any  amount  at 
infinity.  The  defexmation  which  is  produced  by  a 
uniform  heat  flow  disturbed  by  a  penny-shaped  crack  is 
characterized  by  a  small  di^lacement  field  [3].  The 
equations  of  equilibrium  are  derived  in  terms  of  the 
temperature  gradients  and  the  lateral  normal  stress. 

The  current  thermoelastic  problem  involves  a  system 
of  three  inhomogeneous  partial  differential  equalicxis 


which  are  solved  using  the  tedmiques  of  Hankel 
transforms.  Superposed  thermal  stresses  and 
displacements  are  solved  and  presented  in  (dosed  forms. 

2.  Equations  of  equilibrium 


An  infinite  homogeneous  isotropic  elastic  solid  is 
initially  subjected  to  an  axisymmetrical  tension  of  any 
amount  at  infinity.  The  finite  radial  aixi  axial  stretches 
are  denoted  by  \i  and  X,  respectively.  The  metric  tensors 
and  the  strain  invariants  ate  calculated  using  cylindrical 
coordinates  (0i=r,  0^;  ^=z).  In  order  to  obtain  explicit 
and  closed-form  solutions  in  later  calculations,  the 
material  is  assumed  to  be  incompressible.  Ihider  this 
assumption,  the  non-vanishing  components  of  the 
contravariant  stress  tensors  have  the  following  form  [1, 
2]. 

=  r\^  =  +  (1) 


dh 


dW 

dh 


(2) 
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and  the  strain  energy  fimction  W  (I„  Ij)  is  a  function  of 
the  strain  invariants  I,  and  I2.  The  third  strain  invariant  is 
equal  to  unity,  i.e.,  I3=1=XV-  The  scalar  pressure  P  is 
related  to  the  derivatives  of  W  as  follows: 

P  =  -X?[a>  +  2|J.^'P]  (3) 


The  above  e?q)ression  is  obtained  from  the  condition 
T^=0. 

An  infinitesimal  theimoelastic  displacem^t  field  is 
now  superposed  on  the  finitely  deformed  body.  The 
tmperatuxe  field  ocmsidered  is  axisymmetdckl  with 
respect  to  the  z-axis.  Therefore,  the  associated 
theimoelastic  piobl^  has  axisymmetrical  defmnations 
which  can  be  characterized  by  the  displacement 
components  (u,  o,  w).  The  actual  strains  are  related  to 
the  dCTivatives  of  the  displacement  components.  For  a 
temperature  diange  of  6,  the  normal  thermal  strain  is 
equ^  to  Ot6  where  is  the  coefficient  of  linear  thermal 

expansion.  The  superposed  stress  tensorT'^-^  are  ridated 
to  both  the  actual  strains  and  the  normal  thermal  strains. 
Following  the  procedures  for  obtaining  the  superposed 
stress  tensor  in  [1, 2],  the  thermal  strains  are  incoq)orated 
into  the  current  stress  tensor  components  as  follows: 


-  a/0  j oct^ + p'  (4) 


^2^/22  _  ^ , 


02  =  2[(/  -  n-'^y  -  /i-^(4> + 

«!  =  )a  +  (l  -  -  2/1^ )f 

)5  -  ju“^  (^ + 'P)] 
a3  =  2;i"^|^l  -  +  IB 


U 

(  dw 


+3p~^F  )  +  4>  +  ai^'P  ] 


d^W 


d^w 


d^W 


A  =  2 — TT,  B  =  2 — F  =  2- 

dll  dll  dlidh 


(5) 

{« 

(7) 

(8) 
(9) 

(10) 

(11) 

(12) 


for  the  superposed  field  are  obtained  [1,  2]  in  the 
following  forms: 

+  )— +  ^-A-  =  0  (13) 


dz^  ^  Idrdz  dr  -^dr 

I  in  ^  f  o  ^  n 


dr  di 


dr 

'dz 


(14) 


Pi={ai  +  a2-3r^^)ot 

^=(G!3-3a4-2T“)a, 


(15) 

(1© 

The  condition  of  incompressibility  has  the  following 
form: 


~iru)+^-3atd  =  0 
r  or  ai 


(17) 


3.  Temperature  Held  and  formal  solution 

A  penny-sb^)ed  aadc  with  a  radius  a  is  assumed  to 
be  located  in  the  interior  of  the  medium.  The  z-axis  is 
normal  to  the  crack  surface.  The  origin  of  the  coordinate 
is  located  at  the  center  of  the  crack.  Th^  is  a  uniform 
steady  heat  flow  in  the  directicm  of  the  negative  z-axis. 
The  heat  flow  has  a  uniform  temperature  gradient  e.  The 
disturbance  due  to  the  crack  results  in  a  temperature 
modification  6(r,  z)  of  the  original  field.  The  sui&ces  of 
the  crack  are  thermally  insulated.  The  thermal  boundary 
conditicxi  at  2KI  can  be  written  as  [3]. 

dQ 

—  =  <  a\B  =  0,r  >  <2  (18) 

oz 


The  steady-state  temperature  field  is  governed  by  a 
Laplace  equation.  The  thermal  boundary  value  problem 
is  solved  by  using  the  zeroth  order  Hankel  transform. 
The  transformed  solution  obtained  can  be  written  as: 

0°  =  Cse'^ « =  Jo  Q^O  (19) 


Where  the  temperature  field  on  the  cradc  surface  is : 

j2  =  2e(a^-r^)^/;r,r<a  C20) 

The  disturbance  temperature  field  ixodoces  diennal 
loadings.  The  thermoelastic  boundary  conditions  at  2?=0 
can  be  written  as  [2, 3]: 


In  terms  of  the  expressions  for  in  Eqs.  (4)-(7), 
the  equations  of  equilibrium  in  the  absence  of  b^y  fixces 


p/33 


=  0  for  all  r,  u= 


'^(r),0  <r<  a 
0,a<r 


(21) 


20 


To  solve  the  system  of  three  field  equations  and  to  satisfy 
the  above  boundary  conditions,  the  first  order  Hankel 
transform  is  applied  over  Eq  (11),  and  the  zeroth-order 
Hankel  transform  is  ^)plied  over  both  £q.  (12)  and  (13). 
Ibe  txansfoimed  equations  form  a  system  of  three 
inhomogeneous  partial  differential  equations  in  terms  of 

the  transformed  temperature  field  0^in  Eq.  (17)  as 
follows: 


a4' 


dz 


Y + fi  CC4S -sp  =  -Pisd 

4^— — =  flo - 

dz  dz 


+  an 

su^+^  =  -3atd^ 
dz 


(22) 

(23) 

(24) 


terms  of  the  transformed  displacements.  The  Hankd 
inversion  of  the  result  at  z=0  is: 


=-A7,+M/2 

(32) 

/j  =  s^Ji{sr)^‘^^X^Xs)Ji{Xs)dlds 

(32) 

I2  =  Cs^Ji(sr)ds 

(33) 

^  = -04  (ji®  +  +  3^^  - 1)/ + 1) 

(34) 

M = [^4  +  3/z^  +  7/1^  +  3/1^  -  2) 

(35) 

The  shear  stress  vanishes  for  r<a.  Under  this 
condition,  Eq.  (32)  becomes  an  integral  equaticm,  from 
which  the  crack  shape  function  is  solved  [3]  as  follows: 


In  the  above  expressions,  the  strain  energy  function  is 
assumed  to  be  of  the  Mooney  type  [1, 2]  in  order  to  have 
^)ecific  roots  of  die  characteristics  equaticm  which  is 
involoved  in  obtaining  the  homogeneous  solution  of  Eqs 
(22)-(24).  The  particular  and  homogeneous  solutions  of 
the  three  transformed  equations  are  obtained  and  combined 
into  the  general  solution  with  unknown  constants  which 
are  determined  by  satisfying  the  boundary  equations  in 
Eq.  (21).  The  formal  solution  obtained  can  be  written  in 


the  foUowing  forms: 

(25) 

=  +pB2e 

sz 

+[3aj  +  d{sz  - 1)]0^  Is 

(26) 

p'^  =(l-p^)a4sBie-^  +[(/i^  -3)^ 

+j8i/a4  +3a^  +j 

(27) 

^  =  [(^2-A)/«4  - 

3at]/2(p^-l) 

(28) 

(l-/i^)a4Bi=a3^^-< 

ha^Ot  +1^/1^  -3  jrf 

+Pifcc4+3at]a4}C 

(29) 

pB2=^^~Bi-{3at-d)C 

(30) 

=  j^X^X)Ji{As)dX 

(31) 

4.  Thermal  stress  and  displacement 

The  superposed  shear  stress  must  be  vanishing  on 
the  cradc  surfaces.  To  satisfy  this  condition,  the  first 
order  Hankel  transform  is  ^lied  over  the  shear  stress  in 
Eq.  (7).  The  transformed  stress  is  then  calculated  in 


^  =  2Mer{a^  I  ZtcK  (36) 

For  i>a  at  z=0,  flie  shear  stress  has  flie  following  form 
[3]: 

=  2Mea^  (37) 

The  other  superposed  stress  components  at  2=0  are  also 
calculated  using  the  similar  procedures  the  results  are  as 
follows: 

=  -(at  +  aj  )a,e + a^Is  (38) 

+«!  (3ai  -  2a3  )Is  +  (as  -  ai )!-]  (39) 

^2^/22  _  +  a2)at6  - 021$ 

+aj  (3®!  —  2a^)I^  +  {02  +  <^3  —  ®i)^7  (40) 

where  for  r<a 

I5  =  (a^  - =  2Mel3nK  (41) 
lQ=2eia^-r^)^''^  lit  (42) 

/7=[2(tz2-r2)l/2_,2(^2_,2)-l/2]^  ^43^ 

These  three  quantities  vanish  for  i>a.  From  the  shear 
stress  in  Eq.  (37),  the  mode-II  stress  intensity  factor  is 
K|i=2eMa^^/37t*'^.  The  quantity  M  is  a  function  of  the 
lateral  normal  stress. 

The  superposed  normal  di^lacement  at  z=0  is 
obtained  in  the  following  form: 

w  =  [K2h+M2h)lp?{}.  +  H^)  (44) 
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=l+^l* (45) 
M2=at{3+2a2/a4)+^^i^ -3y+Pi/a4  m 


Tbe  quantities  I3  and  I4  have  two  different  exinessions. 
For  r^a 


h=Gn[a^-3r'^li^lA, 

I4  =e{a'^-r^l2y 

In  tbe  range  outside  the  crack  tip,  i.e.,  i>a, 

/3  =3G  a|r^-fl^j^  +  |2a^-r^jsin“^(a/r) 
fl|r^  +|2fl^  -r^jsin"^(q/r) 


(47) 

(48) 


/4  (49) 


I4  =£ 


Hit  (50) 


/13 

The  quantities  X  and  w  are  symmetrical  with 
respect  to  tbe  plane  z=0.  However,  the  other  four 

quantities  X  ,  X  ,  r  X  and  u  are 
antisymmetrical  with  respect  to  the  midplane  z=0,  and 
vanishing  outside  the  crack  surface  on  the  crack  plane. 
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In  this  study,  an  axisynunetrical  thermoelastic  singular  stress  problems  for  a  nonhomogeneous 
medium  is  treated  theoretically.  It  is  assumed  that  the  nonhomogeneous  material  properties  of  shear 
modulus  of  elasticity  G ,  the  coefficient  of  linear  thermal  expansion  a ,  thermal  conductivity  X  vary 
with  the  axial  coordinate  z  according  to  the  power  product  forms,  the  material  property  of  which  has 
already  proposed  by  Kassir.  As  an  analytical  model,  a  nonhomogeneous  infinite  body  with  a  penny¬ 
shaped  crack  subject  to  axisymmetrical  heat  supply  fiom  the  crack  surface  is  considered.  Distributions 
of  displacements  and  stresses  are  analyzed  using  tlie  fimdamental  equations  system  proposed  in  our 
previous  paper  and  thereafter  thermal  stress  intensity  factor  at  the  crack  tip  is  evaluated  theoretically. 
Numeric^  calculations  are  carried  out  for  se\^eral  cases  taken  into  account  the  variety  of 
nonhomogeneity  of  G ,  a  and  x .  The  influence  of  these  nonhomogeneous  material  constants  affected 
on  the  thermal  stress  distribution  and  the  thermal  stress  intensity  factor  is  discussed. 


Key  Words:  Thermal  Stress  Intensity  Factor,  Nonhomogeneous  Medium,  Axisymmetrical  Problem, 
Crack  Problem,  Thermoelasticity. 


1.  Introduction 

In  recent  years,  among  numerous  advanced 
composite  materials,  nonhomogeneous  materials  such 
as  Functionally  Graded  Materials  have  received 
considerable  attention  in  the  field  of  structural  design 
subject  to  extremely  high  thermal  loading.  The 
material  constants  for  such  nonhomogeneous 
materials  are  described  by  an  arbitrary  function  of  the 
coordinate  system.  Therefore,  the  governing  equations 
for  the  temperature  field  and  the  associated 
thermoelastic  field  become  of  nonlinear  form  in 
general  case,  thus,  the  theoretical  treatment  is  very 
difficult  and  the  exact  solutions  for  both  the 
temperature  and  thermoelastic  fields  are  almost 
impossible  to  obtain. 

However,  under  the  assumption  that  the  material 
property  of  shear  modulus  of  elasticity  G  is  given  in 
the  arbitrary  power  of  an  expression  containing  the 
variable  of  the  axial  coordinate  z ,  the  axisymmetric 
isothermal  problems  subject  to  mechanical  loading  for 
such  nonhomogeneous  materials  have  already 
developed  by  M.K.Kassi/^\  And  the  analytical 
developments  of  thermoelastic  problems  for  such 
nonhomogeneous  body  have  been  discussed  by 
T.Hata^^^^l  However,  it  can  be  seen  from  our 
verification  that  the  analytical  treatment  could  not  be 
adaptable  to  the  thermal  stress  problems  with 
mechanical  boundary  conditions  of  being  traction 
free. 

Then,  in  our  previous  paper^"*^,  we  have 
reconsidered  the  thermoelastic  problems  for  such  a 
nonliomogeneous  body,  and  have  reconstructed  the 
fundamental  equations  system  when  the  tliermal 


loading  is  acted. 

In  this  study,  making  use  of  the  fimdamental 
equations  ^stem  proposed  in  our  previous  paper,  an 
axisymmetrical  thermoelastic  problem  of  singular 
stress  field  is  treated,  and  the  thermal  stress  intensin^ 
factor  at  the  crack  tip  is  evaluated  theoretically.  As 
an  analytical  model,  we  consider  an  infinite  body  with 
a  penny-shaped  crack  subject  to  an  axisymmetrical 
heat  supply  from  the  crack  surfaces.  Numerical 
calculations  are  carried  out  for  several  cases  taken  into 
account  the  variety  of  nonhomogeneity  of  shear 
modulus  of  elasticity  G,  the  coefficient  of  linear 
tliermal  expansion  a  and  the  thermal  conductintv 
A. 


2.  Fundamental  relations 

Axisymmetrical  isothermal  elastic  problems  for 
the  above-mentioned  nonhomogeneous  body  have 
already  discussed  by  Kassir,  and  the  assumption  is 
introduced  for  shear  modulus  of  elasticity  G  and 
Poisson’s  ratio  v ,  which  is  given  by 


G(z)  =  G, 


fN  ' 
^+1 


V- const . 


(1) 


where  and  m  are  the  arbitrary  constants,  ^  is  a 
typical  length  defined  subsequently. 

Now,  the  displacement  components  u  and  w  in 
the  radial  and  axial  directions  are  defined  by  the 
following  relations. 

"  =  (2  +  ^)^^  >^  =  (z+a)-^-/  (2) 


Then,  tlie  fundamental  equation  for  the  displacement 


23 


function  f  can  be  derived  from  the  equilibrium 
equations  in  the  radial  and  axial  directions,  which  is 


given  by 

v=/+  ” 

z-^-a  dz 

(3) 

(4) 

u 

rdr\  dr]  dz^ 

Here,  the  following  condition  between  v  and  m  is 
introduced. 


— ^r;  0<i/<— ;  0<i«<oo 
m+1  2 


(5) 


Now,  in  order  to  establish  the  fundamental 
equation  for  the  thermoelastic  field,  we  now  introduce 
the  thermoelastic  displacement  potential  function  ^ , 
which  is  defined  by  the  following  relations. 


u 


(6) 


Then,  the  fundamental  equation  for  (p  can  also  be 
derived  fi-om  the  equilibrium  equations  using  the 
relations  of  Eqs.(l)  and  (5),  which  is  shown  as 
following  fonn. 

VV  =  -{m + 3)(m  +l)a(2)7’(r,z)  (7) 


In  which,  a[z)  and  T{r,z)  are  the  coefiBcient  of  linear 
tliermal  expansion  and  the  temperature  change, 
respectively. 

Thus,  the  displacement  component  u  and  w  for 
tlie  thermoelastic  field  are  given  by  the  method  of 
superposition  of  Eqs.(2)  and  (6).  T^en,  the  thermal 
stress  components  can  be  evaluated  finm  the  stress- 
strain  relations  in  terms  of  dig)lacement  components. 

Now,  we  assume  that  the  thermal  conductivity 
A(z)  is  given  by  the  following  form. 


(8) 


in  which  2^  and  /  are  the  arbitrary  constants.  Then 
the  axisymmetric  heat  conduction  equation  in  a  steady 
state  is  given  by 


VT+- 


/  ^ 
Z’^a  dz 


-  =  0 


(9) 


3.  Analytical  examples 

As  an  analytical  example,  we  now  consider  a 
nonhomogeneous  infinite  body  with  a  peimy-shaped 
crack  of  its  radius  a  located  at  the  plane  z  =  0  as 
shown  in  Fig.l.  Furthermore,  we  suppose  that  the 
temperature  change  is  caused  by  the  surface  heat 
generation  (heat  sink)  from  the  crack  surfaces. 

3.1  TEMPERATURE  ANALYSIS 


Fig.  1  Coordinate  systems  of  an  infinite  body 

Heat  conduction  equation  and  the  associated 
thermal  boundary  condition  are  represented  in  the 
following  dimensionless  forms. 


v=f+jL£L=o 

z  8z 

(10) 

(11) 

r  dr  \  dr)  dz^ 

(12) 

where,  F(r)  is  an  arbitrary  dimensionless  function 
associated  to  the  surface  heat  source,  //() is  a 
Heaviside  function. 

Here,  the  following  dimensionless  quantities  have 
been  introduced  to  derive  Eqs.(10)^(12). 

J{z)  =  X{z)IX^ 

where,  90  is  a  typical  value  ofsxufec®  heat  generation 
(heat  sink)  per  unit  time  and  unit  area.  To  solve  the 
fundamental  equation  (10)  under  the  conditions  (11), 
we  now  introduce  the  method  of  Hankel  transform  of 
order  zero  over  the  variable  F .  Then  the  temperature 
solution  is  given  by 

f(F,l)=  -J^  — (14) 

=  (15) 

=  (16) 

where,  *^v( )  is  a  Bessel  fimction  of  the  first  kind  for 
order  v,  and  )  is  a  modified  Bessel  function  of 
the  first  kind  for  order 


3.2  THERMOELASTIC  ANALYSIS 

Fundamental  differential  equation  systems  for 
the  unknown  functions  /  and  <!>  are  given  in  the 
following  dimensionless  forms. 


z  dz 


(17) 


VV  =  -{m  +  3)(m  -  l)Q:(f)r(F,z)  (18) 
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The  corresponding  displacement  components  and  tlie 
stress  components  are  represented  in  dimensionless 
forms  as 


^  .df  d(l> 
dr  dr 

-  -  d’^ 

dz  dz 


(19) 


<T^  =  2G(f) 
5>  =  2G(f)j 
=  2G(r) 
=  2G(f) 


fi£/-£^+i£^-(;„+3)a(f)f(F,f) 
T  dT  dz  r  dr  ^  /  V  /  V  / 


^7r^z  ^rrz 


(20) 


Then,  mechanical  boundary  conditions  on  the  crack 
surface  and  its  extended  surface  are  given  by  the 
following  relations. 


f  =  1 : 

5L 

z?l 


=  0  (O  <  F  <  oo) 

=  0  (0<F<1)  ^ 

=  0  (l<r  <oc) 


(21) 


Here,  tlie  following  dimensionless  quantities  have 
been  introduced  for  Eqs.(17)"^(21). 

(«,."=)  =(“r.“=)/(^9o«V  a) 

7  =  //(Oo^oO'  ^  =  <t>l  («o9oa  V>^o) 

G (f )  =  G(z)/Go ,  ^(f)  =  a(z)/ Co 


(22) 


Tlie  solution  for  /  governed  by  Eq.(17)  is  represented 
by  the  following  form. 


p  =  ^{l-m) 


(23) 


Similarly,  the  complementary  solution  ^ 

governed  by  Eq,(18)  is  represented  by  the  following 
Hankel  transformed  form. 


(24) 

Now,  we  consider  three  different  cases  for 
nonhomogeneous  material  properties  as  shown  in 
Table  1,  the  particular  solutions  for  these  cases  are 
given  by  tlie  following  forms. 

=  -("'  +  3)('”-  <25) 


Table  1  Numerical  parameter  of  nonhomogeneous 
material  properties 


I(z) 

a(f) 

G(2) 

Case  1 

1 

1 

l~z  ; 

Case  2 

1 

z 

l^f  :  0<m<l 

Case  3 

z-^ 

1 

l~z  ;  OimSl 

=>+3)(m-l):^f(3+^)e-'<'--)  (27) 


Then,  the  solution  for  ^  governed  by  Eq.(18)  is 
represented  by  the  following  equation. 

^  =  f”[Q(jK=  (28) 

Substituting  Eqs.(23),  (28)  into  Eqs.(19),  (20),  the 
components  of  displacement  and  stresses  are 
formulated.  To  obtain  an  unknown  coefficients 
Ci(s),  C,  (s) ,  we  have  to  solve  dual  integral  equation 

derived  from  boundary  conditions  (21),  wliich  is  given 
by  the  following  form. 

J*K  |l  +  (o  <  a  <  l) 

p(«y.(o<y«=o  (i<a«») 

Then,  the  solution  ^(w)  is  given  Iw  the  form^^l 

=  hi{t)sm{ut)dt  (30) 

Here,  the  unknown  function  is  a  solution  of 
Fredholm  integral  equation  of  the  second  kind  given 
by 

h^(x)  +£  h^{u)K{xyu)du  =  H{x)  ; 0 ^ x <  1  (31) 
where  A:{z,2i)  and  h(x)  are  defined  by 

=  (2^)''^(^c(l*  ■  “1)  “  +  “)}  <32) 


<22) 


Eq,(3 1)  can  be  solved  numerically  for  .  Knoudng 
;:^(x) ,  we  can  evaluate  the  distributions  of  stresses  and 
displacements  and  thermal  stress  intensity  fector  Kj 
at  ffie  crack  tip. 

The  value  of  Kj  is  evaluated  from  the  follo^^dng 
equation. 

K,=K; - ^ — =  =  limJ2<F-l)a_L  , 
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=  “4^i(l) 


(35) 


4.  Numerical  calculations 

Assuming  that  F(r)  equal  unity  for  surface  heat 
source,  numerical  calculations  are  carried  out  for 
three  cases  represented  by  Table  1. 

Fig.2  shows  the  temperature  distribution  f  in 
the  radial  direction.  Namely,  Fig.2(a)  shows  the  result 
for  Casel  and  C^e2  assumed  as  Fig.2(b) 

shows  one  for  CaseS  assumed  as  1(2)= r-* . 


(a)  Case  1  and  C:ase  2  (a(£)  =  i) 


(b)  Case  3  (x{z)^r^) 
Fig.2  Temperature  distribution 


Fig.3  shows  the  axial  stress  distribution  of 
for  (3asel  Case3  when  the  nonhomogeneous 
parameter  m  equal  0.5,  respectively.  From  these 
figures,  it  can  be  seen  that  the  stress  distribution  is 
influenced  by  the  variation  of  a(f)  and  I(z). 

^  Fig.4  shows  the  thermal  stress  intensity  factor 
Kj  for  three  different  cases.  It  can  be  seen  that  the 
variation  of  -is  affected  by  the  stress  distribution 
and  nonhomogeneous  parameter  m. 
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Fig.4  Variation  of  thermal  stress  intensity  factor  k, 


26 


Mixed  Boundary  Value  Problem  of  Penny-shaped  Cut 
under  Axially  Symmetric  Temperature  Field 
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GokisO‘Cho,  Showa-ku,  Nagoya  466,  JAPAN 

The  axially  symmetric  problem  for  a  Penny-shaped  cut  under  thermal  conditions  is  solved  in  the  case 
the  displacements  are  prescribed  on  its  upper  surface  and  stresses  on  its  lower  surface.  The  thermal 
conditions  applied  on  the  upper  surface  is  different  from  the  lower  surface.  Solution  of  the  problem  is 
obtained  using  Hankel  transforms  and  Abel  operator  of  the  second  kind.  The  boundary  conditions  of 
mixed  boundary  value  problem  reduce  to  a  set  of  singular  integral  equations  which  are  reduced  to 
that  of  solving  Riemann-Hilbert  problem.  Closed  form  solution  is  obtained.  Explicit  expressions  are 
written  for  stress  on  the  pane  of  the  crack. 


Key  Words:  Mixed  Boundary  Value  Problem,  Disc-like  Inclusion,  Abel  Operator,  Hankel  Transform 


1.  Introduction 

The  class  of  problems  which  deal  with  the  stress 
analysis  of  elastic  bodies  reiirforced  with  inclusions 
which  are  either  rigid  or  elastic,  is  of  importance  to 
the  study  of  multiphase  composite  materials.  In  the 
majority  of  studies  relating  to  inclusion  problems  it  is 
assumed  that  perfect  continuity  or  a  bonded  contact 
exists  at  the  inclusion-elastic  medium  interface  [3].  In 
the  context  of  disc  inclusion  problems,  Keer  [4], 
Hunter  and  Gamblen  [5]  have  investigated  problems 
related  to  disc  inclusions  in  which  complete 
debonding  occurs  at  plane  face.  In  this  paper  we 
examine  the  behavior  of  the  thermal  stresses  around  a 
thin  disc-like  inclusion  where  debonding  has 
occurred  on  one  side  while  other  side  perfect  bonding 
exists.  The  disc-like  inclusion  is  subjected  to  general 
temperature  conditions,  that  is,  temperature  applied 
on  one  face  is  different  from  the  other. 

To  solve  a  class  of  crack  and  some  inclusion 
problems  a  method  is  developed  in  the  papers  by 
Parihar  and  Krishna  Rao  [6]  and  Krishna  Rao  and 
Hasebe  [1,  2  ].  The  same  method  is  used  to  solve  the 
mixed  boundary  value  problem.  Problems  considered 
in  Ref  [1,2],  the  boundary  conditions  and  general 
results  obtained  in  terms  of  stress,  displacement, 


temperature  and  heat  flux  discontinuities  at  the  crack 
plane  reduces  to  that  of  solving  Abel  integral 
equations.  But  the  mixed  boundary  value  problem 
considered  is  reduced  to  a  singular  integral  equations 
which  intern  reduced  to  that  of  Reimaim-Hilbert 
problem.  Even  though  the  problem  has  closed  form 
solution,  evaluation  of  physical  quantities  like  Stress 
Intensity  Factors,  Crack  Opening  Displacement, 
Energy  required  to  open  the  crack  etc.  are  of 
engineering  interest  and  evaluation  of  them  is  not 
simple  even  in  the  special  cases  of  thermal 
conditions.  It  is  very  important  to  mention  here  that 
the  problems  of  thin  disc-like  or  peimy-shaped 
inclusions  in  three  dimensions  are  natural  analogue  to 
the  line  inclusions  in  plane  problems. 

In  the  present  paper,  the  problem  considered  is 
solved  using  the  general  results  obtained  in  [1,  6] 
reducing  to  that  of  solving  Riemann  Hilbert  problem. 
Closed  form  solutions  are  obtained  to  the  unknown 
functions.  Explicit  expressions  are  given  for  stress 
components  on  the  crack  plane  and  order  of  the 
singularity  rim  of  the  crack  is  discussed. 

2.  Stress  Field  in  the  Neighbourhood  of  the  Crack 
Plane  Using  Abel  Operator  of  the  Second  Kind 

Let  the  displacement  components  and  temperature 
field  in  the  upper  half  space  (z  >  0)  be  denoted  by 
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u®(r,2),  uf(r,z),  0^'^(r,z)  and  their  limiting 
values  as  z-»0+  by  u''^(r.O),  Uj’(r,0),  6^^(r,0) 


respectively.  Similarly,  let  the  displacement 
components  and  temperature  field  in  the  lower  half 
space  (  2  <  0  )  be  denoted  by  u®(r,z),  u®(r,z), 


and  their  limiting  values  as  z-*0-  by 


0''^(r,O) , respectively.  Using 
an  obvious  notation  for  stress  components  we  set 

.A(p),p>0  (1) 


a  >[u['>(r,0)-uP>(r,0)],_ 
—  I -  - clr  1 


a  “r[u^^Hr,0)-u^^^ 


P: 


(r,0)] 


Vr^-P^ 


dr  =  B(p),p>0  (2) 


p[cW(r0)-a<i>(r,0)] 

r[aW(r,0)-q^)(r,0)] 

Vr  -p 

f- — ^  =  E(P),  P  >  0  (5) 

P  Vr  -p^ 


dr  =  C(p),  p  >  0  (3) 

dr-D(p),p>0  (4) 


=r[— e(*>(r.O)-— 0<2)(j.o)] 

S~ - rT=% - dr.F(p),p>0  (6) 

P  Vr 

then  the  Abel  transforms  of  the  second  kind  of  stress 
and  displacement  components  and  temperature  field 
o_(r,r),  a,^(r,2),  u,{r,2)  ,  u^(t,z),  e(r,2)  are 
given  in  [L  6]  (  See  equations  (2.19H2.24)  of  Ref.[6] 
and  (45)-(51)  of  Ref.[l]  ).  The  limiting  values  of 
these  stress,  displacement  and  temperature  fields  as 
2—^0+  and  as  z 0  -  can  be  used  to  solve  the 
mixed  boundary  value  problem  of  disc-like  or  Penny¬ 
shaped  inclusion  in  the  plane  z=0  which  is  subjected 
to  loading  conditions  on  one  face,  prescribed  face 
displacements  on  the  other  side  and  general 
temperature  conditions. 


3.  Penny-shaped  Cut  Under  Mixed  Mode 
Conditions  and  General  Temperature  Conditions 
Let  the  circular  disc-like  (  Peimy-shaped  ) 
inclusion  be  situated  in  the  plane  z=0  of 
homogeneous  isotropic  infinite  elastic  body  as  shown 
in  Fig.l.  In  terms  of  the  cylindrical  coordinates 
(r,(|),2)  the  position  of  the  inclusion  is 

2«0,  0<r<  a  Here  we  consider  debonding  on 


the  upper  surface  (0'<r  <  a  ,  2  ^  O+j  and  perfect 
bonding  on  the  lower  suifacef^O  <r  <  3l  0-j 

of  the  inclusion.  The  surface  of  the  inclusion  are 
subjected  to  general  temperature  conditions,  that  is, 
the  temperature  applied  on  the  upper  surface  is 
different  from  the  lower  surface.  The  continuity  and 


the  boundary  conditions  may  be  written 

u^^^(r,0)«uP^(r,0),  r>a  (7) 

(r,0) «  uf  ^  (nO),  r  >  a  (8) 

cr^^r,0)  =  a^2Hr,0),  r>a  (9) 

CT^^^(r,0)-a^^(r,0),  r>a  (10) 

0^'^(r,O)-0^^^(r,O),  r>a  (11) 

— 0^*^(r,O)-— 0(^)(r.O).  r>a  (12) 

dz  dz' 

a[^^(r,0)«T(r),  0sr<a  (13) 

cr^2^(r,0)-a(r),  0£r<a  (14) 

u^^^(r,0)-U(r),  0£r<a  (15) 

u^^^(r,0)  =  V(r),  0£r<a  (16) 


0^^>(r,O)-0(2>(r,O)  =  T;(r),  0sr<a  (17) 

0^^)(r,O)  +  0(2)(r,O)-T2(r),  0sr<a  (18) 

and  the  displacement,  temperature  fields  are  assumed 
to  be  continuous  at  the  tip  of  the  cut.  Radial 

components  of  the  displacement  vanish  at  origin. 

Upper  IMf  Space  z>0  (1) 
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External  Force  Boundary 

F^y-Sh^ed  Cut 

^uuD 

. 

0 

.  Di^Iacement  Boundary 

a 

Lower  Half  Space  z<Q  (2) 

Fig.l  Mixed  BVP  for  Penny-shaped  Cut 

Continuity  conditions  (7)-(12)  give  rise 

Afp)  -  0,  B(p)  -  0,  C(p)  -  0,  p  >  a  (19) 

D(p)mi0,  E(p)mQ,  FfpJ’^O,  p>  a  (20) 

Using  (17),  (5)  and  (1 1)  we  can  write 

E(t)  -  J-3JlLdr,  0  <  t  <  a  (21) 

Using  the  boundary  conditions  (13)-(16),  (18), 
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equations  (75),  (90)-{93)  of  Ref.  [1],  equations  (3.35)- 
(3-38)  of  Ref.  [6]  and  (l)-(4)  of  the  previous  section 
the  problem  can  be  reduced  to 


0<r<a  (22 

ovr-r  ^ 

and  a  set  of  singular  integral  equations 
(1  -  2v)(t),  (t)  -  (1)2  (t)  + 

m  s-t 

■  G(t) ,  -a  <  t  <  a  (23 

(3  -  4v)(|),  (t)  +  (1  -  2v)(|)2  (t) + 

ju  s-t 

-H(t),-a<t<a  (24 


r-8(l-v)[g2(t)-igi(t)]/jt,  0<t<a 


“  |-8(1  -  v)[g2(-t) + igl  (-t)  ]/  Jt ,  -  a  <  t  <  0 

r_8(l-v)[h2(t)+ihi(t)]/jt,  0<t<a 

"“|,^l_v)[h2(-t)-ihi(-t)]/jc,-a<t<0  ^  ^ 

The  functions  (j)j  and  ([(j  are  given  by 
(t>i(s)  -  5(s)  +  iy  (s)  -=  D(s)  +  iC(s) ,  (27) 

(j>2(s)  -  a(s)  +  ip(s)  «  2p[A(s)  -  iB(s)] .  (28) 

The  loading  term  on  the  right  hand  side  of  equations 
(23)-(24)  together  •with  (25)-(26)  are  gi'ven  by 

-  "r  sa(s)  ,  Jv(l+v)a‘^sT2*(s) 


'W-v)  ' 

0<t<a  (29) 

0  <  t  <  a  (30) 

‘Kl-'') 

...  d  ’  sV(s)  ,  Jiu(l+v)a  .. 

h2(t)  -  }«t—  f  ,  ^  'ds+-=-^ - ^E(t). 

4(l-v) 

0<t<a  (32) 

Let  K  ■  3  -  4v :  define  the  transformation 


the  set  of  coupled  equations  (23)-(24)  can  be  written 
as  uncoupled  integral  equations  and  are  given  by 

'  '  jri  S-t 

.i(0(t)-iK-‘'^H(t)),-a  <t<a  (34) 


^  ^  ni  s-t 

-a 

«— |G(t)  +  iK’^^^H(t)j,- a  <r<  a  (35) 

The  constants  appeared  in  the  solution  of  the  singular 
integral  equations  can  be  settled  using  the  conditions 

a  a 

/(t)2(s)ds-0;  /(|)i(s)ds-Co  (36) 

-a  -a 

The  Cauchy  Integrals  for  %  ■  J=l,  2  are  given  by 

1  ^  y  Ytj 

a>/u>:^r^^dtj  =  h2  (37) 

2jn  tia  t  -  u 

Oj*  ;  4>J‘  and  ?  ^2  limiting  values  of 
and  $2  which  are  holomorphic  functions  of  complex 

argument  defined  in  the  whole  plane  cut  along 
(-a, a).  The  functions  Xi  Xa  ^  ttnns  of 

4>J‘  :<!)[■  and  $2  -^2  are  given  by 
Xl(s)  -  ^[<1)1(5)  -iK "^'^(1)2(8)] 

=  ^;(s)-^;(s)  (38) 

X2  (s)  =  |[<1)  1  (s)  +  iK  ~^'^2  (s)] 

(39) 

Using  (37)-(39),  equations  (34)-(35)  can  be  reduced 
to  Riemann-Hilbert  problem  [5.  7]  and  the  solutions 
are  given  bv 

X.W  (40, 

(K-lK^^)4jn:a  Xi(t)(t-u) 

X  rn'i  =>  [G(t)+iK'^'^H(t)ldt 

02(u) - (41) 

(K-i-iK*^^)4jrif3  X2(t)(t-u) 

where,  since  the  solution  to  the  homogeneous 
problem  is  bounded  at  one  end  point  the  aibitiaiy' 
polynomial  associated  with  the  solution  is  zero  and 
the  Plemelj  functions  and  X2  corresponding  to 
<bj  and  <I>2  respectively  are  given  b?^ 

Xi(u)-[(u  +  a)/(u-a)J**'^  (42) 

X2(u)-[(u-a)/(u  +  a)]’^**'^  (43) 

and  Y  is  in  terms  of  material  constants  and  is  written 
as 

Y -(logic) /4jri  (44) 

The  unknown  functions  A,  B,  C,  D  are  given 
by  the  equations  (38)-(41),  (27),  (28)  and  (19)-(20). 
The  function  E  is  given  by  (21)  and  F  can  be 
determined  inverting  the  Abel  integral  equation  (22) 
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and  is  given  by 

r 

F(t)  «=  -T*  (0)  0  <  t  <  a  (45) 

together  with  equation  (20).  Since  the  stress  and 
displacements  are  in  terms  of  A,  B,  C,  D,  E,  F, 
therefore,  in  principle  this  completes  the  solution  of 
the  mixed  boundaiy  value  problem. 


4.  Stress  Components  on  the  Plane  of  the  Crack 
The  solution  of  the  problem  given  in  the  previous 
section  is  complete  but  for  application  of  the  general 
results  obtained  we  shall  derive  some  physical 
quantities  of  engineering  interest.  Jump  of  the  stress 
components  on  the  crack  surfaces  are  given  by 

ofS(r,0)-ag^(r,0) 


,  pD(s)ds 
Ws^-r^ 


aW(r,0)-a^^^)(r,0) 


2  -aC(a)  ^^sC(s)ds 

_  ^  j  _ 


^  rVa^-r^  rrVs^-r 


0  <  t  <a 


0<r<  a  (47) 


Similarly,  from  equations  (3.11)-(  3.12)  of  Ref  [6] 
and  (79)-(80)  of  Ref  [1]  we  can  simplify  stress 
component  carrying  out  integration  by  parts  we  get 

Ozz  (r,0)+o^^^(r,0) 

2ii  2(X  +  n)B(a)  +  C(a) 

:r(X  +  2ji)  Va^_r2 

^  2ix  U2(X+2n)B'(t)+C(t)dt 

'*'ji(X-h2ix){  v'r^ 


^  2tJ.(l-t-v)a\/r^  -a^  ^  sT2(s)ds 

3i(l-v)  {(r2_s2)V?I7 

r>a(48) 

Or  (r,0)  +  a^J^(r,0) 

«  pfX+n^ACa^-DCa/ 

3z('X+2(j.J  rVa^  - 


rVa^-r^ 


^  2^  y(X+2^i)A'(t)-D'(t)]tdt 

ji(X+2n){  Vr^ 


2n(l+v)a"  tEXt)dt 
'  «(l-v)r 


r  >  a  (49) 


5.  Concluding  Remarks 
In  the  present  paper  it  is  illustrated  that  the 
general  results  developed  in  Ref  [1,  2,  6]  to  solve  a 
class  of  boundaiy  value  problem  also  can  be  used  for 
mixed  boundaiy  value  problem.  In  the  absence  of  the 
thermal  conditions,  the  problem  is  same  as  that 
considered  by  Keer  [5],  and  result  are  in  complete 
agreement. 

The  expressions  for  stress  components  on  the 
crack  plane  are  given  by  (46)-(49).  The  stress 
components  possess  singularity  of  order  1/4  and 
singularity  of  the  order  3/4.  The  computation  of  the 
functions  <j)i(a)-«D(a)+iCl(a)  and  4^(a^=2p[A(a)-iB(^] 

should  be  done  taking  care  of  the  oscillatory  nature  of 
the  stresses  in  some  special  cases  of  the  material 
constants.  If  the  debonded  and  bonded  surfeces  of  the 
thin  disc-like  inclusion  are  subjected  different 
constant  temperature  conditions.  Shear  stress  has 
unbounded  nature  at  the  rim  of  the  crack. 
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The  study  of  the  nonlinear  response  of  sandwich  flat  panels  exposed  to  thennomechanical  loading  systems 
constitutes  the  topic  of  this  paper.  The  sandwich  structure  considered  in  this  paper  consists  of  a  thick 
core-layer  bonded  by  the  face  layers  which  are  assumed  to  be  symmetrically  located  with  respect  to  the 
mid-plane  of  the  overall  structure.  The  loads  involved  in  this  analysis  consist  of  biaxial  compressive  edge¬ 
loads,  a  lateral  pressure  as  well  as  a  non-uniform  temperature  field.  The  effects  of  the  unavoidable  initial 
geometric  imperfections  as  well  as  the  character  of  tangential  boundary  conditions  are  also  incorporated  and 
their  implications  upon  the  structural  response  are  explored.  In  short,  the  results  of  this  study  are  intended 
to  provide  pertinent  information  on  the  thermomechanical  load  carrying  capacity  of  flat  sandwich  structures. 

Key  Words:  Postbuckling,  Sandwich  Panel,  Snap-through,  Buckling  Bifurcation,  Thermal  Load  Carrying 
Capacity 


1.  Introduction 

The  structure  of  future  supersonic  and  hyper¬ 
sonic  flight  and  launch  vehicles  are  likely  to  expe¬ 
rience  enormous  challenges  during  their  flight  mis¬ 
sions.  These  challenges  are  associated,  among  oth¬ 
ers,  with  the  extremely  high  temperatures  and  me¬ 
chanical  loads  they  must  withstand. 

A  typical  laminated  composite  structure  which, 
due  to  its  exceptional  properties,  appears  to 
be  of  great  promise  in  the  design  of  advanced 
supersonic/hyper  sonic  space  vehicle  structures  is 
the  sandwich-type  construction.  Such  structures 
consist  of  one  or  more  high-strength,  stiff  face  layers 
separated  by  a  thick  low-density  flexible  core. 

Whereas  the  facings  provide  the  primary  load 
carrying  capacity,  the  core  carries  the  transversal 
load  in  terms  of  the  shear  stresses. 

One  of  the  problems,  which  for  a  better 
understanding  and  e3q)loitation  of  load  carrying 
capacity  of  sandwich  panels  is  essential,  is  that 
associated  with  the  determination  of  their  non-linear 
response  under  complex  thermomechanical  loading 
conditions. 

In  spite  of  the  high  relevance  of  this  problem 
in  the  design  of  high  speed  vehicle  structures,  to 
the  best  of  the  authors’  knowledge,  there  are  not 
pertinent  studies  in  the  available  literature.  For  a 
most  comprehensive  and  recent  survey  of  the  work 
done  on  the  modeling  of  sandwich  constructions 
and  on  the  achievements  in  this  area,  the  reader  is 
referred  to  Ref.  1. 


In  the  present  study,  the  sandwich  structure 
consists  of  a  thick  core-layer  bonded  by  the 
^e  layers  which  consist  of  composite  anisotropic 
materials,  S3azunetrically  laminated  with  respect 
to  the  mid-plane  of  the  core-layer.  The  initial 
geometric  imperfection  consisting  of  a  stress 
free  initial  transversal  deflection  will  be  also 
incorporated  in  the  study.  The  loads  under  which 
the  postbuckling  response  will  be  analyzed  consist 
of  biaxial  compressive  edge  loads,  a  lateral  pressure 
and  a  non-uniform  thermal  field. 

Having  in  view  that  the  generalized  mixed  rep¬ 
resentation  of  the  governing  equations  of  sandwich 
structures  in  tenns  of  the  Airy’s  potential  function, 
transversal  deflection  and  of  a  transverse  shear  po¬ 
tential  function  can  be  obtained  in  special  cases  only, 
in  the  present  study  a  representation  of  governing 
equations  in  terms  of  displacement  quantities  will 
be  supplied. 

It  should  be  noticed  that  the  results  presented 
in  this  paper  constitute  a  generalization  of  the  ones 
obtained  in  a  ntimber  of  previous  papers  [2-5]. 

2.  Basic  Assumptions  and  Conventions 

The  global  middle  plane  of  the  structiire  a, 
selected  to  coincide  with  that  of  the  core  layer,  is 
referred  to  a  curvilinear  and  orthogonal  coordinate 
system  Xa  (a  =  1, 2). 

The  normal  coordinate  xz  is  considered  positive 
when  is  measured  in  the  direction  of  the  inward 
normal.  The  uniform  thickness  of  the  core  is  2h 
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while  those  of  the  upper  and  bottom  faces  are  h"  and 

respectively.  As  a  result,  fT  (=  2h  +  h'  4*  A")  is 
the  total  thickness  of  the  structure. 

The  geometrically  non-linear  theory  of  doubly 
curved  sandwich  shells,  of  weak  core,  developed 
in  the  framework  of  the  Lagrangian  description  is 
based  on  a  number  of  assumptions,  such  as:  i) 
the  face  sheets  are  constructed  of  a  number  of 
orthotropic  material  layers,  the  axes  of  orthotropy  of 
the  individual  plies,  being  not  necessarily  coincident 
with  the  geometrical  axes  Xc  of  the  structure,  ii) 
the  material  of  the  core  layer  features  orthotropic 
properties,  the  axes  of  orthotropy  being  parallel  to 
the  geometrical  axes  Xa,  iii)  a  perfect  bonding 
between  the  face  sheets  and  between  the  faces  and 
the  core  is  postulated,  and  iv)  the  incompressibility 
in  the  transverse  normal  direction  is  postulated  in 
both  the  core  and  facings, 

3.  Numerical  niustratious 

In  the  numerical  illustrations  a  temperature 
rise  linearly  varying  through  the  thickness  of  the 
sandwich  panel  will  be  considered.  This  implies 

that  herein  T (a:i ,  X2, 0:3)  =  xzT(xi ,  Xz)-  As  a  result, 

T{xi,X2)  =  —'^Tu(xi,X2)  =  jjTt{xi,X2)  where 
Tu  and  Ti  are  the  temperature  distributions  on 
the  external  faces  of  the  panel,  xz  =  — J9'/2  and 
Xz  =  iif/2,  respectively. 

Throughout  the  numerical  results  a  symmetrir 
sandwich  panel  of  a  square  projection  on  P{Li  = 
X2  =  L),  whose  core  layer  is  of  transversely-isotropic 
material  and  the  faces  of  an  isotropic  material  was 
consMered.  It  was  also  assumed  that  Ef/Gc  = 
100,  h/L  =  0.03  and  h/L  =  0.002. 

In  Fig.  1  the  non-linear  response  of  a  geomet¬ 
rically  perfect  fiat  panel  subjected  to  a  tempera¬ 
ture  rise  amplitude  (1  -  v^)olL^T^IH^)  and 
to  the  uniaxial  compressive  edge  load  A/ii  as  indi¬ 
cated  in  the  graph  was  depicted.  The  results  reveal 
that  for  fixed  A/11,  the  upward  deflection  increases 
with  the  rise  of  Ji,.  At  the  same  time,  the  results 
show  that  with  the  increase  of  this  compressive  edge 
loads  A/ii,  the  upward  defiections  become  larger  and 
larger.  The  re^ts  also  reveal  that  under  the  tem¬ 
perature  rise  Ttt,  the  panel  does  not  feature  buckling 
bifurcation. 

Figure  2  represents  the  coimterpart  of  Fig. 

1  depicted  in  the  plane  (rt*,Ai),  where  Ai 

(—  defines 

the  end  shortening  in  the  xi-direction.  The  plot 
reveals  that  the  end-shortening  increases  with  both 


the  increase  in  fu  and  A/1 1 . 

Figure  3  depicts  the  non-linear  behavior  of 
a  geometrically  perfect  fiat  panel  subjected  to 
a  temperature  rise  and  a  lateral  pre-load  of 
amplitude  P(=  gn.  The  results  reveal  that  with 
the  the  temperature  rise  T,*,  the  sensitivity  to  the 
variation  of  P  diminishes. 

Figure  4  depicts  the  behavior  of  a  geometrically 
perfect  fiat  sandwich  panel  subjected  to  the 
uniaxially  compressive  edge  load  rise  A/ii  and  a 
fixed  temperature  fu  of  various  intensities.  The 
results  reveal  that  only  in  the  absence  of  fuy  the 
panel  can  experience  buckling  bifurcation.  However, 
when  the  panel  is  exposed  solely  to  a  pre-determined 
temperature  fu  (i.e.  when  A4i  =  0),  the 
panel  behaves  like  a  geometrically  imperfect  panel, 
edubiting  a  positive  “initial  imperfection”  when 
Tti  <  0  and  a  negative  “initial  imperfection”  when 
Tu  >  0.  With  the  increase  in  the  compressive 
edge  load,  A/ii,  the  results  reveal  that  the  panel 
will  experience  positive  or  negative  deflections, 
depending  on  whether  2\x  <  0  and  fu  >  0, 
respectively.  JVom  the  obtained  plots  it  becomes 
also  apparent  that  for  ±fu  the  deformed  shape  of 
the  panel  is  symmetrical  with  respect  to  the  initial 
xmdisturbed  configuration. 

Figure  5  representing  the  counterpart  of  Fig.  4 
depicted  in  the  plane  (A/ii,Ai)  reveals  again  that 
only  in  the  absence  of  T„  the  panel  features  buckling 
bifurcation. 

Figure  6  depicts  the  behavior  of  a  geometrically 
perfect  flat  panel  under  a  temperature  rise  T„  and 
a  pre-determined  bi-axial  compressive  load  system 
A/22/A/ii).  This  edge  had  parameter  is  defined 
to  be  Lr  <  0,  and  Lje  >  0  when  A/22  <  0.  (i.e. 
when  the  edges  X2  =  0,  L  are  subjected  to  a  uniform 
tensile  load),  when  calNzz,  respectively. 

This  figure  obtained  for  a  fixed  A/ii  =  1,  reveals 
that  the  tensile  edge  loads  (A/22  <  0)  play  a 
beneficial  influence  on  the  non-linear  behavior,  in 
the  sense  that  with  the  increase  of  fu,  for  Af22  <  0, 
the  deflections  are  smaller  than  in  the  case  /J22  >  0. 
The  same  trend  becomes  apparent  from  Fig.  7  which 
depicts  the  behavior  of  a  geometrically  perfect  panel 
subjected  to  a  temperature  rise  and  the  pre-loa^  Lr 
and  P. 

All  the  previous  results  have  been  generated  by 
assuming  that  all  the  edges  are  freely  moveable. 

Figure  8  represents  the  counterpart  of  Fig.  4 
determined  for  the  case  of  immoveable  edges  X2  = 

0,  L,  The  resiilts  of  this  plot  compared  with  those  of 
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Fig.  4  reveal  that  in  the  case  of  immoveable  edges 
the  buckling  load  is  lower  as  compared  to  that  of 
the  moveable  edge  case  coimterpart.  However,  as 
Fig-  8  reveals,  for  the  same  level  of  deflection,  the 
panel  is  capable  to  carry  much  larger  temperatures 
and  compressive  loads  than  in  the  moveable  case 
counterpart. 

Finally,  Figs.  9  and  10  reveal  that  in  special 
cases,  the  fiat  panels  can  experience  the  snap- 
through  phenomenon.  In  this  sense.  Fig.  9  shows 
that  under  a  temperatiure  rise  a  flat  panel 
featuring  a  negative  imperfection  subjected  to  the 
compressive  pre-load  Mi)  can  experience  the  snap- 
through  buckling.  The  same  phenomenon  can  occur 
(see  Fig.  10)  when  a  geometrically  .perfect  flat  panel 
is  subjected  to  the  pre-loads  P  and  Mi  and  to  a 
temperature  rise  Tt*. 

4.  Conclusions 

A  study  of  the  non-linear  behavior  of  sandwich 
flat  panels  under  a  system  of  thermomechanical 
loadings  was  presented.  While  the  theory 
was  developed  in  a  more  general  context,  the 
numerical  illustrations  concern  only  the  case 
of  symmetrical  sandwich  structures  featuring  a 
transversely  isotropic  weak  core  and  isotropic  face 
sheets. 

The  results  have  revealed  among  others,  that 
imder  special  conditions  related  with  the  magnitude 
of  initial  geometric  imperfections  and  compressive 
edge  pre-loads,  the  panel  can  exhibit  snap-through 
buckling  when  subjected  to  a  temperature  rise 
varying  anti-symmetrically  through  its  thickness. 

It  is  hoped  that  the  results  displayed  in  this  paper 
will  stimulate  further  studies  on  this  topic  and  con¬ 
tribute  to  a  better  understanding  of  the  behavior  of 
sandwich  panels  under  thermomechanical  loadings. 
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Fig.  1  Non-linear  respoipe  of  a  fiat  sandwich  panel  Fig.  2  Counterpart  of  Fig.  1  depicted  in  the  plane 
subjected  to  a  Tu  temperature  rise  and  the  (r«,Ai). 
uniaxial  compressive  edge  preload  Mi- 
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Fig.  3  Non-linear  response  of  a  flat  sandwich  panel  Fig.7  Flat  sandwich  panel  under  the  action  of  a 
subjected  to  the  temperature  rise  amplitude  temperature  rise  f„,  of  the  prescribed  biaxially 

and  a  lateral  pre-load  of  intensity  P.  edge  preload  Lr  (with  Mi  =  1)  and  a  lateral 

“I, .  I  III  pre-load, of  intensity  P  =  5.  _ ,  _  ,  , 


S  20.0- 

2  3 
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Fig.  4  Non-linear  response  of  a  flat  sandwich  panel  p.  «  iri...  ... 

subjected  to  the  compressive  edgeload  rise^d  *  Jhe  “unterj^  of  the  case  desmbed  m  Fig.  4 
temperature  r„  of  given  intensities.  ^  immoveable  edges  xj  =  0,  L. 


.>  -2  .1  tt 

niwiaiinnlm  C— itf  DeflecMow.  6 

Fig.  6  Flat  sandwich  panel  response  under  the  temper¬ 
ature  fu  rise  and  the  prescribed  biaxiaDy  edg^ig* 
preload  Lr{=  J^22/Mii  where  ^^ll  =  1  and 


9  Non-linear  response  of  a  flat  geometrically 
imperfect  {So  =  7O.5)  sandwich  panel  imder  a 
temperature  rise  fi,  and  a  compressive  edge  pre¬ 
load  Mi. 


Non-linear  response  of  a  flat-sandwich  panel 
under  a  prescribed  compressive  edge  pre-load 


Lr  <0  when  M2  <  0  (implying  compression)).  2nd  a  fixed  lateral  pre-load. 
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Thermal  stresses  occur  at  the  micromechanical  level  of  a  particulate  composite  caused  by 
the  mismatch  of  Coefficients  of  Thermal  Expansion  (CTE)  of  constituent  materials  like  the 
particles  and  matrix  binders.  The  stresses  affect  the  service  envelope  of  a  composite  under  an 
external  loading  condition.  Thus,  a  simplified,  analytical,  three-dimensional,  micromechanical 
model  is  presented  so  that  it  can  compute  micro-thermal  stresses  occurring  at  the  constituent 
materials  as  well  as  the  effective  CTE  of  a  composite  based  on  their  materiab  properties.  The 
analytical  solutions  compare  very  well  with  the  results  obtained  from  finite  element  analyses. 
In  addition,  a  parametric  study  is  conducted  using  the  orthogonal  array  technique  in  order 
to  determine  the  effects  of  each  parameter  of  the  constituent  materials  on  the  effective  CTE, 
micro- thermal  stresses,  and  the  solution  errors. 

Key  Words:  Particulate  Composite,  Micromechanical  Model,  Thermal  Stress,  Orthogonal 
Array,  Finite  Element  Analysis 


1.  Introduction 

Thermal  stresses  can  occur  both  at  the  mi¬ 
crolevel  and  at  the  macrolevel  of  a  composite  struc¬ 
ture.  Microlevel  thermal  stresses  result  from  dif¬ 
ferent  thermal  properties  of  the  constituent  mate¬ 
rials.  Previous  thermal  analyses  at  the  microlevel 
considered  only  fibrous  composites  [1,  2].  There¬ 
fore,  this  study  presents  a  thermal  analysis  of  a 
particulate  composite  material.  A  simple  and  ac¬ 
curate  micromechanical  model  is  derived  for  com¬ 
puting  micro-thermal  stresses  as  well  as  effective 
CTE’s  of  particulate  composite  materials.  The 
micro-stresses  denote  stresses  in  the  particles  and 
the  matrix.  The  micro-model  is  a  unit  cell  model 
and  consists  of  eight  subcells;  one  of  which  repre¬ 
sents  a  particle  and  the  rest  of  them  denote  the 
surrounding  binding  matrix  of  a  particulate  com¬ 
posite.  A  finite  element  analysis  is  also  conducted 
to  evaluate  the  developed  micromechanicaJ  model. 


2.  3-D  MICROMECHANICAL  MODEL 

A  three-dimensional,  micromechanical  model  for 
a  particle-reinforced  composite  is  shown  in  Figure 
1(a).  A  clear  view  of  subcell  locations  is  illustrated 
in  Figure  1(b).  Let  sub  cell  1  denote  the  particle 
sub  cell  and  the  rest  of  them  be  the  binder  matrix 
sub  cells.  Planes  2-S^  and  8-1  are  symmetric 
planes.  Thus,  an  one-eighth  of  the  full  unit-cell 
model  is  shown  in  the  figure.  For  simplicity,  it 
is  assumed  that  each  sub  cell  has  constant  stresses 
and  strains,  respectively.  Equilibrium  of  sub  cell 
stresses  at  dl  interfaces  must  be  satisfied  as  given 
below: 

—  ^11>  ^11  —  ^11 J  ^11  —  ^11>  ^11  —  ^11  (1) 

—1  ^  _3  —2  _  —4  _5  ^  _7  6  ^  —8 

^22  ^22  ^22  ^22}  ^22  *“  ^22’  ^22  “  ^22  W 


<733  —  <733,  <733  —  (733,  Cr|3  —  (733,  (733  —  a'33  (3) 

where  the  subscripts  denote  stress  components 
along  the  axes  shown  in  Figure  1,  and  the  super¬ 
script  indicates  the  sub  cell  number.  Only  normal 
stress  components  are  considered  in  these  equa¬ 
tions.  Similar  equations  can  be  written  for  shear¬ 
ing  stress  components.  However,  it  is  assumed  that 
each  sub  cell  material  is  orthotropic  or  isotropic  so 
that  normal  stress/strain  components  are  not  cou¬ 
pled  with  shear  components.  Thus,  the  present 
development  is  only  for  the  normal  components 
of  stresses/strains.  A  similar  development  can  be 
made  for  shearing  stresses/strains. 

It  is  assumed  that  sub  cells  satisfy  the  following 


strain  compatibility: 

“b  ^m^ii  =  -f  (4) 

^^2  +  ^m^22  ”  ^P^22  “b  ^m^22 

=^j3^22  “b  ^m^22  ^  h^22  +  ^rn^22  (5) 

+  ^m^33  =  "b 

—^p^33  “b  Im^ss  —  “b  (6) 

in  which 

Ip  =  (7) 

=  (8) 

and  Vp  is  the  particle  volume  fraction  of  a  compos¬ 

ite. 

Each  subcell  has  the  constitutive  equation 

^ij  —  (9) 
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in  which  af-  is  CTE  of  the  subcell,  either  the 
particle  or  the  matrix.  For  an  isotropic  material 
org  =  Sija^  in  which  Sij  is  the  Kronecker  delta. 
Further,  is  a  change  of  temperature  from  the 
reference  value.  The  subscripts  j,  Ar,  and  I 
vary  from  1  to  3  while  the  superscript  n  changes 
from  1  to  8  for  the  present  development,  otherwise 
mentioned.  Premultiplying  both  sides  of  Equation 
(9)  by  inverse  of  yields 

crfj  =  -  rlj  (10) 

where 

(11) 

and  E^jj.1  denotes  the  inverse  of 

The  xmit-cell  stresses  and  strains  are  obtained 
from  the  volume  average  of  sub  cell  stresses  and 
strains.  In  other  words, 

=  (12) 

n  =  l 

=  (13) 

n=l 

Here,  is  the  volume  fraction  of  the  sub  cell, 
and  Cij  and  lij  eire  the  average  unit-cell  stresses 
and  strains,  respectively.  These  are  the  effective 
stresses  and  strains  of  a  composite.  Further,  the 
constitutive  equation  of  the  effective  stresses  and 
strains  is 

€i^  =  Cijkid‘ki  +  o^ijAO  (14) 

in  which  Cijki  and  aij  denote  the  effective  mechani¬ 
cal  and  thermal  material  properties  of  a  composite, 
respectively. 

Algebraic  manipulation  of  above  equations  re¬ 
sults  in  the  following  matrix  equation: 

{e}  =  [i?]{/}  =  [iii]{Ar}  +  [R,m  (15) 

where  {e}  is  the  vector  consisting  of  three  normal 
strain  components  of  eight  subcelis.  Vector  {/}  is 
composed  of  three  subvectors  as  given  below: 

iff  =  {{Arf  {or  {?}"’}  (16) 

where  {At}  is  the  column  vector  of  12  x  1  contain¬ 
ing  components  and  {0}  is  the  null  vector  of 
9x1,  and  {e}  is  the  vector  of  3x  1  consisting  of  three 
effective,  normal  strains.  Further, 

(17) 

24x12  24x9  24x3 

The  effective  mechanical  property  matrix  is  com¬ 
puted  from 

(is) 

and  the  effective  thermal  property  matrix  is  ex¬ 
pressed  as 

{«}  =  -[^]-M7]([f^[iii]{Ar}  -  {r})/A^  (19) 


in  which  [E]  is  the  matrix  consisting  of  and 
vector  {r}  consists  of  [V]  is  the  matrix  com¬ 
posed  of  subcell  volume  fractions.  Equation  (18) 
indicates  that  the  effective  mechanical  property  is 
independent  of  thermal  properties  of  subcelk  as  ex¬ 
pected.  However,  the  effective  thermal  property  is 
a  fimction  of  mechanical  as  well  as  thermal  prop¬ 
erties  of  sub  cells  as  seen  in  Equation  (19).  The 
micro-thermal  stresses  at  the  sub  cells  are  computed 
as 


{<7}  =  [i;]([iEi]{Ar}  +  [i?2]{5}A0)  -  {r}  (20) 


3.  Results  and  Discussion 

A  parametric  study  was  conducted  using  an  or¬ 
thogonal  array  adopted  in  Taguchi’s  method  [3]  in 
order  to  determine  the  effects  of  each  parameter 
of  the  constituent  materials  on  the  effective  CTE’s 
and  micro-thermal  stresses.  The  concept  of  orthog¬ 
onality  refers  to  the  statistically  independent  or 
balanced  parameters  that  make  up  the  columns  of 
the  orthogonal  array  [3]. 

The  variables  used  in  the  parametric  study  were 
elastic  moduli,  Poisson’s  ratios,  CTE’s  of  the  con¬ 
stituent  materials,  and  the  particle  volume  fraction. 
Table  1  shows  the  variables.  The  fuU  factorisd  anal¬ 
ysis  requires  625  cases.  Instead,  using  an  orthog¬ 
onal  array  of  L25(5^  requires  25  analyses  for  the 
parametric  study.  Here,  subscript  of  Z,  ‘25’,  rep¬ 
resents  the  total  number  of  cases,  ‘5’  denotes  the 
number  of  levels,  and  ‘6’  denotes  the  number  of  fac¬ 
tors.  This  array  is  most  suitable  for  the  pareuneters 
given  in  Table  1. 

For  each  case  of  the  orthogonal  array,  the  effec¬ 
tive  CTE  and  matrix  thermal-stress  were  computed 
from  the  micromechanical  model  and  the  finite  el¬ 
ement  analysis.  The  Rule  Of  Mixture  (ROM)  was 
also  used  to  predict  the  effective  CTE.  The  errors 
in  the  micromechanical  model  were  less  than  four 
percent  compared  to  the  finite  element  results.  On 
the  other  hand,  ROM  resulted  in  errors  upto  16 
percent.  While  the  nodcromechanical  model  yielded 
relatively  uniform  errors,  ROM  resulted  in  a  wide 
variation  of  errors.  The  ROM  error  was  large  when 
the  matrix  was  much  softer  than  the  particle,  the 
difference  of  the  CTE’s  of  the  constituents  was 
large,  or  PVF  was  large. 

Figure  2  illustrates  the  effective  CTE  normal¬ 
ized  with  repspect  to  the  matrix  CTE  value.  These 
graphs  indicate  the  average  effect  of  a  single  param¬ 
eter  over  the  variations  of  other  parameters  on  the 
effective  CTE  value  as  expressed  in  the  orthogonal 
array.  The  top  left  graph  m  Figure  2  indicates  that 
the  normalized,  effective  CTE  is  large  when  the 
modulus  ratio  is  close  to  1.  However,  the  normal¬ 
ized,  effective  CTE  became  the  minimum  for  the  ra¬ 
tio  of  E^ /E^=100,  where  superscripts  ‘p’  and  ‘m’ 
denote  the  particle  and  the  matrix,  respectively.  A 
further  increase  of  the  modulus  ratio  increased  the 
effective  CTE.  The  CTE’s  of  the  constituents  af¬ 
fected  the  effective  CTE  almost  linearly.  Similarly, 
PVF  resulted  in  a  linear  variation  of  the  effective 
CTE. 
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Figure  1.  Micromechauical  Model 


The  errors  in  micro-thermal  stresses  between  the 
micromechanical  and  finite  element  results  were 
compared.  The  average  error  was  less  than  about 
six  percent  except  for  the  case  with  a  low  PVF 
value  of  0.2,  which  had  a  10  percent  error. 

Figure  3  shows  the  plots  of  the  matrix  thermal 
stresses  normali2ed  with  respect  to  the  matrix  elas¬ 
tic  modulus.  These  stresses  were  computed  for  a 
unit  degree  of  temperature  change.  The  stress  plots 
used  absolute  values  when  computing  average  val¬ 
ues  based  on  the  orthogonal  array.  When  compar¬ 
ing  Figure  3  to  Figure  2,  the  case  with  a  smaller 
effective  CTE  value  resulted  in  a  greater  thermal 
stress  in  the  matrix.  This  observation  was  con¬ 
sistent  for  every  parameter.  The  smaller  effective 
CTE  can  be  caused  by  a  greater  constraint  from 
free  deformation  between  the  particle  and  the  ma¬ 
trix.  A  greater  constraint  results  in  a  larger  ther¬ 
mal  stress  at  the  microlevel.  When  the  modulus 
ratio  was  100,  the  matrix  thermal  stress  was  the 
maximum  but  the  effective  CTE  became  the  min¬ 
imum.  A  larger  difference  in  the  constituent  CTE 
values  caused  a  greater  thermal  stress,  as  expected. 
Further,  an  increased  PVF  yielded  a  larger  ther¬ 
mal  stress,  too.  As  far  as  the  magnitude  of  the 
thermal  stress  was  concerned,  the  CTE  yielded  the 
largest  variation,  as  expected.  The  next  largest 
variation  resulted  from  PVF.  On  the  other  hand, 
elastic  modulus  ratios  and  Poisson’s  ratios  varied 
the  thermal  stress  in  a  less  amount. 


4.  Conclusions 

An  analytical,  three-dimensional,  micromechan¬ 
ical  model  was  developed  to  compute  effective 
CTE’s  and  micro-thermal  stresses  of  particulate 
composites  using  constituents’  mechanical  and 
thermal  properties.  A  simplified,  unit-cell  model 
was  used  for  this  purpose.  The  predictions  ob¬ 
tained  firom  the  micromechnical  model  compared 
very  well  with  the  finite  element  results  for  both 
effective  CTE  values  and  micro-thermal  stresses. 
The  orthogonal  array  technique  was  adopted  for  a 
parametric  study  of  particulate  composites.  This 


method  showed  average  effects  of  each  parameter 
over  wide  variations  of  other  parameters  on  the  ef¬ 
fective  CTE  and  micro-thermal  stress  in  the  matrix 
material. 
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Table  2.  Variables  for  Orthogonal  Array 


Level 

No. 

Modulus 

E^jE^ 

Pois.  Ratio 

CTE 

PVF 

1 

1 

0.20/0.36 

0.10 

0.20 

2 

10 

0.24/0.26 

0.25 

0.35 

3 

102 

0.28/0.36 

0.50 

0.50 

4 

lO® 

0.32/0.36 

0.75 

0.65 

5 

10^ 

0.36/0.36 

1.00 

0.80 

*  Superscripts  p  and  m  denote  the  particle  and 
the  matrix,  respectively. 
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modulus  POISSON’S  RATIO 


Figur6  2.  Variation  of  Averaga  CTE  Values  Computed  Based  on  the  Orthogonal 
Array,  Normalized  With  Respect  to  the  Matrix  CTE  Value 


Figure  3.  Variation  of  Average  Matrix  Theraml  Stresses  Computed  Based  on  the  Orthogonal 
Array,  Normalized  With  Respect  to  the  Matrix  Elastic  Modulus 
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This  paper  examines  the  thermal  stresses  and  strains  induced  in  unit  cubes  of  a  33  volume 
percent  continuous-fiber  (silicon  carbide,  SCS6)  reinforced  titanium  Metal  Matrix  (Ti-15-3) 
Con:qx)site  (MMC).  Stand-alone  matrix  material  is  also  analyzed  as  a  baseline  of  comparison. 

Each  cube  is  e:qposed  to  a  fixed  heat  flux  on  one  face  with  the  opposite  face  held  at  a  fixed  low 
tenq)erature.  0±er  faces  are  insulated  and  all  faces  are  forced  to  remain  parallel.  Each  cube  is  a 
sub-element  of  a  much  larger  non-warping  structural  element.  A  con:Q)rehensive  range  of  ply  lay- 
ups  and  heat  flux  orientations  are  analyzed.  Results  are  presented  for  global  continuum-  and  local 
micro-mechanics  linear  elastic  analyses.  For  eveiy  one  of  the  11  composite  architectures  studied, 
the  micromechanical  strains  in  the  matrix  in  every  direction  exceed  the  maximum  strains  in  the 
stand-alone  matrix  by  approximately  a  factor  two  (75  to  118%).  The  combination  of  large  thermal 
strains  acting  in  very  weak  directions  within  MMCs  is  expected  to  reduce  their  thermal  fatigue 
resistance  far  below  that  of  monolithic  materials. 


Key  Words:  thermal  stress,  thermal  strain,  metal  matrix  composites,  thermal  fatigue,  finite 


elements 


1.  Introduction 

Ihe  potential  structural  benefits  of  unidirectional, 
continuous-fiber,  metal  matrix  conposites  (MMCs)  are 
legendary.  Compared  to  their  monolithic  matrices, 
unidirectional  MMCs  possess  superior  properties  such 
as  hi^er  stiffiiess  and  tensile  strength,  and  lower 
coefficient  of  thermal  expansion.  Additionally,  MMC 
density  will  be  lower  if  the  fibers  are  less  dense  than 
the  matrix  they  replace.  Their  potential  has  been 
demonstrated  unequivocally  both  analytically  and 
e^rimentally,  especially  at  ambient  tenperatures. 
Successes  prompted  Nationally  funded  efforts  withiu 
the  United  States  and  elsewhere  to  extend  the  promise 
of  MMCs  into  tiie  temperature  regime  wherein  creep, 
stress  relaxation,  oxidation,  and  tiiermal  fatigue 
damage  mechanisms  lurk.  This  is  the  veiy  regime  for 
which  alternative  hi^-temperature  materials  are 
becoming  mandatory,  since  further  enhancement  of 
state-of-the-art  monolitiiic  alloys  is  rapidly  qproaching 
a  point  of  diminishing  returns.  Unfortunately,  MMCs 
offer  but  limited  inprovement  in  creep,  relaxation,  and 
oxidization  resistance,  since  these  are  governed  largely 
by  the  matrix  material  per  $e,  and  the  matrix  is  still 
very  much  in  evidence  in  the  MMC.  More  seriously, 
however,  MMCs  are  at  a  distinct  disadvantage  over 
tiieir  monolithic  matrix  counterpart  when  it  comes  to 
resisting  damage  induced  by  repeated  thermal  cycling 
between  ambient  tenperature  and  maximum  service 
operating  temperatures.  As  will  be  shown,  thermal 


cycling  is  the  Achilles’  heal  of  MMCs  owing  to  the 
large  internal  thermal  stresses  and  strains  that  develop 
in  the  constituent  matrix  and  fibers  because  of  their 
significant  mismatch  in  thermal  e;q>ansion  a.  A 
thermal  epansion  mismatch  is  inherent  provided  a 
mismatch  in  matrix/fiber  moduli  of  elasticity  is  a 
desired  characteristic.  This  is  to  be  epected  (see 
Halford^^^)  from  the  Gruneisen  equation  that  inversely 
relates  a  to  bulk  modulus  of  elasticity  K.  Bulk  and 
Young's  moduli  E  are  linearly  related. 

a  oc  (yCv/3EV)  (1) 

where  y  is  Gruneisen's  constant  that  is  related  directly 
to  the  sum  of  tiie  two  powers  in  the  equations  for  the 
attractive-  and  repulsive-force  versus  atomic  pacing, 
Cy  is  the  specific  heat,  and  V  is  the  molar  volume. 


E,  lO’MPa 


Fig.  1.  Inverse  relation  between  thermal  epansion 
coefficient,  a,  and  Young’s  modulus  of  elasticity,  E. 
Data  from  Richards^^ 
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Figure  1  depicts  die  inverse  relation  between 
thermal  expansion  and  elastic  modulus  for  three  major 
classes  of  materials;  organic,  metallic,  and  ceramic^^ 
The  more  disparate  are  the  values  of  the  moduli 
between  fiber  and  matrix,  the  greater  the  thermal 
expansion  mismatch  and  hence  the  greater  wQl  be  the 
thermal  stresses  and  strains  for  a  given  thermal 
excursion. 

The  current  analytic  research  examines  the 
thermal  stresses  and  strains  in  unit  cubes  of  MMCs 
induced  by  ensure  of  one  face  to  a  heat  flux,  Q,  and 
the  opposite  face  to  a  fixed  tenq>erature  heat  sink. 
Faces  parallel  to  the  x-direction  heat  flux  were 
assumed  insulated  to  make  the  analyses  more  tractable. 
A  comprehensive  range  of  sicaplt  ply  lay-tqw  and  heat 
flux  orientations  are  analyzed.  The  objective  is  to 
determine  the  severity  of  diermally  induced  stresses 
and  strains  in  MMCs  and  imply  their  potential  impact 
on  the  thermal  fatigue  resistance  of  MMCs. 


2.  Materia],  Properties,  Composite  Cubes 

Continuous  fiber  (silicon  carbide,  SCS6,  33%  by 
voL)  reinforced  titanium  matrix  (Ti-15-3)  composites 
were  analyzed.  The  tenperature-dependent,  time- 
independent  material  properties  of  the  constituent 
materials  (Table  1)  were  used  in  METCAN^^  to 
compute  discrete  ply  properties  as  a  function  of 
temperature  (Halford  and  Aiya^^^).  These  properties 
are  shown  in  Table  2.  The  conposite  cubes  consist  of 
symmetric  12  ply  lay  tps  with  each  ply  having  the 
dimensions  0.262  x  0.262  x  0.022  cm.  Several 
laminated  architectures  were  selected  to  represent  the 
extreme  combinations  of  plies  relative  to  the  x- 
direction  of  heat  flux,  Fig.  2.  One  of  the  12  cubes 
represents  the  stand-alone  matrix  material  (Case  0). 
Four  distinct  laminate  lay-tps  (I,  H,  m,  and  IV)  are 
positioned  in  three  orientations  (A-B-C)  relative  to  the 
heat  flux  Q  in  the  negative  x-direction.  Because  Case 


Table  1  -  Mechanical  and  thermal  properties  of  constituents 


20 

130 

240 

350 

680 

790 

900 

B 

8.98 

8.88 

8.79 

8.68 

8.58 

8.47 

8.36 

8.23 

8.11 

0.1898 

0.1878 

0.1857 

0.1835 

0.1813 

0.1790 

0.1766 

0.1741 

0.1715 

0.1512 

0.1546 

0.1579 

0.1616 

0.1655 

0.1695 

0.1739 

0.1786 

0.1836 

E 

1.78 

1.67 

1,56 

1.44 

1.30 

1.15 

0.98 

0.78 

0.48 

Matrix 

u 

0.3196 

0.3005 

0.2582 

0.2342 

0.2075 

0.1768 

0.1395 

0.0875 

a 

0.2503 

0.2609 

0.3063 

0.3298 

0.3622 

0.4160 

0.5278 

E:  Young's  modulus,  xlO^  MPa  u:  Poisson’s  ratio  a:  Coefficient  of  thermal  expansion,  xlO-5  oc-1 


Table  2-  Orthotropic  properties  of  the  composite  plies 


T 

OC 

20 

130 

240 

350 

460 

570 

680 

790 

900 

Ell 

2.6600 

2.5200 

2.3600 

2.2200 

2.0200 

1.8100 

1.5700 

1.2600 

0.8200 

E22 

4.1600 

4.0600 

3.9500 

3.8300 

3.7100 

3.5700 

3.4200 

3.2400 

3.0000 

V12 

0.1768 

0.1634 

0.1492 

0.1342 

0.1180 

0.1004 

0.0810 

0.0588 

0.0313 

V23 

0.2768 

0.2633 

0.2490 

0.2336 

0.2167 

0.1981 

0.1767 

0.1509 

0.1152 

V31 

0.3038 

0.2874 

0.2697 

0.2504 

0.2290 

0.2049 

0.1768 

0.1417 

0.0911 

Gi2 

1.0210 

0.9670 

0.9080 

0.8450 

0.7440 

0.6940 

0.6000 

0.4820 

0.3110 

G23 

1.0210 

0.9670 

0.9080 

0.8450 

0.7440 

0.6940 

0.6000 

0.4820 

0.3110 

G31 

1.0180 

0.9770 

1  0.9310 

0.8800 

0.8200 

0.7510 

0.6600 

0.5520 

0.3740 

an 

0.2096 

0.2170 

0.2254 

0.2352 

0.2471 

0.2620 

0.2820 

0.3128 

0.3786 

a22 

0.1797 

0:i829 

0.1864 

0.1899 

0.1936 

0.1974 

0.2009 

0.2039 

0.2034 

E  =  Young’s  modulus,  xlO^  MPa  v  =  Poisson’s  ratio  G  =  Shear  modulus 
a  =  Coefficient  of  thermal  expansion,  x  1 0’^  E22  =  E33  aja  = 
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Fig.  2.  Indexing  scheme  for  describing  ply  lay-up 
architecture  of  composite  cubes.  Heat  flux,  Q,  in 
negative  X  direction. 


lA  is  equivalent  to  Case  IC,  Case  lA  is  dropped  and 
Case  0  is  shown  in  its  place.  The  Case  indexing 
scheme  follows  a  progression  from  a  thick  center 
laminate  with  no  laminate  faces  (1)  to  a  thin  enter 
laminate  and  thick  laminate  faces  (TV). 


3.  Thermal  Loading  and  Finite  Eluent  Analyses 

Each  cube  was  thermally  loaded  with 
teniperature  rising  slowly  from  21®C  to  a  maximum  on 
the  heated  face  while  the  opposite  face  was  maintained 
at  2rC.  Only  steady-state  thermal  conditions  were 
analyzed.  Side  faces  were  insulated.  Maximum 
temperatures  for  the  stand-alone  matrix  and  con^site 
cubes  were  determined  by  assuming  both  to  be 
subjected  to  the  same  heat  flux.  For  the  arbitrarily 
prescribed  maximum  teixq)erature  of  800°C  for  the 
stand-alone  matrix,  thermal  conductivity  calculations 
based  on  a  constant  heat  flux  resulted  in  a  maximum 
ten^rature  of  910®C  for  die  conqiosite  cubes  owing  to 
their  lower  thermal  conductivity.  Both  continuum 
(Unit  Cube  with  1728  elements,  2197  nodes)  and 
micromechanical  (Unit  Cell  with  3072  elements,  3689 
nodes)  elastic  finite  element  structural  analyses  were 
performed  using  MARC^^  with  8-noded,  solid 
hexagonal  elements.  Fig.  3.  The  micromechanical 
model  is  a  sub<eiement  of  the  continuum  model  vdiich 
in  turn  is  a  sub-element  from  a  larger  non-warping 


(a)  modd  (b)  Mteimiwhaiiiral  nodd 

to  composite  cubes  for  fibcai'/iiiibli  unit  cdl 


Fig.  3  Finite  element  models. 

element.  Consequently,  parallel  faces  in  both  models 
were  forced  to  remain  parallel  during  thermal  loading. 
The  elastic  analyses  en^le  generalization  of  results  to 
other  ranges  of  thermal  cycling.  Sensitivity  studies 
conducted  by  independently  varying  a  and  E  permits 
extrapolation  of  results  to  other  MMC  systems  with 
different  combinations  of  e^qpansion  and  moduli  values 
(see  for  exan^le,  Halford  and  Arya^^^).  In  the  current 
analyses,  all  of  the  computed  stresses  and  strains  are 
viewed  as  ranges  for  the  case  of  slow,  quasi-static, 
cyclic  thermal  loading  between  the  minimum  and 
maximum  temperatures.  Rapidly  ^lied  thermal 
transients  would  increase  the  tiiermal  stresses  and 
strains  in  the  conposite  cubes  to  a  greater  extent  than 
for  tibe  stand-alone  matrix  cube  owing  to  die  lower 
thermal  conductivity  of  the  composite. 

4.  Results 

Thermal  stress  results  for  the  stand-alone  matrix 
(Case  0)  are  shown  at  the  far  left  of  Fig.  4.  The 
maximum  thermal  stress  range  for  this  Case  is  428 
MPa  (62  ksi)  in  the  transverse  (y  and  z)  directions. 


Fig.  4  Thermal  stress  ranges  in  composite  cubes 
using  continuum  model. 
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Similarly,  the  maximum  mechanical  component  of  the 
thermally  induced  train  range  is  0.48  %  acting  in  the 
transverse  directions  (see  far  left  of  Fig.  5).  Figure  4 
also  displays  die  Tnaximum  continuum  stress  range 
(and  corre^xmding  orthogonal  stress  ranges)  found  in 
each  of  the  11  composite  Cases.  The  location  of  the 
maximum  stress  ranges  are  shown  by  the  big  X  in  Fig. 
2.  In  every  conqwsite  Case,  every  transverse  stress 
range  is  greater  than  the  maximum  stress  range  in  the 
stand-alone  matrix  material  (Case  0).  The  maximum 
ranges  are  always  at  die  cube  face  whose  temperature 
cycled  between  the  maximum  and  die  minimum.  The 
most  benign  Case  (I-B)  has  a  stress  range  25%  hi^er 
than  that  found  in  Case  0.  Unfortunately,  the  direction 
of  this  hi^  stress  range  is  perpendicular  to  a  fiber;  the 
weakest  possible  direction  in  any  conqxisite. 
Combining  the  hipest  diermal  stresses  with  the 
weakest  directions  will  invariably  give  rise  to  much 
poorer  thermal  fatigue  resistance  than  the  stand-alone 
matrix,  thereby  negating  ai^  pot^itial  structural 
benefit  of  the  con^site  for  components  loaded 
appreciably  by  thermal  cycling.  The  extent  of  the 
poorer  performance,  while  not  experimentally 
evaluated  herein,  is  indicated  by  the  observations  of 
others.  For  exanqile,  tensile  strengths  of  [90] 
composites  are  well  known  to  be  considerably  less  than 
die  tensile  strengdi  of  stand-alone  matrix  material,  and 
isothermal  fetigue  strengths  of  [90]  composites  can  be 
as  low  as  10%  of  [0]  fatigue  strengths,  Hashin  and 
Rotem^®.  Furthermore,  the  diermal  fatigue  resistance 
of  con^sites  is  eiqpected  to  be  even  less  than  their 
isothermal  fatigue  resistance  (Halford,  Lerch,  and 
Saltsman^).  To  better  understand  tj^hy  this  can  be  so, 
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Fig.  5  Mechanical  con^xinent  of  thermally  induced 
strain  ranges  in  matrix  portion  of  unit  cell  using 
micro-mechanical  model. 


it  is  necessary  to  examine  the  thermal  stresses  and 
strains  in  the  conqiosite  using  a  micromechanical 
structural  analysis  (Fig.  3).  Figure  5  shows  the 
mechanical  component  of  the  cyclic  thermal  strain 
range  developed  within  the  matrix  material  for  each  of 
die  11  composite  Cases.  Comparable  maximum  strain 
ranges  are  also  shown  for  Case  0  for  comparison.  In 


every  Case,  every  strain  range  in  eyery  direction  is 
higher  than  the  TnaTirmim  strain  range  in  the  stand¬ 
alone  matrix  noaterial  by  35  to  110%.  Furthermore, 
the  maximum  strain  ranges  are  always  in  a  direction 
transverse  to  the  local  fiber  direction. 


5.  Conclusioiis 

The  analytic  results  presented  herein  clearly 
demonstrate  die  extraordinarily  large  thermal  stresses 
and  strains  that  can  be  suffered  by  continuous-fiber 
reinforced  metal  matrix  composites.  The  highest 
thermal  stresses  and  strains  are  normal  to  die  fibers;  a 
notoriously  weak  direction.  Hi^  stresses  and  strains 
in  conjunction  with  weak  directions  are  ei^qpected  to 
severely  limit  die  application  of  MMCs  in  structural 
applications  involving  qipreciable  thermal  cycling. 
The  broad  range  of  ply  lay-iqis  studied  bouixis  the 
possible  MMC  architectures  that  could  have  been 
selected.  For  the  same  heat  flux,  none  of  the 
architectures  offer  a  potential  thermal  fatigue  resistance 
higher  than  the  matrix  material  itself.  Thermal  fatigue 
resistance  is  not  one  of  the  structural  advantages  of 
metal  matrix  composites. 
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Closed-fonn  and  finite  element  discrete  thermo-elastic  solutions  for  flat  and  curved 
polymer  composite  laminates  are  obtained  with  a  set  of  higher  order  two-dimensional  (2D) 
displacement  models  incorporating  improved  transverse  cross-sectional  deformations. 
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1.  Introduction 

Reliable  evaluation  of  thermally  induced 
deformations  and  stresses  in  components  made  of 
polymer  composites  in  the  form  of  plates  and 
shells  is  important  in  the  assessment  of 
performance  of  the  components.  The  growing 
applications  of  new  composite  materials  especially 
in  thermal  environment  have  encouraged 
development  of  unproved  and  refined  analytical 
models  for  ultimate  analysis.  While  studies  in  the 
aspects  of  mechanical  behavior  of  advanced 
composites  are  extensive,  very  investigations  have 
been  carried  out  to-date  few  studies  are  available  on 
their  thermo-elastic  behavior. 

The  three-dimensional  (3D)  analyses  of 
laminates  with  a  large  number  of  laminae  becomes 
intractable  [l]-[3].  Researchers  have,  therefore, 
focused  their  attention  on  2D  theories.  Noor  and 
Bmton  [4,5]  have  identified  four  general 
approaches  for  constructing  2D  theories:  method 
of  hypotheses,  method  of  expansion,  asymptotic 
integration  technique  and  iterative  methods. 

Of  these  the  method  of  hypotheses  is  a 
popular  and  general  one  for  constructing  2D  theories. 
An  individual  layer  (lamina),  for  mathematical 
modeling  purposes,  is  considered  to  be 
homogeneous  and  orthotropic  (and  thus  the 
material  properties  are  assumed  to  remain  constant 
in  each  layer)  while  the  laminate  is  heterogeneous 
through  the  thickness  and  generally  anisotropic. 
The  greater  differences  in  the  elastic  properties 
between  fiber  filaments  and  matrix  materials  lead 
to  a  high  ratio  of  in-plane  Young’s  modulus-to- 
transverse  shear  modulus  for  most  of  the 
composite  laminates  fabricated  to-date. 

The  classical  lamination  theory  (CLT)  is  an 
extension  of  the  Kirchhoff  s  thin  plate/Love’s  thin 
shell  theory  and  neglects  the  effects  of  out-of- 
plane  strains  and  assumes  each  lamina  to  be  in  a 


state  of  plane  stress.  It  is  observed  that  the  CLT 
fails  to  predict  accurately  the  static  and  dynamic 
response  in  case  of  composite  laminates  which  are 
rather  thick  and  /or  exhibit  high  anisotropy  ratios. 
Most  importantly,  it  is  found  to  be  totally  unsuitable 
for  most  sandwiches  with  high  shear  flexible  cores. 
The  very  physical  nature  of  a  laminate  makes 
transverse  deformation  significant.  Thus  the  CLT  is 
not  suitable  for  modelling  of  laminates. 

Theories  which  include  the  effects  of 
transverse  shear  deformation  energy  and  at  times 
the  transverse  normal  strain  energy  become 
necessary.  The  so-called  first-order  shear 
deformation  theories  (POST)  of  Reissner  [6]  and 
Mindlin  [7],  based  on  assumed  stress  and 
displacement  fields  respectively,  do  remove  some  of 
the  defects  of  the  CLT.  However,  these  too  neglect 
the  effects  of  transverse  normal  strain  and  assume  a 
constant  transverse  shear  strain  through  the 
laminated  thickness.  A  shear  correction  coefficient, 
which  is  somewhat  arbitrary,  is  thus  used  to  correct 
the  transverse  shear  strain  energy  of  deformation. 
Transverse  shear  deformation  assumes  greater 
significance  for  fiber  reinforced  laminates  and 
sandwiches,  as  compared  to  homogeneous  plates 
and  shells,  due  to  large  ratio  of  longitudinal  elastic 
modulus  to  the  transverse  shear  modulus. 

The  limitations  of  the  FOSTs  forced 
development  of  higher-order  shear  deformation 
theories  (HOSTs)  [8]-[14]  which  provide  greater 
displacement  accuracy  and  include  the 
considerations  of  realistic  parabolic  variation  of 
transverse  shear  stresses  through  the  laminate 
thickness,  warping  of  the  transverse  cross-sections 
and  a  few  models  do  consider  the  complete  3D 
material  constitutive  law. 

Kant  and  Khare  [15]  have  recently  used  a 
nine  degrees  of  freedom  HOST  in  conjunction  with 
a  finite  element  technique  for  the  thermal  analyses 
flat  laminates.  In  this  presentation,  we  generalize 
the  approach  and  develop  a  new  flat  facet  element 
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for  general  curved  laminates  in  addition  to 
obtaining  a  few  closed-form  solutions  with 
HOSTS. 


2,  Theory 

Analytical  models  based  on  higher-order 
displacement  field  [15]: 

HOST  12 

U  =  Uq  +  ZSy  +  Z^UQ  +  Z^0y 

v  =  vo -zGx +z^Vo -z^Ox  (1) 

W  =  Wq  +  Z02  +  z^  Wq  +  Z^02 
and  two  other  models  wiA  changes  in  w, 

HOST  11 

w  =  wo+z0z+z^wj  (2) 

and  HOST  9 

w  =  Wo  (3) 

and  the  popular  POST  based  on, 
u  =  Uo+z0y;v  =  Vo-z0,,;w  =  Wo  (4) 
are  developed  and  utilized  here  for  general  curved 
laminates.  Starting  from  3D  elasticity  equations 
proper  material  constitutive  relations  are  taken  as 
it  is  and  2D  forms  of  strain-displacement  relations 
are  derived  in  a  straight  forward  manner  with  help 
of  Equations  (1)  -  (4).  2D  variatonally  consistent 
equilibrium  equations  and  associated  boundary 
conditions  are  derived  using  virtual  work  principle 
[11]. 


3.  Results  and  discussion 

Closed-form  solutions  for  simply 
(diaphragm)  supported  cross-ply  laminates  and 
discrete  solutions  for  general  curved  laminates 
using  C®  isoparametric  flat  facet  quadrilateral 
frnite  elements  are  obtained.  The  formulations  are 
first  checked  and  validated  by  conducting 
numerical  experiments  on  test  problems  described 
by  Bel>1:schko  et  al.  [16]  under  mechanical 
loadings  as  pure  3D  thermoelasticity  solutions  are 
scanty  in  literature.  Numerical  results  on  thermal 
problems  analyzed  by  Khdeir  et  al.  [17]  and  He 
[18]  are  presented  in  Tables  1  -3. 

In  addition,  thermal  effects  are  studied  on 
new  problems  analyzed  involving  sandwich  plates 
and  shells  both  analytically  and  numerically.  The 
difference  between  HOSTs  and  POST  is  seen  in 
low  a/h  ratios.  This  difference  is  more  in  plates 
than  shells.  HOST  12  results  are  closest  to  the  3D 
elasticity  solutions. 
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Table  1.  Center  deflections  of  simply  (diaphragm)  supported  cross-ply  shells  subjected  to  sinusoidal  thermal  load 


R/a 

Present  Closed  Form 

1  Present  Finite  Elements 

1  Khdeiretal[17] 

HOST12 

HOSTll 

HOST9 

POST 

HOST12 

1 

HOST 

9 

POST 

HSDT 

CST 

Cylindrical  shell  (0V90®)  with  a/b=l,  h/a=0.1,  Ri=  »,  Rj  =  R 

5 

1.1261 

1.1261 

1.1279 

1.1272 

1.1260 

1.1278 

1.1279 

1.1235 

1.1248 

1.1280 

mm 

1.1434 

1.1434 

1.1449 

1.1444 

1.1460 

1.1468 

1.1473 

■IgHM 

1.1439 

50 

1.1493 

1.1493 

1.1507  i 

1.1501 

1.1482 

1.1501 

1.1501 

Spherical  shell  (0®/90®)  with  a/b=l,  h/^.l,  Rj=  R2  =  R 

5 

1.038S 

1.058$ 

1.0602 

1.0578 

1.0490 

1.0553 

1.0514 

1.0545 

1.0546 

1.0660 

10 

1.1256 

1.1256 

1,1269 

1.1258 

1.1290 

1.1304 

1.1302 

1.1235 

1.1248 

1.1280 

50 

1.1487 

1.1487 

1.1500 

1.1493 

1.1475 

1.1493 

1.1494 

Plate 

1.1497 

1.1497 

1.1510 

1.1504 

1.1470 

1.1477 

1.1478 

1.1485 

1.1504 

1.1504 

Ten  layer  cylindrical  shell  (0®/90®/ . )  with  a/b=l,  h/a=0.1,  Rj-  oo,  R2  =  R 

5 

1.0224 

1.0224 

1.0239 

1.0234 

1.0190 

1.0203 

1  1.0204  1 

1.0216 

1.0215 

1.0247 

10 

1.0299 

1.0299 

1.0312 

1.0307 

1.0280 

1.0293 

1.0303 

1.0302 

1.0310 

50 

1.0325 

1.0325 

1.0337 

1.0330 

i 

1 

1.0332 

1.0330 

1.0331 

Plate 

1.0326 

1.0326 

1.0339 

1.0331 

1.0320 

1.0329 

1.0328 

1.0333 

1.0331 

1.0331 

Table  2.  Deflection  and  stress  in  a  di^hragm  supported  symmetric  cross-ply  (0®/90®/0®)  square  laminate  under 

sinusoidal  thermal  load 


a/h  I  Present  Closed  Form  Present  Finite  Elements 


Quantity 

HOST12 

HOSTll 

HOST9 

HOST12 

HOSTll 

HOST9 

w 

1.0823 

1.0823 

1.0874 

1,0763 

1.0832 

1.0832 

1.0874 

^  (r=-h/6) 

0.6628 

0.6628 

0.6616 

0.6556 

0.6614 

0.6614 

0.6602 

^(2=-Ii/6) 

0.3024 

0.3024 

02736 

0.1357 

02762 

0.2762 

0.2484 

0,0122 

0.0122 

0.0826 

0.4072 

-0.5048 

-0.5048 

0.0110 

e^(2=-h/6) 

-0.8550 

-1.0208 

IQgggjI 

-0.9914 

-1.0108 

^  (z=*/2) 

1.8538 

1.8538 

1.8590 

1.8618 

1.8494 

1.8494 

1.8556 

f|^(r-*/2) 

1.0814 

1.0814 

1.0786 

1.0722 

1.0884 

1.0884 

1.0818 

(z=-b/€) 

0.1263 

0.1263 

0.1272 

,  0.0795 

0.1471 

0.1471 

0.1335 

^*2(2=0) 

0.1433 

0.1433 

0.1448 

0.0795 

0.0676 

0.0676 

0.0612 

Tyj(2*-h/6) 

-0.1055 

-0.1055 

-0.1046 

0.1060 

-0.1007 

-0.1007 

?xz  (2=0) 

-0.0414 

-0.0414 

-0.0409 

0.0424 

-0.1022 

-0.1022 

w 

1.0489 

1.0489 

1.0501 

1.0460 

1.0490 

1.0490 

1.0501 

(z=.h/6) 

0.3308 

0.3308 

0.3306 

0.3296 

03302 

0.3302 

0.3300 

e5{(z=-h/6) 

0.0581 

0.0581 

0.0540 

0.0282 

0.0447 

0.0447 

0.0404 

^  (2=*/2) 

0.0165 

0.0165 

0.0266 

-0.0143 

-0.0143 

-0.0476 

(2=-h/6) 

-0.1590 

-0.1590 

-0.1630 

-0.1706 

-0.1706 

-0.1741 

10 

(z=-h/2) 

0.9705 

0.9705 

0.9712 

0.9715 

0.9699 

0.9699 

0.9704 

4(2-h/2) 

0.5192 

0.5192 

0.5188 

0.5178 

0.5212 

0.5212 

0.5205 

Z«(2=^/6) 

0.0433 

0.0433 

0.4336 

0.0262 

0.0524 

0.0524 

0.0516 

Tx2(z=0) 

0.0497 

0.0497 

0.0498 

0.0262 

0.0237 

0.0237 

0.0233 

T^(z=-h/6) 

-0.0355 

-0.0355 

0.0355 

0.0349 

-0.0277 

imgn 

■ 

-0.0144 

0.0144 

0.0140 

-0.0281 

-0.0281 

-0.0276 

POST 

HE  [18] 

1.0763 

1.0904 

0.6544 

0.6712 

0.1112 

0.4776 

0.3362 

0.1478 

-1.0472 

-0.8265 

1.8580 

1.8450 

1.0754 

1.0850 

0.0864 

0.0844 

0.0346 

0.0674 

0.0987 

-0.1094 

0.0395 

-0.0480 

1.0460 

1.0517 

0.3290 

0.3325 

0.0163 

0.0960 

HQSii 

0.0361 

-0.1719 

-0.1436 

0.9700 

0.9690 

0.5194 

0.5200 

0.0330 

0.0293 

0,0132 

0.0250 

-0.0113 

47 


Table  3.  Deflection  and  stress  in  a  diaphragm  supported  antisymmetric  cross-ply  (0790®)  square  iammaf.»  under 
_  sinusoidal  thermal  load 


pa 

warn 

Present  Closed  Form 

Present  Finite  Elements 

Quantity 

HOST12 

HOSTll 

HOST9 

POST 

HOST12 

HOSTll 

HOST9 

POST 

HE  [18] 

w 

1.1478 

1.1478 

1.1530 

1.1504 

1.1501 

1.1498 

1.1530 

1.1504 

1.1557 

«^(z=0) 

0.0657 

0.0657 

0.0676 

0.0700 

0.0656 

0.0656 

0.06784 

0.0702 

0.0589 

^(2=h/2) 

-1.7096 

-1.7096 

-1.7114 

-1.7654 

-1.7058 

-1.7074 

-1.7610 

-1.6956 

^(2-0) 

2.2160 

2.2160 

2.2320 

2.3100 

2.2140 

22160 

22380 

2.3160 

1.9444 

-02410 

-02410 

-0.1818 

-0.6148 

-0.2928 

-02946 

IgnRCHil 

-0.3077 

5 

^(2=0) 

-22160 

-22160 

22320 

-2.3100 

-2.2140 

-22160 

22380 

-2.3160 

-1.9444 

02410 

02410 

0.1818 

0.6148 

0.2928 

02948 

02562 

0.6930 

0.3077 

T^(2=h/2) 

-1.1576 

-1.1576 

-1.1556 

-1.1354 

-1.1714 

-1.1704 

-1.1592 

-1.1388 

-1.1653 

f  xz  (Z=0) 

-0.0365 

-0.0365 

- 

-0.0138 

-0.0262 

-0.0076 

-0.0740 

V  (2=0) 

-0.0365 

-0.0365 

gggi 

- 

-0.0108 

-0.0138 

-0.0076 

-0.0740 

w 

1.1497 

1.1497 

1.1510 

1.1504 

1.1497 

1.1497 

1.1508 

1.1502 

1.1519 

^(z=0) 

0.0339 

0.0339 

0.0347 

0.0350 

0.0339 

0.0339 

0.0348 

0.0350 

6.0334 

C5?(2=h/2) 

-0.8748 

-0.8748 

-0.8753 

-0.8827 

-0.8741 

-0.8741 

-0.8742 

-0.8809 

MMiM\ 

■I 

1.1430 

1.1450 

1.1550 

1.1450 

1.1450 

1.1470 

1.1550 

1.1032 

mi 

^  (z=-h/2) 

-0.2547 

-0,2547 

-0.3074 

IQgjIS 

-02785 

-0.3433 

-02638 

^  (z=0) 

-1.1430 

-1.1450 

-1.1550 

omi 

-1.1450 

-1.1470 

-1.1550 

-1.1032 

^(z=h/2) 

02547 

0.2547 

02460 

0.3074 

0.2856  1 

0.2856 

02785 

0.3433 

02638 

T^(Z=h/2) 

-0.5707 

-0.5707 

-0.5704 

-0.5677 

-0.5735 

-0.5722 

-0.5694 

(2=0) 

-0.0104 

-0.0104 

-0.0103 

- 

0.0006 

6.0002 

-0.0011 

-0.0149 

-0.0210 

O- 

Tjb  (z=0) 

-0.0104 

-0.0104 

-0.0103 

- 

0.0006 

0.0002 

-0.0011 

-0.0149 

-0.0210 

Siqjerscripts  1  and  2  refer  to  layer  numbers  measured  from  z  =  -h/2. 
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Prediction  of  Thermal  Pree-Edge  Stresses  During  Processing  of 
Graphite/PEEK  Composite  Laminates 
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A  numerical  model  is  developed  for  prediction  of  the  process-induced  thermal  residual 
stresses  in  thermoplastic  composite  laminates.  The  model  addresses  the  development  of  the 
residual  stress  state  in  fracture-critical  free-edge  regions  as  well  as  through-thickness  stress  vari¬ 
ations.  The  current  approach  provides  a  unique  capability  for  the  investigation  of  the  influence 
of  thermal  processing  and  structural  parameters  on  the  resulting  buildup  of  residual  stresses 
during  manufacturing.  Therefore,  it  can  assist  in  the  design  and  analysis  of  thermoplastic  com¬ 
posites  to  tailor  medbanical  and  strength  characteristics.  Thermal  processing  considered  here 
includes  solidification  from  the  molten  state  at  a  specific  surface  cooling  rate,  and  application 
of  a  posterior  anneaJing  cycle.  A  significant  reduction  in  the  free-edge  stresses  was  obtained 
via  a  quench/anneal  cycle  in  comparison  to  the  recommended  nominal  cooling  from  the  melt. 
Results  are  shown  for  the  case  of  a  quasi-isotropic  APC-2  (graphite/PEEK)  laminate. 

Key  Words :  Residual  Stress,  Free  Edge  Stress,  Processing,  Thermoplastic,  APC-2. 


1.  Introduction 

The  elevated  processing  temperatures  and 
the  large  matrix/fiber  thermoelastic  property  mis¬ 
match  in  thermoplastic  composites  may  result  in 
the  development  of  thermal  residual  stresses  of 
significant  magnitude  [1].  These  process-induced 
stresses  can  considerably  reduce  the  static  and  fa¬ 
tigue  strength  of  the  laminate,  and  cam  possibly 
lead  to  premature  failures  such  as  tramsverse  matrix 
cracking,  fiber  buckling  and  inter-ply  delamination. 
In  particular,  thermal  residual  stresses  are  critical 
in  the  vicinity  of  free  edges,  where  high  and  local¬ 
ized  interlaminar  stresses  arise.  In  addition,  matrix 
crystallization  during  processing  of  semi-crystalline 
thermoplastics  causes  a  large  volumetric  shrinkage 
which  serves  as  an  additional  source  of  residual 
stress.  As  crystallization  is  strongly  controlled  by 
processing  conditions,  the  resulting  mechanism  of 
stress  buildup  is  also  dependent  upon  processing 
parameters,  such  as  the  cooling  rate  from  the  melt 
and  the  annealing  temperature  [2]. 

As  a  result,  prediction  of  the  process-induced 
residual  stresses  is  very  important  in  relation  to 
the  design  and  performance  of  composite  struc¬ 
tures.  Several  studies  which  deal  with  modelling 
of  the  residual  stress  development  during  process¬ 
ing  of  thermoplastic  laminates  have  been  reported 
in  the  literature  (a  review  of  these  models  can  be 
found  in  [3] ).  These  studies  utilize  classical  lami¬ 
nate  theory  as  the  basis  for  the  residual  stress  anal- 
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ysis  during  processing,  thus  they  provide  informa¬ 
tion  only  about  in-plane  stress  distributions  in  the 
thickness  direction  of  the  laminate.  On  the  other 
hand,  the  current  work  presents  a  model  which  ad¬ 
dresses  the  development  of  the  three-dimensional 
residual  stress  state  in  free-edge  regions,  and  in 
particular  the  interlaminar  stress  components,  as 
well  as  through-thickness  stress  variations  within 
the  laminate.  This  model  enables  the  investigation 
of  the  influence  of  thermal  processing  and  struc¬ 
tural  parameters  on  the  resulting  buildup  of  resid¬ 
ual  stresses  within  the  laminate.  Thermal  process¬ 
ing  considered  in  the  model  includes  solidification 
from  the  molten  state  at  a  specific  cooling  rate,  and 
the  application  of  a  posterior  annealing  cycle  [2]. 
Annealing  is  a  recommended  procedure  applicable 
to  semi-crystalline  thermoplastics  for  the  purpose 
of  increasing  an  existing  low  level  of  crystallinity 
in  the  matrix ;  this  to  ensure  an  adequate  environ¬ 
mental  robustness. 

Comparison  of  the  process-induced  free-edge 
stress  profiles  between  a  recommended  nom¬ 
inal  cooling  from  the  melt  and  a  proposed 
quench/anneal  cycle  is  investigated  here  for  a 
quasi-isotropic  APC-2  (graphite/PEEK)  laminate. 


2.  Model  Description 

The  composite  laminate  considered  in  the 
present  model  is  an  infinitely-long  composite  strip 
with  finite  width  2  W  and  finite  thickness  if ,  as  de¬ 
picted  in  Fig,  1 .  Since  the  external  thermal  loading 
can  be  viewed  as  uniform  over  all  surfaces  of  the 
composite  strip,  both  thermal  and  stress  regimes 
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Figure  1:  Reduced  Space  Domain  of  the  Problem. 


are  invariant  with  the  longitudinal  direction  of  the 
structure  (ar-axis).  This  characteristic  enables  the 
reduction  of  the  problem  from  a  three-dimensionaJ 
to  a  two-dimensioncil  domain  represented  by  the 
cross-sectional  area  of  the  laminate.  This  ap¬ 
proach  is  referred  to  as  Uniform  Axial  Extension 
[4].  Althou^  the  spatial  domain  of  the  problem  is 
two  dimensional,  the  stress  analysis  remains  three- 
dimensional,  as  aill  displacement,  strain  and  stress 
components  are  present  in  the  formulation. 

The  model  developed  here  consists  of  (1)  a 
thermal  analysis  to  determine  the  time-dependent 
temperature  distribution  over  the  cross-sectional 
area  of  the  laminate,  and  (2)  a  quasi  three- 
dimensional  incremental  stress  analysis  to  pre¬ 
dict  the  development  of  process-induced  residual 
stresses  within  the  domain.  Both  anaJyses  are 
solved  independently  at  every  instant  throughout 
the  process  using  the  Finite  Element  Method,  how¬ 
ever  the  analyses  are  coupled  through  the  deter¬ 
mination  of  the  temperature-  and  crystallinity- 
dependent  thermoelastic  properties  required  for  the 
stress  calculation. 

As  the  thermoelastic  properties  of  the  mate¬ 
rial  and  the  volumetric  shrinkage  experienced  dur¬ 
ing  preceding  are  strongly  affected  by  the  level  of 
crystallinity  in  the  matrix,  a  crystallization  kinetics 
analysis  of  the  non-isothermal  crystallinity  growth 
is  required.  Crystalline  growth  is  strongly  dictated 
by  the  thermad  history  and  temperature  rates  en¬ 
countered  during  processing.  The  non-isothermal 
crystallization  kinetics  model  of  Velisaris  and  Se- 
feris  [5]  is  implemented  in  the  present  study.  De¬ 
termination  of  the  laminate’s  thermoeiastic  proper¬ 
ties  as  a  function  of  position  and  time  is  then  per¬ 
formed.  The  corresponding  properties  for  semi  crys¬ 
talline  composites  are  derived  using  micromechan¬ 
ics  models  for  the  amorphous/crystalline  and  ma¬ 
trix/fiber  systems  in  association  with  their  respec¬ 
tive  volume  fractions  [3]. 

The  stress  analysis  is  based  on  an  Uniform 


Axial  Extension  incremental  displacements  ap¬ 
proach  using  the  Finite  Element  Method,  in  which 
incremental  quantities  are  calculated  and  summed 
at  each  time  during  the  processing.  The  model 
computes,  in  fact,  changes  in  displacements,  strains 
and  stresses  at  each  instcint  during  the  processing. 
Thus,  implementation  of  the  increment^  approach 
enables  complete  modelling  of  the  residual  stress 
variations  during  processing  in  both  the  free-edge 
and  through-thickness  regions. 

A  complete  and  comprehensive  description  of 
the  various  analyses  and  solution  techniques  ap¬ 
plied  in  the  model  can  be  found  in  [3]. 


3.  Results 

A  quasi-isotropic  (-h452 ,  -452, 02, 9O2)  s 
APC-2  laminate  has  been  investigated  for  the  in¬ 
fluence  of  the  applied  surface  cooling  rate  from  the 
molten  state  (380^C)  and  of  a  quench/anneal  cycle 
on  the  free-edge  stress  profiles  at  room  temperature 
(20^C) .  The  present  laminate  has  been  exposed  to 
(1)  a  quench  cooling  process  (Q)  at  6000'’C/min 
from  the  melt;  (2)  a  nominal  cool  process  (NC)  at 

/min  from  the  melt;  and  (3)  a  quench/anneal 
cycle  (Q/A)  at  225^C  for  1  minute.  The  discussion 
here  concentrates  only  on  the  interlaminar  stress 
components,  while  a  detailed  discussion  on  the  in¬ 
plane  stress  components  is  presented  in  [3]. 

In  order  to  show  characteristic  stress  profiles, 
the  overall  room  temperature  distributions  of  the 
out-of-plame  normal  stress  Cz  and  shear  stresses 
Tyz  and  Txz  for  the  NC  case  are  presented  in  Fig.  2. 
At  the  free-edge  region,  typical  stress  concentra¬ 
tions  are  developed  at  the  0/90  and  -1-45/  —  45 
interfaces  for  the  three  stress  components.  At  the 
laminate  interior  region  away  from  the  free-edge, 
it  is  clear  that  no  out-of-plane  stresses  develop 
through-the-thickness,  this  being  consistent  with 
the  assumptions  in  the  Classical  Laminate  Theory. 

The  room-temperature  free-edge  distributions 
of  cTz.Tyz  and  Txz  at  various  interfaces  are  de¬ 
picted  in  Figures  3  ~  6 ,  respectively.  Considering 
first  the  influence  of  cooling  rate  on  the  stress  pro¬ 
files,  the  results  for  the  Q  process  can  be  compared 
to  those  from  the  NC  case.  It  can  be  seen  that 
the  greater  the  surface  cooling  rate,  the  smaller  the 
stress  levels  obtained  at  room  temperature.  The 
rationale  behind  this  behavior  comes  from  the  fact 
that  the  cooling  rate  affects  the  onset  temperature 
of  crystallization  in  APC-2,  where  stress  starts  es¬ 
sentially  to  build  up.  The  onset  of  crystallization  is 
delayed  as  the  cooling  rate  is  increased  [2],  thereby 
reducing  the  temperature  interval  over  which  resid¬ 
ual  stresses  build  up,  and  resulting  in  lower  stress 
levels  at  room  temperature.  In  addition,  all  figures 
demonstrate  the  localized  nature  of  the  free-edge 
effect,  where  the  interlaminar  stresses  assume  sig¬ 
nificant  magnitudes  at  the  edge  itself,  however  they 
level-out  at  a  distance  of  about  1.0-1. 5  times  the 
laminate  thickness  measured  in  from  the  free-edge. 

Evident  from  the  results  are  the  very  large 
stress  levels  developed  in  the  NC  case  and  the  sig- 
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Figure  2:  Room-Temperature  Distribution  of  the 
Normal  Stress  Uz  and  Shear  Stresses  Tyz  and 
r^z  in  the  Cross-Section  (First  Quadrant)  of  a 
(-1-452,  —452, 02, 902)5  APG-2  Laminate  Cooled  at 
Z^^Cjmin  (nominal  cool)  from  the  Molten  State. 


nificant  stress  reduction  obtained  in  the  Q  process 
for  all  interlaminar  stresses  at  both  the  0/90  and 
-f45/-45  interfaces.  For  Cz  (Figures  3  and  4),  val¬ 
ues  ranging  from  --2  MPa  (Q)  to  59  MPa  (NC), 
and  from  IS  MPa  (Q)  to  43  MPa  (NC)  are  ob¬ 
served  at  these  two  free-edge  interfaces,  respec¬ 
tively.  In  relation  to  the  assumed  failure  stress 
of  80  MPa ,  these  tensile  stresses  indicate  a  signifi¬ 
cant  reduction  in  the  Mode-I  delamination  strength 
of  the  laminate  at  these  locations.  Regarding  Tyz 
and  Txz  (Figures  5  and  6),  the  critical  location 
with  respect  to  delamination  are  the  0/90  and 
-f45/— 45  free-edge  interfaces,  respectively.  For 
the  former,  the  stress  level  ranges  from  —17  MPa 
to  —41  MPa ,  and  for  the  latter,  from  57  MPa  to 
98  MPa  .  Although  these  shear  stress  values  are  be¬ 
low  the  corresponding  failure  stresses  of  ±80  MPa 
and  ±120  MPa  ,  respectively  [3],  they  represent 
a  considerable  reduction  in  delamination  strength. 
All  interlaminar  stresses  vanish  as  the  interior  of 
the  laminate  is  approached. 

Although  reduced  free-edge  stresses  are  ob¬ 
tained  by  quenching  the  laminate  in  contrast  to  the 


Figure  3:  Effect  of  Thermal  Process  (Quench 
and  Quench/Anneal  versus  Nominal  Cool)  on  the 
Interlaminar  Normal  Stress  az  Distribution  at 
20® C  along  the  0/90  Interface  of  a  Quasi-Isotropic 
(+452,-452,02,902)5  APC-2  Laminate. 


slow-cool  (NC)  process,  low  levels  of  crystallinity 
are  obtained  in  the  rapid  cooling  process ;  an  inad¬ 
equate  situation  with  respect  to  solvent  resistance 
requirement  and  high-temperature  retention  of  me¬ 
chanical  properties.  An  anneal  cycle  is  then  recom¬ 
mended  in  order  to  restore  crystallinity,  however, 
this  results  in  some  increase  in  the  stress  levels  [3]. 

With  regard  to  annealing  effects,  results  from 
the  Q/A  cycle  can  be  compared  to  those  from 
the  NC  process.  The  Q/A  cycle  at  225®C  for 
1  minute  produces  almost  identical  levels  of  crys¬ 
tallinity  to  those  obtained  in  the  NC  case,  22.69% 
and  23.21%,  respectively.  This  enables  the  com¬ 
parison  in  the  stress  distributions  due  exclusively 
to  the  difference  in  the  crystallization  kinetics  be¬ 
tween  these  processes.  It  is  clear  from  Figures  3-6 
that  the  quench/anneal  process  has  significantly  re¬ 
duced  the  free-edge  stress  levels  for  all  stress  com¬ 
ponents.  The  reduced-stress  percentages  are  83.0% 
and  21.1%  for  and  Tyz  at  the  0/90  free-edge, 
respectively,  and  38.0%  and  3.1%  for  Cz  and  t^^z 
at  the  +45/— 45  free-edge.  These  significant  stress 
reductions  are  of  great  importance  as  they  delay 
the  onset  of  delamination  at  the  free-edge.  Conse¬ 
quently,  an  enhancement  of  the  structural  perfor¬ 
mance  of  the  laminate  is  expected  to  be  achieved. 


4.  Conclusions 

A  numerical  model  is  developed  for  prediction 
of  the  process-induced  thermal  residual  stresses  in 
thermoplastic  composite  laminates.  The  model  ad¬ 
dresses  the  development  of  the  residual  stress  state 
in  free-edge  regions  as  weU  as  through-thickness 
stress  veiriations.  The  model  enables  the  investiga¬ 
tion  of  the  influence  of  different  thermal  processing 
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Figure  4:  Effect  of  Thermal  Process  (Quench  and 
Quench/Anneal  versus  Nominal  Cool)  on  the  In¬ 
terlaminar  Normal  Stress  Distribution  at  20^C 
along  the  +45/  —  45  Interface  of  a  Quasi-Isotropic 
(+452,— 452, 02,902)5  APC-2  Laminate. 


and  structural  parameters  on  the  resulting  buildup 
of  residual  stresses  within  the  laminate. 

A  commonly-used  APC-2  laminate  configura¬ 
tion  has  been  analyzed  for  various  cooling  rates 
from  the  molten  state  and  in  an  amnealing  cy¬ 
cle.  A  significant  reduction  in  the  interlaminar 
free-edge  stresses  was  obtained  via  application  of 
a  quench/anneal  cycle  in  comparison  to  the  recom¬ 
mended  nominal  cool,  while  maintaining  a  compa¬ 
rable  and  required  crystallinity  level  in  the  matrix. 
This  stress-reduction  mechanism  can  contribute  to 
enhanced  static  and  fatigue  strength,  and  therefore 
be  beneficial  in  terms  of  structural  performance  of 
the  laminate. 

The  results  from  the  present  study  show  that 
the  present  model  can  assist  in  the  design  and 
analysis  of  these  laminates  to  tailor  mechanical 
and  strength  characteristics.  The  degree  of  opti¬ 
mization  offered  by  this  model  can  therefore  be  of 
great  benefit  in  terms  of  performance  tailoring  and 
weight-saving  capabilities. 
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Stress-Focusing  Effect  in  a  Solid  Cylinder  Subjected  to  Instantaneous 
Heating  Based  on  the  Theory  of  Generalized  Thermoelasticity 


X.F.  Ding,  T.  Funikawa  and  H.  Nakanishi 

Department  of  Mechanical  and  System  Engineering,  Kyoto  Institute  of  Technology, 
Goshokaido-cho,  Matsugasaki,  Sakyo-ku,  Kyoto  606,  JAPAN 

When  an  isotropic  and  homogeneous  solid  cylinder  is  subjected  to  instantaneous  heating  at  the 
surface,  a  stress  wave  at  the  surface  proceeds  radially  inward  to  the  center  of  the  cylinder.  The 
wave  may  accumulate  at  the  center  and  give  rise  to  very  large  stress  magnitudes,  even  though  the 
initial  thermal  stress  is  relatively  small.  This  phenomenon  is  called  the  stress-focusing  effect.  In 
this  paper,  we  use  the  fundamental  equations  of  generalized  thermoelasticity  which  include  two 
different  theories  and  treat  the  effects  of  these  waves  by  means  of  the  Laplace  transform.  The 
inversion  of  the  Laplace  transform  is  carried  out  numerically.  The  effects  of  the  thermomechanical 
coupling  and  the  relaxation  times  on  the  stress-focusing  phenomena  are  examined  . 

Key  words:  Generalized  Thermoelasticity,  Stress-Focusing  Effect,  Stress  Wave,  Cylinder 


1.  Introduction 

The  analysis  of  a  long  cylindrical  rod  subjected 
to  a  sudden  rise  in  temperature  uniformly  over  its  cross 
section  has  been  studied  by  Ho  [1]  and  Hata  [2].  Due 
to  the  instantaneous  heating,  the  stress  waves  reflected 
from  the  cylindrical  surface  of  the  rod  may  accumulate 
at  the  center  and  give  rise  to  very  high  stresses,  even 
though  the  initial  thermal  stress  is  relatively  small. 
This  phenomenon  is  called  the  stress-focusing  effect. 

The  classical  theory  of  dynamic  thermoelasticity 
which  takes  into  account  the  coupling  effects  between 
temperature  and  strain  fields  involves  the  infinite 
thermal  wave  speed.  The  theory  of  generalized 
thermoelasticity  has  been  developed  in  an  attempt  to 
eliminate  the  paradox  of  the  infinite  velocity  of  thermal 
propagation.  At  present,  there  are  two  theories  of  the 
generalized  thermoelasticity:  the  first  is  proposed  by 
Lord  and  Shulman  [3]  (L-S  theory),  the  second  is 
proposed  by  Green  and  Lindsay  [4]  (G-L  theory). 

In  this  paper,  we  treat  an  isotropic  and 
homogeneous  infinitely  long  solid  cylinder  whose  free 
surface  is  subjected  to  instantaneous  heating.  We  use 
the  fundamental  equations  of  generalized  thermo¬ 


elasticity  introduced  by  Noda  et  al.  [5]  which  include 
the  L-S  theory  and  G-L  theory.  The  Laplace 
transform  technique  is  used  and  the  inversion  is  carried 
out  numerically.  The  effects  of  the  thermomechanical 
coupling  and  the  relaxation  times  on  the  stress-focusing 
phenomena  are  examined. 

2.  Analysis 

We  consider  the  one  dimensional  generalized 
thermoelasticity  for  an  isotropic  and  homogeneous 
infinitely  long  cylinder  of  radius  b.  The  cylinder  is 
subjected  to  a  sudden  uniform  temperature  rise  at  the 
free  surface.  The  fundamental  equations  which 
include  the  L-S  and  G-L  theories  consist  of  the  heat 
conduction  equation 

^■(T +  —  7*,|.  )  —  (T  +  tQT ),; 

Qa  [  r  r 

and  the  equation  of  motion  represented  by 
displacement  component 

r  r^  v; 
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and  the  stress-strain-temperature  relation 


=  2^“’''  +A(«,r+-) 

ujr  T 


+  (3A+2At)a(r+rir„  ) 

Here  T,  Oj^^Oqq  are  the  radial  displacement, 
temperature,  radial  stress  and  hoop  stress,  respectively, 
and  A  and  it  are  Lame’s  constants,  a  is  the 
coefficient  of  linear  thermal  expansion,  k*  is  thermal 
diffusivity,  is  the  velocity  of  propagation  of 

longitudinal  wave,  ?  «  (t  +  u)/(l  -  v) »  v  is  Poisson’s 


ratio,  Iq  and  are  relaxation  times,  is 

Kronecker’s  delta  whose  subsaipt  k  denotes  the 
number  of  relaxation  times,  and  <5  is  coupling 
parameter  defined  by 

(a  +  2fi)pe^ 

where  T  is  a  reference  temperature,  p  is  density,  is 

the  specific  heat  at  constant  volume.  The  comma 
indicate  differentiation  with  respect  to  the  independent 
variable  indicated. 

Let  us  introduce  the  following  nondimensional 
variables 

P  ,  —  r 


^>pp  +  “(1  +  ‘^oP)P^ 

"s  ,r  ® 

where  7}  =  V  !  (1-v) . 

From  Eqs.  (8)  and  (9),  they  follow  that 

+ -^252^1  (I2P)] 

e‘-(lN)8VMi/o(llP) 

+  (&^-^VM2/o(&P) 

where  and  ./l2  are  integral  constants  and  and 
I2  are  the  positive  roots  of  the  equation 

”  i^oP  +  +  (1  +  ^qP)P^P^  *  0  (12) 


“^0  *  "*‘^0 **  (12) 

Substituting  Eqs.(lO)  and  (11)  into  Eq.(7),  the 
following  equations  can  be  obtained  as 

hr  1  ■  ?(1 + Tirt  [^]mI?/o(Iip) 


Kfo  ,  _«1 


ba{T^-To) 


[oee  J  {A  +  2a)a(rj-ro)[a^J 

Substituting  these  nondimensional  variables  to  Eqs.(l), 
(2)  and  (3)  and  applying  the  Laplace  transform  denoted 
by  asterisk  (*)  with  parameter  p  under  the  initial 
condition 


T  -  0,  C/  0,  0  -  0,-  -  0 


we  have 


-$(i+T,p)e 


+  ^WoihP)]  *  (r?  -  «—  -  ?0  +  T,p)fl‘ 

p 

The  boundary  condition  is  represented  by 

r«d;  r«(ri-ro)/f(o+ro,  -o  (is) 

where  H(t)  is  Heaviside  unit  step  function. 

Substituting  Eq.(5)  to  the  above  equation  and  applying 
Laplace  transform,  we  obtain 

p»l;  6  arr-O  (16) 

P 

Substituting  Eqs.(10),(ll)  into  Eq.(16)  the  unknown 
constants  are  obtained  as 

'  (c,-C2)p  (17) 

(Cl  -C2)p 
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where 


C,  -(If  -/S^P^Vo(5l)[l|/o(l2)  +  ('?-l)A(52)52) 

^2  ”(^2  ~^“P^)^o(S2)[tf^o(Sl)  +  (^''l)'^l(Sl)?l] 

(18) 

Substituting  Eq.(18)  to  Eqs.(lO),  (11)  and  (14),  the 
solutions  in  the  Laplace  transform  domain  can  be 
obtained. 

3*  Numerical  Inversion  of  Laplace  Transform 

Let  F(p)  be  the  Laplace  transform  of  a  function  f(t). 
The  inversion  formula  for  Laplace  transform  can  be 
written  as 

/(/)  =  -^  F{p)dp  (19) 

where  d  is  an  arbitrary  real  number  greater  than  all  the 
real  parts  of  the  singularities  of  F(p). 

We  shall  now  outline  two  numerical  methods  used 
to  find  the  solution  in  the  physical  domain. 

The  one  is  the  Hosono’s  method  [6J.  The  above 
integration  is  approximated  the  following  infinite  series 
form 

=  (20) 

where  represents  the  imaginary  part.  As  the  infinite 

series  in  Eq.(20)  can  only  be  summed  up  to  a  finite 
number  N  of  terms,  Euler’s  transformation  is  used  to 
accelerate  the  convergence  of  the  above  series.  We 
use  Euler’s  transformation  for  last  Np  terms  of  this 
finite  series. 

The  other  method  is  proposed  by  Honig  and 
Hirdes  [7).  Taking  p=d+/y,  and  expanding  the 

function  h(t)-  e'“^V(0  ^  Fourier  series  in  the 

interval  [0,  2T\  ,  the  approximate  formula  for  the 
integral  in  Eq.(19)  is  presented  by 

/  (0  -  Co  +  ^  ^  R(|e"'”^^F(d  +  t/i  jr  /  T)  j  + 

/»«l 

(21) 

where  is  the  discretization  error.  As  the  infinite 

series  in  Eq.(21)  can  only  be  summed  up  to  a  finite 
number  N  of  terms,  the  e  -algorithm  is  used  to  reduce 
the  truncation  error  and,  hence,  to  accelerate 
convergence. 


4 .  Numerical  Results 

Numerical  calculations  are  carried  out  for 
i;  »  03,^*  0.01,^  «  0.02 
(L  -  5  theory)  Tq  =  5  x  10"^ 

(G-I  theory)  tq  “Tj  =5x10“^ 

We  adopt  the  parameters  for  Hosono  as  a=8,  Np=8. 
The  calculation  for  Honig  and  Hirdes  is  carried  out  by 
use  of  the  subroutine  program  LAPIN  appeared  in  their 
paper. 

Figure  1  shows  the  relation  between  radial  stress 
and  the  truncation  term  number  for  two  numerical 

methods.  The  radial  stresses  for  the  position  p  sO.Ol 

at  the  time  when  the  first  stress  wave  is  reached  are 
shown.  From  Fig.  1,  we  adopt  the  truncation  term 
number  N=  175. 

Figure  2  shows  the  radial  stress  distributions 
based  on  the  coupled,  L-S  and  G-L  theories  at  various 
time  before  the  first  stress  wave  propagates  to  the 


(b)  Honig  and  Hirdes’  method. 


Fig.l  The  relation  between  radial  stress  and  truncation 
term  number  N. 
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(c)  L-S  theory 


Fig.2  Radial  stress  distribution 


Fig.  3  Hoop  stress  distribution 


center  by  use  of  Hosono’s  method.  Large  stress 
occurs  as  the  stress  wave  front  approaches  to  center. 
The  hoop  stress  distribution  based  on  the  G-L  theory 
are  shown  in  Fig.3.  The  tendency  of  the  hoop  stress 
distribution  is  similar  to  that  of  the  radial  stress 
distribution. 

The  time  variation  of  radial  stress  at  the 
position  p  =0,01  is  shown  in  Fig.  4.  The  peak  of 
stress  appears  periodically  at  interval  t  =  0.02 . 


Fig.  4  Time  variation  of  radial  stress 
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Thermoelastic  Soliton-Like  Waves  —  A  Survey 
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One-dimensional  soliton-like  waves  in  a  low-temperature  nonlinear  thermoelastic  solid  are  re¬ 
viewed.  The  thermoelastic  solid  is  modeled  within  an  extended  nonlinear  thermomechanics  in 
which  free  energy  and  heat  flux  are  generalized  -  in  comparison  to  classical  theory  -  to  include 
an  ’’elastic’’  heat  flow  that  satisfles  an  evolution  equation.  When  the  absolute  temperature 
T,  heat  flux  q,  and  stress  S  depend  on  the  space  variable  x  and  time  t  only,  a  soliton-like 
thermoelastic  wave  (T,  g,  S)  is  generated  from  a  potential  ^  and  a  displacement 

u  =  u{x,t)  (|x|  <  oo,  t  >  0)  that  satisfy  a  nonlinear  coupled  system  of  partial  differential 
equations  subject  to  suitable  end  conditions  at  x  =  ^oo  for  every  t  >  0.  If  u  =  0  and  a  thermo¬ 
elastic  coupling  parameter  vanishes,  the  nonlinear  equations  reduce  to  a  single  field  equation 
for  ^  that  describes  a  soliton-like  wave  in  a  nonlinear  rigid  heat  conductor.  The  survey  focuses 
on  soliton-like  solutions  to  the  nonlinear  system  of  field  equations  as  well  as  to  the  nonlinear 
single  equation  in  a  neighborhood  of  thermodynamical  equilibrium  when  a  low-temperature 
parameter  is  small.  Explicit  closed-form  soliton-like  waves  that  reveal  ’’fountain”  effect  in  a 
neighborhood  of  a  wave  front,  as  well  as  those  represented  by  impMcit  solution  to  the  nonlinear 
equations,  are  discussed. 

Key  Words:  Generalized  Nonlinear  Thermoelasticity,  Low  Temperatures,  Soliton-Like  Waves. 


1.  Introduction 

An  attempt  to  describe  low-temperature  non¬ 
linear  thermoelastic  waves  has  resulted  in  publica¬ 
tion  of  a  number  of  theoretical  and  experimentad 
papers  in  this  field.  The  survey  covers  theoreti¬ 
cal  results  on  low-temperature  soliton-like  thermal 
and  thermoelastic  waves.  Most  of  the  results  were 
obtained  by  the  present  authors  only  recently.  A 
nonlinear  model  of  a  homogeneous  isotropic  rigid 
heat  conductor  that  has  made  significant  impact 
on  the  development  of  these  results  was  proposed 
in  [1].  In  that  model  both  the  free  energy  and  the 
heat  flux  vector  depend  not  only  on  the  absolute 
temeprature  but  also  on  ”  elastic”  heat  flow  that 
satisfies  an  evolution  equation.  When  this  equation 
is  combined  with  the  energy  conservation  law  one 
obtains  a  nonlinear  coupled  system  of  partial  differ¬ 
ential  equations  with  a  low-temperature  parameter 
(jj  from  which  the  absolute  temperature  and  elastic 
heat  flow  fields  are  to  be  found.  The  model  pro¬ 
posed  in  [1]  was  a  starting  point  for  writing  the 
papers  [2]  and  [3]  in  which  problems  of  existence 
of  low-temperature  soliton-like  thermal  waves  were 
discussed. 


An  attempt  to  generalize  the  nonlinear  rigid 
heat  conductor  introduced  in  [1]  to  a  nonlinear 
thermoelastic  body  in  which  soliton-like  waves  may 
propagate,  has  resulted  in  publication  of  papers  [4], 
[5],  and  [6].  In  the  thermoelastic  model  both  the 
free  energy  and  the  heat  flux  depend  not  only  on 
the  absolute  temperature  and  the  strain  tensor  but 
also  on  ”elastic”  heat  flow  that  satisfies  an  evolu¬ 
tion  equation,  and  enters  a  modified  Fourier  law 
and  a  modified  free  energy  formula  through  a  lin¬ 
ear  term  and  a  quadratic  term,  respectively.  When 
the  evolution  equation  is  combined  with  the  two 
laws  of  balance  of  forces  and  moments  and  with 
the  geometric  relations,  a  nonlinear  coupled  sys¬ 
tem  of  partial  differential  equations  for  the  abso¬ 
lute  temperature,  displacement,  and  elastic  heat 
flow,  as  unknown  fields,  is  obtained.  Apart  from 
usual  thermoelastic  constants,  a  low-temperature 
parameter  w,  similar  to  that  of  [1],  is  present  in 
the  nonlinear  partial  differential  equations.  In  [4], 
soliton-like  thermoelastic  waves  are  discussed  when 
w  =  1.  In  [5]  and  [6]  the  results  of  [4]  are  gener¬ 
alized  to  include  the  case  a?  €  (0, 1],  and  obtain 
low-temperature  soliton-like  thermoelastic  profiles 
for  Lj  — >  O'*’. 
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It  should  be  noted  that  a  theory  of  nonlinear 
low-temperature  waves  propagating  in  a  rigid  heat 
conductor,  based  on  a  constitutive  relation  of  Cat- 
taneo  type  and  a  parabolic  form  of  internal  energy 
on  the  heat-flux  axis,  was  proposed  in  [7].  Also,  and 
extension  of  the  theory  in  [7]  to  include  a  nonlinear 
thermoelastic  model  was  given  in  [8].  However,  no 
soliton-like  waves  were  discussed  in  [7]  and  [8]. 

In  Section  2  the  fundamental  system  of  field 
equations  for  a  low-temperature  nonlinear  ther¬ 
moelastic  solid  in  terms  of  an  elastic  heat  flow  po¬ 
tential  #  =  and  a  displacement  u  =  u{z^t) 

is  recalled,  and  associated  initial-value  problems 
are  formulated.  As  a  particular  case,  the  governing 
equations  and  formulation  for  a  low-temperature 
nonlinear  rigid  heat  conductor  are  recovered.  Sec¬ 
tion  3  is  devoted  to  exact  and  approximate  soliton- 
like  solutions  for  a  nonlinear  thermoelastic  solid, 
while  in  Section  4  soliton-like  solutions  for  a  non¬ 
linear  rigid  heat  conductor  are  reviewed. 

2.  Basic  Field  Equations 

The  model  of  a  low-temperature  nonlinear  ho¬ 
mogeneous  thermoelastic  solid  appropriate  for  a 
one-dimensional  case  obeys  the  following  dimen¬ 
sionless  field  equations  (see  eqs.  (44)  in  [5]): 

($«  -  +W^$?e)exp(-W$t)  - 

-  [$„  +  Uxt  exp(-w$j)]  =  0  (1) 

exp(-a;#t)  =  0  (2) 

where  $  =  ^(x,t)  and  u  =  u{x,i)  denote  an  elas¬ 
tic  heat  flow  potential  and  a  displacement  in  the 
ar-direction,  respectively,  and  i  denotes  time,  while 
w,  and  C  represent  a  low-temperature  parame¬ 
ter,  a  generalized  thermoelastic  coupling  constant, 
and  an  inertia  parameter,  respectively  (see  eqs.  (23) 
in  [5]).  Subscripts  are  used  for  partial  derivatives. 

The  absolute  temperature  T  =  r(a:,f),  total 
heat  flux  q  =  and  stress  5  =  S{x^t)  in  the 

a:-direction  are  given  in  terms  of  $  =  ^(®><)  and 
u  =  u{x^  t)  by 

T  =  exp(-a;^t)  (3) 

q  =  c*;4^3rt  exp(— )  (4) 

5  =  Ur  -  e’“[exp(-u;<&i)  -  1]  (5) 

For  the  governing  equations  (l)-(2)  the  following 
Cauchy  problem  is  formulated:  Find  a  pair  ($,  u) 
that  satisifes  (1)  and  (2)  with  |a;|  <  oo,  t  >  0, 
subject  to  initial  conditions 

^(x,  0)  =  0)  =  ^i(x) 

u{Xy  0)  =  Uo{x),  ut{x,  0)  =  tzi(ar)  (6) 

where  and  ui  are  prescribed  functions 

suitably  vanishing  as  \x\  oo.  By  virtue  of  eqs.  (3) 


and  (4),  a  solution  to  the  Cauchy  problem  gener¬ 
ates  a  thermoelastic  process  (T,  3,  S)  corresponding 
to  the  initial  data 

r(x,0)  =  exp[-a;fi(x)]  (7) 

q{x,  0)  =  $'„(*)  +  (»)  exp[-w$i  (*)]  (8) 

S{x,  0)  =  «' (i)  -  €*  {exp[-w#i  (x)]  -  1}  (9) 

where  prime  (’)  denotes  a  derivative  with  respect 
to  X.  If 

($1,  «'J(x)-»(0,0,0,0)  as  |x|-^oo 

then 

(r,3,S)(z,0)-+ (1,0,0)  as  |x|-foo  (10) 

Therefore,  for  suitably  vanishing  data  at  infin¬ 
ity,  the  Cauchy  problem  described  by  eqs.  (l)-(2), 
and  (6)  complies  with  the  initial  thermodynami¬ 
cal  equilibrium  at  which  r  =  l,  g  =  5  =  0  as 
\x\  00.  Also,  note  that  if  $<,  =  =  ui  =  0 

for  |x|  <  00  and  w  =  0,  the  only  solution  to  eqs.  (1)- 

(2)  subject  to  the  conditions  (6)  is  a  trivial  solution 
($,u)  =  (0,0)  that  corresponds  to  the  thermody¬ 
namical  equilibrium:  (T,  q,S)  =  (1, 0, 0). 

If  u  =  u(xyi)  =  0  and  e*  =  0,  eqs.  (l)-(5)  re¬ 
duce  to  those  describing  a  low-temperature  nonlin¬ 
ear  rigid  heat  conductor  (see  eqs.  (34)  and  (36)  in 

[3]  ,  where  e  is  to  be  identified  with  a;  of  the  present 
paper) 

(11) 

T  =  exp(--w^f)  (12) 

g  =  #3,  -f  exp(— w^^t)  (13) 

while  the  Cauchy  problem  given  by  eqs.  (l)-(2),  and 
(6)  is  formulated  as  follows:  Find  a  function  $  = 
^(x,t)  that  satisfies  eq.  (11)  for  |x|  <  oo,  t  >  0, 
subject  to  the  initial  conditions 

^(x,  0)  =  ^o(x),  <&*(x,  0)  =  ^i(x)  |x|  <  oo 

(14) 

where  and  are  prescribed  functions. 

A  solution  to  the  Cauchy  problem  stated  by 
eqs.  (11)  and  (14)  generates  a  thermal  process 
(T,  g)  corresponding  to  the  initial  conditions 

T{x,  0)  =  exp[-a;<&i(x)]  (15) 

g(x,0)  =  $'(x)  +  w<^i(x)exp[-t*;$i(x)]  (16) 

and 

(r,g)(x,0)-.(l,0)  as  |x| oo  (17) 

if 

(<^1,  #i)(x)-*- (0,0,0)  as  |x|-»oo  (18) 

Clearly,  if  =  0  and  4*;  =  0,  the  only  solu¬ 

tion  to  eqs.  (11)  and  (14)  is  a  null  solution  $  =  0 
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corresponding  to  the  thermodynamical  equilibrium 

(r,9)  =  (i,o). 

Existence  and  uniqueness  theorems  for  the 
Cauchy  problems  (l)-(2),  and  (6);  and  (11)  and 
(14)  have  not  been  formulated  yet.  The  existence 
of  particular  soliton-like  solutions  to  eqs.  (l)-(2), 
and  to  eq.  (11)  is  discussed  in  Sections  3  and  4, 
respectively. 

3.  Soliton-like  thermoelastic  waves 

A  solution  (^, «)  to  eqs.  (l)-(2)  is  sought  in  the 
form 

4^  =  $(s),  w  =  «(s)  (19) 

where 

5  =  a;  —  vt  1^1  <  <50  (20) 

and  V  (v  >  0)  stands  for  a  constant  to  be  deter¬ 
mined.  Substituting  eqs.  (19)  into  eqs.  (l)-(2)  and 
(3)“(5),  and  eliminating  u  from  eq.  (1)  by  using 
eq.  (2),  results  in  the  following  equations 

{f  +  vf  -  /^)exp(-/)  -  +  /)/ 

+  e*v(l-(^v^)~^fexp{-2f)  =  0  (21) 

l[«-e*(l-CV)-iexp(-/)]  =  0 

and 


r  =  exp(-/),  9  = /exp(-/)  -  (w?;)"V 


3.1  SOLITON-LIKE  THERMOELASTIC  WAVE 
OF  ORDER  ZERO 

For  a  soliton-like  wave  of  order  zero 

T  =  exp(— w  ^t)  »  1  —  a;  (26) 

and  eqs.  (l)-(5),  and  (21)-(22)  reduce  to 

+  «*t(l  -  =  0  (27) 

=  0 

T=l— w$t)  9  =  ^®+w^*ii  5  =  «*  +  €*w$t 

(28) 

and 


T=l-/,  5  =  /-(a;v)-7,  S  =  «  +  e*/(30) 
where 

c  =  (31) 

while  the  boundary  conditions  remain  as  in  (24). 


3.2  SOLITON-LIKE  THERMOELASTIC  WAVE 
OF  ORDER  ONE 

In  this  case  T  is  approximated  by 


S  =  «  -  e’[exp(-/)  -  1] 


where 


/  =  /(s)  = 


(22) 

(23) 


T  =  exp(— «  $t)  «  1  —  w  -t-  i(w  $i)^  (32) 

A 

and  eqs.  (l)-(5)  and  (21)-(22)  reduce  to 


and  the  superimposed  dot  stands  for  the  derivative 
with  respect  to  s  ( ’  =  d/ds). 

A  soliton-like  thermoelastic  wave  is  defined  as 
a  triple  (T^q^S)  generated  by  a  pair  (/,  u)  that 
satisfies  the  nonlineeir  equations  (21)  for  |s|  <  oo 
subject  to  the  boundary  conditions 

/(-oo)  =  /(+oo)  =  0,  /(-oo)  =  /(+oo)  =  0 

u(— oo)  =  u(-hoo)  =  0  (24) 

The  conditions  (24)  and  eqs.  (22)  imply  that 

T(-oo)  =  T(-hoo)  =  1,  q{-oo)  =  g(+oo)  =  0 

5(-oo)  =  5(+oo)  =  0  (25) 

Therefore,  a  soliton-like  thennoelastic  wave  is  rep¬ 
resented  by  the  localized  constant  profile  functions 
T  =  T{s),  q  =  q(s),  and  5  =  S{s)  on  any  plane 
5  =const  propagating  with  a  velocity  v  in  the  x- 
direction.  Far  away  from  the  propagating  plane 
the  wave  attains  a  thermodynamical  equilibrium 
definedby  (T,«,5)  =  (l,0,0). 


+  u(9xx  +  ^^*)«  +  «*«(!  -  W®«) 


-  =  0  (33) 

«**  -  C^W«  +  -  ^e’w^(#f)*  =  0 

T  =  l-w$«-l-i(a;$t)2 

A 

9  =  $*  -f-  u^xt  -  ^«^(^?)x  (34) 

S  =  Ux  +  €*(w$t  - 


and 


ds'ds  '  2^**  ° 
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while  the  boundary  conditions  remain  as  given  in 
eq.  (24). 

The  soliton-like  waves  of  order  zero  and  one  de¬ 
scribe  low-temperature  thermoelastic  disturbances 
for  small  w.  Soliton-like  wave  of  order  one  is  less 
restrictive  than  that  of  order  zero. 

It  is  shown  that  there  are:  (i)  two  implicit 
integral-form  solutions  to  eqs.  (21)  and  (24);  (m) 
two  closed-form  solutions  to  eqs.  (29)  and  (24); 
and  (lit)  two  implicit  algebraic-form  solutions  to 
eqs.  (35)  and  (24).  It  is  also  shown  to  what  extend 
these  solutions  may  be  identified  with  the  soliton- 
like  thermoelastic  waves.  The  solutions  obtained  in 
(n)  and  (m*)  are  illustrated  by  a  number  of  graphs. 

4.  Soliton-like  thermal  waves  ' 

These  waves  are  obtained  by  a  restriction  in 
Section  3  to  ti  =  0  and  e*  =  0.  Therefore,  a 
soliton-like  thermal  wave  is  described  by  a  poten¬ 
tial  ^  =  $(«,<);  |a:|  <  00,  t  >  0,  that  satisfies 
eq.  (11)  subject  to  suitable  end  conditions;  and  the 
associated  temperature  T  =  T(ar,  t)  and  heat  flux 
q  =  5(a:,f)  are  given  by  eqs.  (12)  and  (13),  respec¬ 
tively. 

Let 

s  =  X - ^  t  k|  <  CO  (36) 

and  look  for  a  solution  ^  =  ^(s)  to  eq.  (11).  Then 
the  following  is  obtained: 

~ + /)  =  0  (37) 

and 

T  =  exp(-/),  q  =  — +  /exp(-/)  (38) 
where 

/  =  /(^)  =  =  -“Vw4  (39) 

A  soliton-like  thermal  wave  is  defined  as  a  pair 
(T,  q)  generated  by  a  function  /  =  f(s)  that  satis¬ 
fies  the  nonlinear  equation  (37)  for  |s|  <  oo  subject 
to  the  boundary  conditions 

/(-oo)  =  /(+oo)  =  /(-oo)  =  /(+oo)  =  0  (40) 

3.1  SOLITON-LIKE  THERMAL  WAVE 
OF  ORDER  ZERO 

For  a  soliton-like  thermal  wave  of  order  zero 
T  =  exp(— ^t)  «  1  -  cj  (41) 

and,  with  Co  =  eqs.  (11),  (37)-(38)  reduce  to 

+  i($xx  +  \^l)t  =  0  (42) 


while  the  boundary  conditions  remain  as  given  in 
eq.  (40). 

4.2  SOLITON-LIKE  THERMAL  WAVE 
OF  ORDER  ONE 

In  this  case  T  is  approximated  by 

T  —  exp(-w  $t)  «  1  —  w  4-  i(ai  #,)^  (45) 

and  eqs.  (11),  and  (37)-(38)  reduce  to 

$xx-|$«t  +  |(txx  +  5$|). 

-4ptV-(^?)*]  =  0  (46) 

and 

(l-/)/-;^/2=0  (47) 

^=l-/-^i/^  g  =  -^  +  /(l-/)  (48) 

while  the  boundary  conditions  are  given  by  eq.  (40). 

It  is  shown  that  there  is:  (i)  and  implicit 
integral-form  solution  to  eqs.  (37)  and  (40);  («}  a 
closed  form  solution  to  eqs.  (43)  and  (40);  and  (iit) 
an  implicit  algebraic-form  solution  to  eqs.  (47)  and 
(40).  Also,  it  is  shown  to  what  extend  these  solu¬ 
tions  describe  the  soliton-like  thermal  waves. 
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This  paper  deals  with  the  two  dimensional  generalized  thennoelasticity  based  on  the  Lord  and 
Shulman's  theory  and  the  Green  and  Lindsay's  theory.  The  fundamental  equations  of  generalized 
thermoelasticity  which  include  botii  generalized  theories  are  used.  The  generalized  thermoelastic 
problems  for  a  homogeneous  and  isotropic  plate  whose  surfaces  are  traction  free  and  subjected  to  a 
partial  heating  are  analyzed  by  means  of  the  Laplace  transform  and  Fourier  transform.  The 
inversions  of  the  Laplace  transform  and  Fourier  transform  are  carried  out  numerically.  The  numerical 
calculations  for  temperature  and  stresses  under  the  generalized  formulation  are  carried  out. 

Key  Words:  Generalized  Thermoelasticity,  Wave  Propagation,  Relaxation  Time,  Plate,  Partial 
Heating 


1.  Introduction 

The  classical  theory  of  dynamic  thenno¬ 
elasticity  which  takes  into  account  the  coupling 
between  temperature  and  strain  fields  has  been 
discussed  in  many  papers.  However,  the  dynamic 
coupled  theory  involves  contradiction  that  thermal 
wave  propagates  at  an  infinite  velocity.  The  theory 
of  generalized  thermoelasticity  has  been  developed 
in  an  attempt  to  eliminate  the  paradox  of  the  infinite 
velocity  of  thermal  propagation.  Therefore,  the 
generalized  theory  is  the  dynamic  coupled  thermo¬ 
elasticity  which  includes  the  time  needed  for 
acceleration  of  thermal  wave. 

At  present  there  are  two  different  theories  of 
the  generalized  thennoelasticity:  the  first  is  proposed 
by  Lord  and  Shulman  [1]  (L-S  theory),  the  second  is 
proposed  by  Green  and  Lindsay  [2]  (G-L  theory). 
Furukawa  et  al.  [3]  used  the  fundamental  equations 
of  generalized  thermoelasticity  introduced  by  Noda 
et  al.  [4]  which  include  the  L-S  theory  and  G-L 
theory  and  analyzed  the  one  dimensional  problem  for 
a  plate. 

This  paper  deals  with  the  two  dimensional 


generalized  thermoelasticity  for  a  homogeneous  and 
isotropic  plate  based  on  the  L-S  theory  and  G-L 
theory.  It  is  assumed  that  the  plate  is  initially 
natural  state.  The  surfaces  of  the  plate  are  traction 
free  and  subjected  to  a  partial  heating.  The 
temperature,  displacement  and  stresses  which  satisfy 
the  boundary  conditions  obtained  by  means  of  the 
Laplace  transform  and  Fourier  transform.  The 
inversions  of  the  Laplace  transform  and  Fourier 
transform  are  carried  out  numerically. 

2.  Analysis 

We  consider  the  two  dimensional  generalized 
thermoelasticity  for  a  homogeneous  and  isotropic 
plate  of  thickness  /.  The  fundamental  equations 
which  include  the  L-S  and  G-L  theories  consist  of 
the  heat  conduction  equation 

-  (r  -h  toT’jf  )5f  = - h  W 

m^a 

and  the  equation  of  motion 

^7oc,x  ^xy,y  “ 

^xy,x  ^yy,y  “ 

and  the  stress-strain-temperature  relations 
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=  2Jf 


/*  W  =  J /(*■)  exJ[>{-ST)dT 


-  (3A  +  2fi)a{T  -  To  +  hT,^ )  (3)  *o  Eqs.(l),  (2)  and  (3),  we  have 


3X  +  2fi  1-v 

— ,  JTl’t  = - = - 

>i+2//  1  +  K 


{3X  +  2nfa‘^T^ 

{X  +  2^)pc, 

C  =  +  Syy  +  (4) 

Here  T:  temperature^  o-y  rstress  component,  ; 

strain  component,  k,  v:  displacement  components  in 
the  X  and  3/  directions  respectively,  t.  time,  k  : 
thermal  difiusivity,  a :  coejBScient  of  linear  thermal 
expansion,  5 :  coupling  parameter,  p :  density,  : 
specific  heat  at  constant  volume,  A,//:  Lame*s 
constants,  v :  Poisson*s  ratio,  7J, :  initial  temperature, 
relaxation  times,  <5u-:  Kronecker's  delta 
whose  subscript  k  denotes  the  number  of  relaxation 
times.  The  comma  denotes  the  differentiation 
with  following  variable. 

The  strain  components  are 

^xx  ~  ^"ix  •>  ^yy  “ 

^zz  (5) 

where  Ci(y,r)and  C2(y,0  are  unknown  function 
determined  froin  z  direction.  We  consider  the 
conditions  for  2  direction  as  follows: 

(Case  1)  The  displacement  are  restrained. 

(Case  2)  The  displacement  are  not  restrained. 

We  introduce  the  following  nondimensional 
quantities: 

2 

{X,Y)  =  ^{x,y)  ,  (r,ro,ri)  =  ^(?,fo>«‘i) 

e=  ,  {u,v)  =  -  ,  L=^l 

Ji-fo  KaiT,-T^y  K  _ 


a(J,-7’o)’  aCJi-Jo) 

= - — — — — 

^oc{T\  —Tq) 

where  Vg  is  die  velocity  of  longitudinal  wave  given 
hy  Vg  =  ■^(A,  +  2y)/  p  and  Tj  is  the  reference 
tanperature. 

Substituting  these  quantities  and  applying  the 
Laplace  transform  defined  by  the  relation 


-  (1  +  ‘z^s)s6*  = — (1  +  SycT:^s)se*  (8) 

7«1 

o'xsr.x  + 

•  •  l-wr* 

=yn%s  v 

a XX  =  +('«2  -  W*Y  -^1^2  (1  +  ^\s)0'‘ 

-(«2 -2)(C,* +C2Z) 

a-yy  =m2V,Y+{m2  -2)U*x-m-jn2{i  +  T-^s)6* 
-{m2-2)(Cl  +ClX) 

(^zz  =  ('”2  -  2)(17,^  +V,y )  -  mi»i2  (1  +  Tis)0* 

^  -m2(c;+c;x} 

=^>r+^>jsr  (10) 

where  the  homogeneous  initial  conditions  and  the 
£qs.(4)  and  (5)  are  used  and 

_  A  +  2//  2(1- V) 


w2  ^  ^ 


\-2v 


Substituting  Eq.(lO)  into  Eq.(9),  we  obtain 

y^hP^xx  jit  Hyyi2  -  ,xy  ^2  2^ 

=  miff22  (1  +  TiS)d,x  +(y»2  -  2)^2* 

^2^ >77  >XX  +(”*2  ~  1)^5 -m2S^V 

=  m^m2il  +  t^s)e*y  (12) 

+  ini2  -2)(C*y  +ClyX) 

We  Introduce  the  displacement  potential^ 
and  ^defined by 

TT*  /*  *  »»*  #*  *  ,  , 

^  ^  =t7-V,x  (13) 

Substituting  Eq.(13)  and  applying  the  Fourier 
transform  defined  by 

/ (?)  =  /  fiy)  exp(-/5y)(iy  (14) 

^00 

to  Eqs.(ll)  and  (12),  the  following  relations  are 
obtained. 

A  A  ,  ^ 

XXXX  ”  ^  ^  +  9  *^1  +  -^2  )  ^ 

A  A 

^Bycl  +  ClX)  (15) 


<^*jcr~(?^  +yyhs^)yy’‘  =o 


Ji=s{l  +  ^+5[l  +  ro+^(%ro+ri)]} 

^2  =  (1  +  tQS)S^ 

5i=?'+5i-^'-2(1-— )(q2+%  (18) 
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The  solutions  of  Eqs.(15)  and  (16)  are 

A 

=«](!+  TiS)[A-^i  exp(-ii  A”)  +  ^12  exp(Ari X) 
+  A21  exp(-^2-^)  +  -^22  ®xp(i’2^)] 

+  — -4 - (Q’+CjX)  (19) 

9’+Oi+5'2 


=  /Ki(l  +  Ti5)[^31  exp(-^3X)  +  ^32  expCA’s^)] 

(20) 

where  A^y  (r=l^,3;  7=1,2)  are  unknown  constants 

determined  from  the  boundary  conditions  and  and 

k2  are  the  positive  roots  of  the  equation 

-{2q'^  +Si)k'^  +g^  +q^Si+S2=0  (21) 

and  expressed  as 

{j;}  =  ^i[29=+».±V»f-4*,l  (22) 

and  is  expressed  as 

h  =  (23) 

Similarly  temperature  is  obtained  as 

A 

e*  =  (k^  -q^  -  ^^)[24ii  exp(-ftiZ)  +  A^2  exp(fciX)] 
+  (*|  -q^  -  s^)[A2i  ex.p(-k2X)  +  A22  expikiX)] 

A  A 

- j— 4 - +  ^2  X)  (24) 

q  +q  Ji  +S2 

where 

£2  = — (1  +  ros)[2(l  -  —)q^  +  ]  (25) 

»22 

Stress  components  are  represented  by  displacement 
potentials  as 

A  A  A 

o-xr  =  (»*2^^  +  2?^)  #>*+ 2/^ 

A  '"a  ^ 

CTyj  =  ^  “  2  (j^^xx  ”2^9 

AAA 

<J22  =  (^2  ”  ““  2»2i  (1  +  (26) 

A  A 

-4(1— L)(c;+C2*;5r) 

m2 

A  A  A 

^XY  ~  ^,x  “  “*■ 


The  unknowns  Cj  and  C\  can  be  detennined  from 

the  conditions  for  z  direction. 

Next  we  determine  the  remainder  unknowns. 
As  the  surfaces  of  the  plate  are  stress  free,  the  next 
conditions  are  obtained 


A  A 

X  =  L  ;  a  XX  =  ^xx  ~  ^ 


(27) 


We  consider  that  the  local  heat  source  r(y,f)  is 
applied  to  the  surface  x==/.  The  thermal  boundary 
condition  represented  by  nondimensional  form  is 

A  A 

X  =  0;  ^;^+F,(l  +  ro^)0*=O 

A  A  A 

X  =  I;  0;j^+jy^(l  +  ro5)^*  =  (l  +  ro5)i?' 
where  andJ7^  are  Biot’s  numbers  and  R  is  the 
nondimensional  form  of  the  heat  source  r. 

The  remainder  unknowns  can  be  determined  from 
Eqs.(27)  and  (28).  The  solutions  for  temperature, 
displacement  and  stresses  are  obtained  in  the 
Laplace  and  Fourier  transformed  domain. 


3.  Numerical  Inversions  of  Laplace  Transform 
and  Fourier  transform 

We  use  the  ninnerical  method  proposed  by 
Hosono  [3],  The  inversion  formula  is  presented  by 

/(X)  =  (-1)"  Im{F(- + 

(29) 

We  adopt  the  parameters  as  ^6  and  =  60  by 
preliminary  calculations. 

We  use  the  Fillon’s  method  for  the  numerical 
inversion  of  Fourier  transform  represented  by 

/(3;)=-==y  P"  /(?)exp(/02)rfg-  (30) 

4ln 

A 

where  / (q)  is  approximated  to  quadratic  functions. 
We  adopt  the  parameters  as  the  upper  limit  ^35  and 
A'y-  =  1 15  by  preliminary  calculations. 


4.  Numerical  Results 

Numerical  calculations  are  carried  out  for 
V  =  0.3,  =  1,  L  =  1,  ^  =  0.01,  To  =  0.02 

and  the  heat  source 

R(r,  T)  =  exp(-10|l^)/7(r)exp(~r) 
where  HQ  is  Heaviside  unit  step  ftmction. 

Figure  1  shows  the  temperature  distributions  for 
Case  1 .  The  domain  of  influence  of  the  heat  source 
is  spread  over  as  increasing  the  time. 

Figures  2  and  3  show  the  stress  distributions 
CTxx  CTyy  for  Case  1,  respectively. 
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t  =  0.2 


The  large  vanattons  occur  at  the  tune  when  the 
stress  wave  is  arrived. 


(a)  r  =  0. 2 


T  =  0.6 


T  =  0.4 


(b)  r  =  0..6 


Fig.  2  Stress  distributions  Oyy  for  Case  1 


(b)  r=0..4 


T  =  0.6  ^^  '200 


r  =  0.6 


Fig.  3  Stress  distributions  O'yy  for  Case  1. 
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Waves  piopagaiing  along  die  edges  of  a  thin  flate  jtoe  of  inMfi  lengflu  i^iiich  is  in  a  state  of  ptoe  str^ 

are  disaissedfeff  insulated  edge  conditioiis,laine’spoten^aie  used  to  solve  die  system  of  die  partial  diffoential 

equaticms  T»v>  rharartmair.  apiaikms  detamining  the  tAiase  speeds  symmetric  and  antisymmetric  motions 

are  derived.  The  cut-off  fiequendes  are  obtained  ftarboth  cases.  Etequency  equation  foraparticularcase  of  waves 
inasemi-inMteplateisderivedandnumericalresults  have  beoiobUBnedto  see  dieadditionalefifea  of  micropolar 

on  itoe  velocity.  Hie  results  obtained  are  ccmqiared  with  earlier  investigatkms. 

Key  Words :  Thermal  Stress,  Micropolar,  Thermoelasticity,  Relaxation  time. 


1.  Introduction 

In  recent  years,  many  theories  have  been  proposed 
to  study  the  microstructural  behaviour  of  the  elastic 
solids.  This  theory  is  expected  to  find  applications  in 
the  treatment  of  the  mechanics  of  granular  materials 
with  elongated  rigid  grains  and  composite  fibrous 
materials.  Recent  experiments  by  Gauthier  and 
Jakesman  [1]  reveal  that  the  micropolar  waves  can  be 
excited  and  detected  in  typical  solids,  Yang  and  lakes 
[2]  suggest,  with  a  reasonable  degree  of  confidence  that 
human  bone  can  adequately  be  used  as  a  model  for 
theory  of  micrcqiolar  elasticity. 

Several  attempts  have  been  made  to  formulate 
generalized  theory  of  thermoelasticity.  Because  of  the 
experimental  evidence  available  in  favour  of  second 
sound  effects,  generalized  thermoelasticity  is  of 
practical  interest  too.  Chandrasekhaiiah  [3]  formulated 
generalized  theory  of  micropolar  thermoelasticity  based 
upon  Eringen’s  theory  of  miaopolar  elasticity  [4]  by 
including  heat-flux  among  constitutive  variables. 
Chandrasekhariah  and  Sikantiah  [5]  smdied  edge  waves 
in  a  thermo-elastic  plate  in  the  context  of  temprature- 
rate-dependent  thermoelasticity  theory.  In  the  present 
investigation,  we  have  discussed  edge  waves  in  a  heat- 
flux  dependent  micropolar  thermo-elastic  insulated 
plate  in  the  context  of  theory  proposed  by 
Chandrasekhariah  [3]. 


2.  Basic  Equations 

We  investigated  plane  waves  which  propagate 
along  the  edges  of  a  plate,  occupying  the  space 

-  oo  <  x,  <  -H  2  Xj  2  H,  -L  S  Xj  ^  L. 

We  have  assumed  that  both  the  faces  Xj  =  ±  L  and 
X,  =  ±  H  are  stress  ftee,  couple  stress  free  and  are 
insulated.  Then  we  have 


T3j  =  m3j  =  6,3  =  0onx3  =  ±L  (2.1) 

Tji  =  nij;  =  0,3  =  0  on  Xj  =  +  H  (2.2) 

where 

^  8;.  u^  It  (Ujj  +  Uj.)  -H  k'  e.  -  %  (2.3) 

+  +  <2-4) 


e,.  =  u.  3  -  P,  =  +  2X)  a.,  +  kO 

In  these  equations  x.  are  the  components  of  force  stress 
tensor,  m..  the  compnents  of  couple  stress,  0  the 
temperature  deviation  above  the  uniform  temprature 
Oq  >  0,  are  the  components  of  displacement,  ^ 
microrotation  vector,  X  and  p  Lame*s  constants,  a',  p', 
Y',  k'  micropolar  constants,  a^  the  coefficient  of  linear 
thermal  expansion,  the  alternating  tensor, 
(),.  =  a()/9x.. 

It  is  assumed  that  plate  is  very  thin,  then  (2. 1)  takes  the 
form 

''3i  =  ®3i  =  ®>3  =  0  (2.5) 

throughout  the  plate.  Consequently,  the  plate  remains 
in  the  state  of  plane  stress  and  following  the  usual 
procedure,  the  equations  of  motion  for  an  isotropic, 
homogeneous,  micropolar  thermoelastic  material 
proposed  by  Chandrasekhariah  [3]  reduce  to  the 
following  • 

(^  +  ?^')  ^  «a.»  -  P’®’«  +  =  P“.  (2-®) 

y '  ^  (“2.1  -  -  2k'  ^  =  pJ  I3  (2-2) 

0,^  =  0,  (1  +  T,  S/at)  (c'0  +  p’  U<J  /  k  (2.8) 

^  63,  (P'  ®eip'*’P®Po  *  P  ®^oP’ 

m^  =  a'^,,8^  +  P'^  +  Y'^.„ 
where 

t=  (0, 0,  ^3),  X- = P' = Pt 

c  =  c(l+e),  e  =  PVc^»  Xj  =  (2p  +  kO,  X3  =  +  k', 

(•)  =  a()/at,a,p,Y=  1,2. 
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In  these  equations  J  is  rotational  inertia,  relaxation 
time,  p  density,  k  thermal  conductivity,  c  the  specific 
heat  at  the  constant  strain. 

Using  u,  =  <!),,  +  “2  =  '  V., .  where  v  and 

%  are  functions  of  x,,  Xj  and  t,  equations  (2.6)  -  (2.8) 
reduce  to 

[V-  -  (1/p-)  OW)]  <t>  =  P'9  /  pp^  (2.9) 

[v--(i/b^)aVat-]v  =  -kV^,  (2.10) 

[{V-  -  (i/p-)  aW}  {V-  -  (1 + 1,  a/at)  (e,/k>)  a/at} 

-  (1 + Tj  a/at)  (e’/k‘,)  V*  a/at]  <t) = o  (2.11) 

[{v^  -  (i/b^)  aW}  {v^  -  (2k'/Y')  -  (pj/YO  a*/at^} 

+  (k'VY'X5)V-]\|f  =  0  (2.12) 

where, 

p^  =  (X‘  +  ?i,)/p,k,*  =  k/pc', 

e; = eypVc*,  v= = avaxjdxj,  = (ii+ko/p. 

3.  Solution  of  the  problem 
We  take 

{<!>,  V)  =  ¥o(x2)}  exp  [i(YoXi-©t)]  (3.1) 

Here  Yo = %  +  >s  complex  number.  ©  is  the  angular 
frequency.  Only  real  parts  of  (3.1)  are  physically 
relavant.  Using  (3.1)  into  (2.11)  and  (2.12)  we  get 

(}»„  =  A,c“  +  A,c,“  +  B,s,"  +  B,s“  (3.2) 

\)fj  =  A.  s,‘  +  A^  s^'  +  Bj  c,'  +  B^  Cj  (3.3) 

where  Aj,  A,,  Aj,  A^,  B, . B^  are  arbitrary  constants, 

c„"  =  cosh  m^  X,,  s„”  =  sinh  m^  x^,  sj  =  sinh  1^  x,, 

c„‘  =  coshl^x,. 

Here  m„j,  m^,  are  the  complex  roots  of  the  equation 

(y/  -  m^y  -  [©V  +  (i©eyk*iP)  {l+(e"jP/®o) 

-  itOTod+peVe,,)}]  (Yo'-nio') 

+  (i6o©Vpk',p^)(l-iox^  =  0  (3.4) 

and  1„  and  l^,  are  the  complex  roots  of  the  equation 
(Yo'  -  lo’)'  -  [(“%■)  +  (pJm^Y  0  -  (2k'/Y ') 

+  (k'^YX)!  [(pJ©'-2k')/YT  =  0(3.5) 

With  the  aid  of  (3.1)  -  (3.3),  we  get  the  following 
relations 

u,  =  (A,  fj  +  B,  g,)  exp  { i(YoX,-©t)} 
u,  =  (A,  f,  +  B,  gj)  exp  {  i(YoX,-©t)} 
e  =  (A,  f.  +  Bj  gj)  exp  { i(Y«x,-©t)} 

%.  =  (Aj  f,  +  B,  g^)  exp  { i(YoXi-©t)}  (3.6) 

where  f.  and  g.  are  functions  of  x,, 


f,  =  ry„  (c,"  -  Vc  ”)  +  < W  +  (A/A.)  ^^<^2 

=  m„  s;  -  AX,s  ”  -  iY„  KAJA)  s/  +  (A/A,)  s,*] 
f3  =  (ppVp-)(n,c,“-A,'n,c“) 
f^  =  -  (X/kO  [(A/A,)  n,s,‘  +  (A/A,)  n^s^'), 

®o  =  “to  *  +  “V.  Ds  =  ^01*  + 

n^  =  !„,'  + (fflW)  -  Yo^  A'„  =- (A/A,), 

g, ,  gj.  Sr  84  are  obtained  from  f,,  fj,  f.,  f,,  by  replacing 
A\,  A,,  A3,  A^  by  B'„,  B,,  By  B^;  cosh  by  sinh  and  sinh 
by  cosh  respectively. 

Since  u„,  0  and  ^  are  to  be  purely  real,  taking  real 
parts  in  *e  right  hand  side  of  (3.6)  and  eliminating  the 
trignometric  functions,  we  arrive  at  the  following 
expressions 

(g>,-F3u/+(g>,-f:,u3)'- 
=  (F,G;-Fp',)'exp(-2Y2X,), 

(G'3^-H'3U3)^  +  (G',^3-H',u/ 

=  (H',G'3  -  H'jG',)'  exp  (-2YjX,), 

(F3l3-H>,)^  +  r,^-H',u,)^ 

=  (H',F3-H'jF,)"exp(-2Y2X,),  (3.7) 

where  F(Xj)  =  A,  f,  +  B,  g,,  G'(Xj)  =  A,  fj  +  B,  gj, 
H'(x3)  =  A,f,  +  B,g,. 

4«  Frequency  Equation 

The  boundary  and  thermal  conditions  (2.2) 
reduced  to  tj,  =  %  =  e,j  =  m^j  =  0  on  Xj  =  ±  H. 

Using  these  edge  conditions,  eliminating 

constants  Al, .... ,  A4  and  Bl, B4  and  introducing 

dimensionless  variables,  we  get  the  following  frequency 
equations 

(i)  FOR  SYMMETOC  MOTION 

Fk,HM2  L',L'3  c'.,  c;^  £2^  (N,^<)  (N/-N/) 

+  £2"  [k,F-(k,-l)£2"]'[M3s'3c',(l-N/) 

-M,sy3(l-N,^)]T,  =  0  (4.1) 

(i)  FOR  ANTISYMMEIRIC  MOTION 
Fk,XM,  c',c'3  L'.L'3  s;,  s', 3  £2^  (N,=-N/)  (N/-N3^) 

+  £2'  [k,F-(k,-l)£2Y[ML.s',c'3(l-N,') 
-M,c',s'3(1-N/)]T3  =  0  (4.2) 

We  find  from  equations  (3.4)  and  (3.5)  that 


and  Nj  satisfy  the  equation 

N"-N"[l-(l+e'//£2J-(l/£2/  =  0 

(4.3) 

and,  Nj  and  satisfy  the  equation 

N"-N'[1  +  J”  +  H*)  +  J’=0, 

(4.4) 
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where,  F  =  "'(R,  Q  =  coH/b,  V  —  £2b/r,  L  —  lo„H, 

M„= N>  1  -  (pX/®^  nX  =  1-  (bX. '  “>'> 

=  ifibk’,p/e(P^(H-inbt),  e',  =  z\pl% 

r  =  (pJb-Q=  -  21^11^)  /  £2'y'.  tf  =  Xtf  /  £2^7'  (^  +  kO, 

T,  =  dO  l;  4  c'^  -  (1-N/)  L\  s;,  c;, 

T,  =  (1-N,^)  V,  c\,  -  (1-N/)  L\  4  cV 

s'„  =  sinh  H,  c'„  =  cosh  H,  s'^  =  sinh  1^  R 

kj  =  2  +  (k'/p),cJ  =  coshl^H 

LX  =  r"[l-(V^NX/b^)]  =  l"-i2'NX 

We  notice  that  the  equations  (4.1)  and  (4.2)  may 
be  regarded  as  equations  connecting  V  and  F. 
Accordingly,  each  of  these  equations,  being 
transcedental,  yields  infinitely  many  discrete  roots  for 
V  in  tenns  of  F,  each  root  ctMte^nding  to  a  mode  of 
vibration.  Both  symmetric  and  antisymmetric  motions 
are  obviously  dispersive  and  the  analysis  of  their 
behaviour  in  the  general  case  is  quite  complicated. 
However,  it  is  possible  to  obtain  readily  the  cut-off 
frequencies  by  setting  F  =  0  in  the  frequency  equaticms. 
The  cut-off  frequencies  are  governed  by  the  following 
equations : 

(i)  FOR  SYMMETRIC  MOTIONS 

N,  (1-N,-)  tan(QbNj/p)  =  N,(l-N,’)  tan(ObN/p)  (4.5) 
N,  (1-N;)  tan(QN.)  =  N/l-N,')  tan(£2N^)  (4.6) 

(ii)  FOR  ANTISYMMETRIC  MOTIONS 

N,  (1-Nj-)  tan(QbN/p)  =  N,(1-N/)  tan(£2bNj/p)  (4.7) 
N,  (1-N;)  tan(QN;  =  N,(l-N,')  tan(aN3)  (4.8) 

5.  Limiting  Case 

For  particular  case,  we  have  considered  waves  in 
a  semi-infinite  plate  for  large  values  of  H.  We  suppose 
that 

lFI>(b£2/p)lNJ, 

IFl>QIN3^i,  Q->oo  (5-1) 

Using  these  assumptions,  equations  (4.1)  and  (4.2) 
reduced  to 

-  F“  k,^  M,  Mj  L'  L/  (M,+M,)  (L/+L,') 
+[k,F"-{k,-l)n=f  KOV/p')  -  T'+(m;+M3'+m,m,)] 
[a^-F"  +  (L/4LAL.X,')  =  0  (5.2) 

For  £2  ®o,  the  roots  of  equation  (4.3)  are  given 

by 


N/  =  1  -  (e7£2p,  N/  =  -(l/£2,)  (5.3) 

provided  the  terms  containing  l/£2/,  l/£2/  and  l/£2g 
are  neglected. 

The  roots  of  the  equation  (4.4)  are  given  by 

N3'=1+H’,  N>I’  (5-4) 

Using  (5.3)  and  (5.4)  in  (5.2),  we  get 

[1-  (vw;^)]“  K + {1-  (vX‘')}1  (HJ+0 

+  [k,-(k,-l)  (VW)]^  [1-  (V^Af;")  {I-KtXV)} 

+  i  {l-(VX‘')nw;  =  0  (5.5) 

In  the  above  equations,  we  have  used,  £2^  =  -  (V/  /  p ), 

j;=(L//n,  h;= (l//f),  w;=  (  i-(v%w+j>Jo‘h5 

The  equation  (5.5)  is  the  phase  velocity  equation  for 
insulated  edge  conditions  in  a  semi  infinite  plate. 

6.  Numerical  results  and  discussion 

Numerical  results  for  a  particular  model  having 
following  values  of  parameters  have  been  obatined  in 
case  of  semi  infinite  plate : 

A.  =  5.17  X  10",  p  =  2.44  X  lO”,  p  =  2.638, 
c^=  .2096,  a.=  .0421105  x  10-*,  0,=  20, 
k  =  . 337284 

Tt  is  clear  from  Table  1  that  longitudinal  speed 
(p)  and  shear  speed  (b)  increases  as  miCTOpolar  effert 
increases.  As  in  classical  theory,  we  see  that  speed  of 
shear  waves  is  always  less  than  the  speed  of  longitudinal 
waves  for  all  values  of  k'.  From  Table  2  to  Table  4,  we 
observe  that  for  fixed  value  of  t,,  phase  velocity 
iT<m»aR(»s  as  k'  incieases  and  for  fixed  value  of  k',  phase 
velocity  decreases  as  tj,  increases.  It  is  seen  that  the 
speed  of  edge  waves  changes  its  trend,  when  we  take 
into  account  microstructure  of  the  material  as  well  as 
relaxation  time. 

We  get  only  one  equation  of  the  path  in  case  of 
generalized  thermoelasticity  [5],  but  here  we  have 
obtained  three  equations  (3.7).  From  these  three 
equations  of  path,  we  get  the  similar  type  of  result  that 
size  and  shape  of  the  orbits  vary  from  one  point  to 
another  and  they  decay  with  the  advancement  of  the 
waves. 

It  is  evident  that  the  cut-off  frequencies 
determined  by  equations  are  effected  by  the  thermal 
field  as  well  as  nucropolar  field.  These  equations  are 
ciiniiar  as  Obtained  in  [5],  but  values  of  parameters 
involved  are  different.  As  in  [5],  from  (5.5),  here  also 
waves  are  not  dispersive  but  are  influenced  by  the 
finiteness  of  the  heat  propagation  speed.  If  we  set 
r'  =  J‘  =  H*  =  k'  =  0,  then  (5.8)  reduce  to  the  phase 
velocity  equation  of  waves  of  classical  elasticity. 
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Table  1. 

k' 

P 

b 

0 

5.292938x10® 

3.041287x10® 

.002x10” 

5.293843x10® 

3.042533x10® 

.005x10” 

5.295202x10® 

3.044402x10® 

.008x10” 

5.296559x10® 

3.046269x10® 

Table  2. 

'to 

k' 

V 

.19839x10'” 

.002x10” 

2.799561x10® 

.19839x10'” 

.005x10” 

2.801997x10® 

.19839x10'” 

.008x10” 

2.804431x10® 

Table  3. 

% 

k' 

V 

.49508x10'” 

.002x10” 

2.79955675x10® 

.49508x10” 

.005x10” 

2.80199317x10® 

.49508x10” 

.008x10” 

2.80442532x10® 

Table  4. 

k' 

V 

.73916x10” 

.002x10” 

2.79955303x10® 

.73916x10'” 

.005x10” 

2.80198945x10® 

.73916x10” 

.008x10” 

2.80442209x10® 

References 


1  Gauthier  and  Jaksman  :  Arch.  Mech.  33,  717 
(1981). 

2  Yang  and  Lakes  :  J.  Bio.  Mech.  15, 91  (1982). 

3  Chandrasekhariah  :  Int.  J.  Engng.  Sci.  Vol.  24, 
No.  8,  1389-1395  (1986). 


4  Eringen  A.C.  :  J.  Math,  and  Mech.  Vol.  15, 
p.  909,  (1966). 

5  Chandrasekhariah  and  Srikantiah :  Int  J.  Engng. 
Sci.,  23, 65-77,  (1985). 


70 


A  Nonstationary  Rayleigh  Wave  on  the  Surface  of  a 
Thermoelastic  Heat-Insulated  Torus 
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The  effect  of  heat  conduction  on  the  propagation 
of  a  surface  wave  polarized  in  the  sagittal  plane  along 
the  surface  of  a  torus  is  investigated.  The  modified 
Maxwell  law  is  used  instead  of  the  Fourier  law  of 
heat  conduction  in  order  to  take  into  consideration 
that  small  time  what  is  necessary  for  the  establish¬ 
ment  of  stationary  heat  conduction  after  the  sudden 
occurrence  of  temperature  gradient  in  a  solid.  The 
nonstationary  surface  wave  is  interpreted  as  the  line 
on  which  temperature  and  components  of  the  stress 
and  strain  tensors  experience  a  discontinuity.  The 
discontinuity  line  propagates  with  a  constant  nor¬ 
mal  velocity  across  the  free  from  stresses  and  heat- 
insulated  surface  of  the  torus  and  is  obtained  by  the 
exit  onto  the  torus  surface  of  the  three  strong  discon¬ 
tinuity  complex  wave  surfaces  intersecting  along  this 
line:  quasi- thermal,  quasi-longitudinal  and  quasi- 
transverse  volume  waves.  Applying  the  theory  of  dis¬ 
continuities  and  using  the  kinematic,  geometric  and 
dynamic  conditions  of  compatibility,  the  velocity  and 
the  intensity  of  the  surface  wave  have  been  found.  It 
has  been  shown  that  attenuation  of  the  surface  wave 
intensity  is  determined  by  the  two  factors:  a  consid¬ 
eration  of  the  related  strain  and  temperature  fields 
and  the  change  in  curvature  of  the  surface  wave  with 
time. 

Key  Words:  Nonstaiionary  Rayleigh  Wave,  Ther~ 
moelasiic  HeaUlnsulaied  Torus 

1.  Introduction 

Nayfeh  and  Nemmat-Nasser  [1]  pioneered  in  consid¬ 
ering  the  problem  on  the  propagation  of  a  harmonic 
Rayleigh  wave  along  the  boundary  of  an  isotropic 
thermoelastic  half-space  with  allowance  made  for 
thermal  relaxation.  The  half-space  boundary  was 
perceived  to  be  free  from  stresses  and  thermal  insu¬ 
lated.  The  equations  for  determining  the  Rayleigh 
wave  velocity  and  its  coefficients  of  attenuation  both 
with  depth  and  in  the  direction  of  propagation  were 
obtained.  The  emphasis  was  on  the  thermal  relax¬ 
ation  time  dependence  of  the  surface  wave  velocity. 
One  of  the  methods  of  perturbation  technique  -  the 


asymptotic  expansion  matching  principle  -  was  used 
as  the  method  of  solution. 

The  propagation  of  nonstationary  surface  waves 
of  the  ’’diverging  circles”  type  along  the  free  from 
stresses  surface  of  a  right  circular  cone  from  a 
hexagonal  monocrystal  whose  axis  coincides  with  a 
crystal’s  axis  of  isotropy  has  been  investigated  by 
Rossikhin  [2]  without  regard  for  thermal  effects.  The 
Sobolev  method  [3]  was  used  as  the  method  of  solu¬ 
tion.  This  method  lies  in  the  fact  that  the  surface 
wave  as  a  line  of  strong  discontinuity  is  obtained  as 
a  result  of  the  intersection  of  the  conic  surface  ei¬ 
ther  with  one  real  conic  volume  shear  wave  of  strong 
discontinuity  (the  surface  wave  of  the  ”  whispering 
gallery”  type)  or  simultaneously  with  two  complex 
conic  volume  waves  of  strong  discontinuity:  quasi¬ 
longitudinal  and  quasi-transverse  waves  (the  nonsta¬ 
tionary  Rayleigh  surface  wave).  This  approach  al¬ 
lows  one  to  use  the  well-developed  technique  of  the 
theory  of  discontinuous  functions  [4]  whereby  both 
the  velocities  of  the  surface  waves  and  their  intensi¬ 
ties  are  calculated.  It  has  been  shown  that  the  sur¬ 
face  waves  attenuate  in  the  direction  of  their  prop¬ 
agation,  i.e.  along  cone  generators,  in  accordance 
with  a  power  law,  and  this  attenuation  is  accounted 
for  by  the  change  in  curvature  of  the  surface  waves 
with  time. 

In  the  present  paper,  this  approach  is  used  for 
the  investigation  of  the  nonstationary  Rayleigh  wave 
propagating  along  the  free  from  stresses  and  heat- 
insulated  surface  of  a  thermoelastic  isotropic  torus. 

2.  Problem  formulation 

Assume  that  surface  waves  polarized  in  the  sagit¬ 
tal  plane  propagate  in  the  form  of  lines  of  strong 
discontinuity  (the  lines  on  which  the  components  of 
the  stress  and  strain  tensors  change  abruptly)  across 
the  free  from  stresses  and  heat-insulated  surface  of 
a  torus;  in  so  doing  a  diverging  (converging)  circum¬ 
ference  propagates  across  the  surface  of  torus  along 
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the  arc  of  the  circle  generating  the  torus  surface  by 
its  revolution  around  the  torus  a^s  (Fig.l). 

nonstationary 


each  of  its  points  (see  Fig.l),  and  qi  is  the  projec¬ 
tion  of  the  heat  flow  vector  on  the  normal  to  the 
boundary  surfaces  of  the  three  bodies. 

3.  The  Method  of  Solution 

In  the  subsequent  discussion,  we  shall  interpret  the 
nonstationary  volume  wave  of  strong  discontinuity  E 
as  a  limiting  layer  of  the  thickness  h  at  /i  0,  which 
surrounds  the  geometric  surface  E  and  within  which 
the  values  aij,  ,  Vi,  v\  and  0  change  mono- 
tonically  and  continuously  from  the  magnitudes 

magnitudes 
<lT  y  front  and 

back  boundaries  of  the  wave  layer,  respectively. 


The  dynamic  behavior  of  a  linear  thermoelastic 
material,  from  which  the  body  under  consideration 
is  made,  in  the  curvilinear  systems  of  coordinates  is 


described  by  the  following  set  of  equations: 

q]i  +  Ce6-hToyv]i  =  0  (1) 

qi  =  -  Toit  (2) 

(3) 

^ij  =  H-  Vj.i)  +  ArJ,  gij  -  jdgij  (4) 


where  and  Cij  are  the  contravariant  and  covariant 
components  of  the  stress  tensor,  respectively,  and 
Vi  are  the  contravariant  and  covariant  components  of 
the  displacement  velocity  vector,  respectively,  g*  and 
qi  are  the  contravariant  and  covariant  components  of 
the  heat  flow  vector,  respectively,  gtj  are  the  covari¬ 
ant  components  of  the  metric  tensor  of  the  space, 
^  =  T  —  To  is  the  relative  temperature  of  the  body. 
To  is  the  body’s  temperature  at  the  natural  state,  p  is 
the  density,  A  and  pi  are  Lame’s  elastic  constants,  % 
is  the  Kronecker’s  symbol,  is  the  specific  heat  at 
constant  strain,  7  =  (3A  -{-  2//)at,  at  is  the  thermal 
linear  expansion  coeflBicient,  Ao  is  the  thermal  con¬ 
ductivity,  To  is  the  thermal  relaxation  time,  a  Latin 
index  after  a  comma  denotes  a  covariant  derivative 
with  respect  to  the  corresponding  curvilinear  spatial 
coordinate  =  p,  =  6  or  x^  =  on  overdot 
labels  a  partial  derivative  with  respect  to  the  time  t, 
and  Latin  indices  take  on  the  values  1,  2,  and  3. 

The  boundary  conditions 


Within  the  wave  layer  the  following  relationships 
are  fulfilled  for  a  certain  function  Z(x%t): 


dZ 


Z  = 


^dn  Dt  ’ 


(7) 


where  dZjdn  =  Z^iV*-  is  the  derivative  with  respect 
to  the  normal  to  E,  Vi  are  the  covariant  components 
of  the  unit  normal  vector,  g^^  are  the  contravariant 
components  of  the  metric  tensor  of  the  wave  surface, 
x^^  =  dx^  jdu^ ,  v}  and  v?'  are  the  curvilinear  coordi¬ 
nates  on  the  wave  surface,  Greek  indices  take  on  the 
values  1  and  2,  a  Greek  index  after  a  comma  denotes 
a  covariant  derivative  with  respect  to  the  correspond¬ 
ing  surface  coordinate,  G  is  the  normal  velocity  of  the 
propagation  of  the  surface  E,  D/Dt  is  the  invariant 
derivative  with  respect  to  the  time  [4]  which  for  the 
covariant  and  contravariant  components  of  the  unit 
normal  vector  to  the  wave  layer  has  the  form 


Dui 


6ui 

It 


Dt 


(8) 


where  6 /St  is  the  Thomas-derivative  [4],  and  are 
the  Christoffel  symbols  in  the  space. 


Noting  that  at  h  0  the  second  terms  in  (7)  may 
be  neglected  as  compared  with  the  first  ones,  from 
Eqs,(l-4)  we  obtain 


<Tu  =  0,  0-12  =  0  (5) 

31  =  0  (6) 

should  be  added  to  the  set  of  Eqs.(l)-(4),  where  <Tn 
and  cri2,  (u'13  =  0  due  to  the  symmetry  of  the  prob¬ 
lems  under  consideration)  are  the  components  of  the 
stress  tensor  on  the  boundary  surfaces  of  the  relevant 
bodies,  since  for  all  the  three  bodies  the  coordinate 
a:^  =  p  is  perpendicular  to  the  boundary  surface  at 


dg*  ^  dO  ^  dv^  ^ 

_^._Gc.-  +  ro7^»/i=0, 

,  dO  ^dqi 

d(T^^  ^dv* 

dn  ^  dn  ’ 

^d<Tij  ,  dv^  ( dvi  dvj  \ 
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(15) 


_  d6 

+7G^5ti-  (9) 

Integrating  relationships  (9)  with  respect  to  n  from 
-h{2  to  h/2  and  going  to  the  limit  at  A  — »  0,  we  find 
that  the  following  relationships  should  take  place  on 
S; 

[q']vi  -  Gci[d]  +  To‘y[vi]v^  =  0, 

0  =  -Ao[^]r'£  +  ToG[qi], 

[(Tij]lP  =  -pG[vi], 

-G[cij]  =  A[t),]j/'py  + +  [vj]tyi) 

+yG[9]gij,  (10) 

where  [Z]  =  —  Z~ . 

Considering  that  [uj]  =  wi/j  +  gijW'^x^.y,  [v*]  = 
wi/’  +  and  w  =  [vi]v\  =  [v.-Jx*^  from 

Eqs.(lO)  we  obtain  at  w  ^  0 

(G^  -  a'^){G^  -  Gl)  -  G^f'^Toipc,)-^  =  0,  (11) 

{[o-y]  =  -G-^  {  2fiViVj  +  Xqij  +  p{G^  -  Gl)gij  }  w 
[Vi]  =  u,ui,  [e]  =  {7G)-^piG^-Gt)o; 

[9.-]  =  Ao(ro7C?2)-V(G2  -  Gl)uui 

(.12) 

where  =  Ao(toCj)“',  and  pGf  =  A  +  2p, 
and  at  u;  =  0 

pG^  —  pG\^fi,  (13) 

p{x\ii/i9ij  -f  x\j/jgu)W^y 

<  [vi]- gijX^^iW^  (14) 

.  M  =  [^]  =  0 


Equation  (11)  defines  the  velocities  and  G^^^ 
of  two  types  of  the  volume  waves  of  strong  discon¬ 
tinuity:  quasi-termal  £i  and  quasi-longitudinal  £2, 
formulas  (12)  determine  the  relationships  which  are 
fulfilled  on  these  waves.  Equation  (13)  governs  the 
velocity  G^^^  of  the  quasi-transverse  wave  of  strong 
discontinuity,  and  formulas  (14)  are  responsible  for 
the  relationships  which  are  valid  on  this  wave.  Here¬ 
after  an  upper  index  in  brackets  denotes  an  ordinal 
number  of  the  wave. 

To  determine  changes  in  the  intensities  of  the  three 
waves  during  their  propagation,  we  write  Eqs.(l)-(4) 
on  the  different  sides  of  the  each  wave  surface  and 
take  the  difference  of  the  corresponding  equations 
written  ahead  of  and  behind  the  wave  front.  Having 
regard  for  the  conditions  of  compatibility  for  discon¬ 
tinuities  in  the  first-order  derivatives  [4]  in  arbitrary 
coordinates 

[Z^i]  =  lZj]i'‘i/i  +  g‘'^gij[Z]^c,x^^, 


[Z]  = -GlZ,]i'' +  DlZ]/I>i 
as  a  result  we  obtain 

Qii'’  +  g^^gijls’la^fi  -  <^(Gh  + 

+To7(L,i/*  +  g“^  gi}W].aX^^0)  =  0  (16) 

+roGg,-ro®,  (17) 

=  -PGL^ 

^  =  Xgij  (L,!/'  +9«^:ib'],«xf^) 

-h/X  {^i^j  +  9^^ 9il[^j]yCz^ 

+  '(9i:{Gh-^y  (19) 

where  Sij  = 

I*  =  [v^iW^  h  =  [0,i]i/\  Qi  =  [qi,iW. 

Eliminating  the  values  Qi  from  Eqs.(16)  and  (17) 
and  the  values  Sij  from  Eqs.(18)  and  (19)  and  taking 
formulas  (11)-(14),  and  the  relationships 

Di/i/Di  =  Du^/Dt  =  0, 

^U=^-g"''b.aX^,y  (20) 

into  account  yields 


for  the  two  quasi-longitudinal  waves  (a;  ^  0) 

Du  _  a^G^^Gl) 

Dt~  “  "  2ro(G'‘  -  a^Gl)  ’ 


Lix'  - 


(21) 


,  p{(P  -  Gl)  ,  ,,  p(G2  +  Gl)  Du,  2pGl  . 

^  ^ 'm  ' 


and  for  the  quasi-transverse  wave  wave  (w  =  0) 

^  =  GDW,  =  w^vr>, 

Dt 

=  GDVr  +  GW^bly 
Dt 

DW 

^  =  GQWy^GWab^y  (22) 

=  h  =  0, 

where  Q  is  the  mean  curvature  of  each  wave  surface, 
baa  are  the  coefficients  of  the  second  quadratic  form 
of  these  surfaces,  and  b^  =  b^^g^^. 


Since  the  volume  waves  cropping  out  at  the  free 
thermal-insulated  torus  surface  cross  each  other  gen¬ 
erating  a  surface  wave,  then  the  stress  tensor  and 
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heat  flow  vector  components  of  each  of  the  three  vol¬ 
ume  waves  should  be  added  together  on  the  surface 
wave.  As  a  result  from  the  conditions  (5)  and  (6)  on 
the  surface  wave  can  be  written  as 

3  3 

=  0,  =  0,  (23) 

:=1  i-l 

=  0.  (24) 

*=1 

Using  the  condition  of  compatibility,  we  arrive  at 
the  equation  for  determination  of  the  Rayleigh  wave 
velocity  g 

+4g-2  +  x\/l-G(2)2g-2) 

^y/l-Gl9-^=Q  (25) 

and  the  differential  equaton  for  defining  its  intensity 

^ - 1-  -h  -f  =  0,  (26) 

as  R 

where 

G(2)2((3|(1)2  ^  ^(l)2^-2 

^  ~  G(1)2(G(2)2  -  Gf)\/l-G(2)2g-2’ 

s  is  the  distance  measured  along  the  line  of  curvature, 
a,  7,  and  6  are  the  constant  coefficient  depen dng  on 
the  goemetric  and  maretial  constants  of  the  thermoe¬ 
lastic  torus. 

The  soluton  to  Equation  (26)  has  the  form 

x{d’\- RsinO)^*^^ ,  (27) 

where  c  is  the  arbitrary  complex  constant,  7*  =  —27, 
=  — f/cj,  K2  =  —iKo,  and  /ci  and  K2  are  constants. 

The  investigations  carried  out  show  that  during 
the  propagation  of  nonstationary  Rayleigh  waves 
(lines  of  discontinuity)  along  the  free  from  stresses 
and  heat-insulated  surfaces  of  a  thermoelastic  torus 
along  the  lines  of  curvature  the  intensities  of  these 
waves  attenuate  by  exponential  and  power  laws  at  a 
time;  in  so  doing  the  exponential  attenuation  occurs 
due  to  the  connectedness  of  the  strain  and  tempera¬ 
ture  fields,  but  the  attenuation  by  the  power  law  is 
caused  by  the  presence  of  the  time-dependent  cur¬ 
vature  of  the  surfaice  wave.  Besides  the  attenuation, 
the  surface  wave  intensity  oscillates  with  the  time,  in 
so  doing  the  oscillation  connects  only  with  the  cur¬ 
vature  of  the  thermoelastic  body  surface. 
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Modelling  of  Concrete  Behaviour  at  Elevated  Temperatures 
within  the  Framework  of  Thermo-Plasticity 
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A  numerical  model  for  both  compression  and  tension  nonlinear  behavior  of  concrete  at  elevated 
temperatures  is  presented  here.  A  plasticity  based  model  and  algorithm  for  mode  I  cracking  in 
concrete  has  been  extended  with  ten^erature  dependent  properties.  A  fully  implicit  Euler  backward 
algorithm  has  been  applied  to  integrate  die  stresses  and  internal  variables  over  a  finite  loading  step. 
Thermo-mechanical  interaction  strains  have  been  introduced  to  describe  the  influence  of  mechanical 
loading  on  the  physical  process  of  thermal  expansion  of  concrete.  Tests  on  plain  concrete  as  well  as 
on  reinforced  concrete  structures  have  been  simulated. 

Key  Words :  Thermoplasticity,  Cracking,  Concrete,  Structures,  High  temperatures.  Interaction 


1  Introduction 

In  severe  accidental  situations  such  as  nuclear 
disease  or  fire,  concrete  structures  are  submitted  to 
transient  high  temperature  distribution.  High 
temperatures  induce  strong  micro-structural  changes 
that  alter  the  mechanical  behavior  of  concrete. 
Hence,  a  numerical  model  for  concrete  under  such 
conditions  must  include  major  induced  phenomena: 
highly  temperature  dependent  mechanical  properties 
of  the  material  and  influence  of  mechanical  loading 
on  the  physical  process  of  thermal  expansion.  Up  to 
now,  only  few  authors  [l]-[2]  have  considered 
cracking  behavior  of  concrete  in  combination  with 
elevated  thermal  loading.  Here,  a  plasticity  model 
and  algorithm  for  mode  I  cracking  in  concrete  has 
been  extended  with  ten^erature  dependent 
properties. 

2  Plasticity  based  model  for  concrete 
at  elevated  temperatures 

2.1  ASSUMPTIONS 

Since  no  experimental  data  are  available  to 
evaluate  the  effect  of  the  mechanical  deformation 
process  on  the  temperature  field  in  concrete 
structures,  the  common  approach  of  uncoupling  the 
thermal  and  thenno-mechanical  problems  has  been 
adopted.  The  total  strain  rate  of  concretes  is 
decomposed  into  the  sum  of  an  elastic  strain  rate  s® , 
a  plastic  strain  rate  s*’,  a  thermal  expansion  strain 
rates® and  a  thermo-mechanical  interaction  strain 
rate  s”^ : 


s  =  s'  +  s'’+e®+e"  (1) 


2.2  THERMO-MECHAMCAL  INTERACTION 
STRAINS 

Investigation  tests  on  plain  concrete  [4]-[6] 
have  shown  that  to  describe  the  response  of  this 
material  under  combined  thermal  and  mechanical 
action  it  is  necessary  to  abandon  the  usual 
assumption  diat  thermal  strain  and  mechanical  strain 
can  be  treated  as  mutually  independent  components. 
Thermo-mechanical  interaction  strains  have  then  to 
be  taken  into  account. 

A  generalised  multiaxial  state  of  stress  model 
has  been  proposed  by  Thelandersson  [5]  and  by  de 
Borst  and  Peeters  [1]  and  has  been  successfully 
incorporated  by  Khennane  and  Baker  [7]  in  a  thermo- 
plasticity  model.  Hence,  according  to  de  Borst  and 
Peeters  [1],  tihe  thermo-mechanical  interaction  strain 
rate  can  be  written  as  : 


e^=Hat  (2) 

where  a  is  the  current  stress  vector ,  t  is  the  rate  of 
heating,  and  H ,  for  an  isotropic  material  and  for  a 
plane  stress  state  is  given : 


-y 

1 

0 


(3) 


with  a  and  f  c,  respectively  the  coefficient  of 
thermal  expansion  and  the  compression  strength  of 
concrete,  k  and  y  can  be  evaluated  from  transient 
creep  tests.  For  usual  concrete,  k  varies  from  1.8  [5] 
and  2.35  [11]  and  y  has  been  found  to  be  equal  to 
0.285  [4], 
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2.3  THERMO-PLASTICITY  MODEL  AND 
ALGORITHM 

A  non  smooth  multisurface  yield  criterion  is 
used  to  describe  concrete  behavior.  Yield  surfaces  fj , 
are  function  of  stress  a ,  hardening  parameter  K|  , 
and  temperature  T. 


hardening.  The  isotropic  Rankine  flow  theoiy 
proposed  by  Feenstra  [3]  is  used  to  describe  cracking 
behavior  within  the  framework  of  plasticity.  The 
ambiguity  of  plastic  flow  direction  at  the  comer  is 
removed  by  considering  the  contribution  of  each 
individual  loading  surface  separately: 


I 


da  ^  da 


(6) 


A  trapezoidal  Euler  backward  scheme  proposed 
by  Simo  [10]  is  used.  The  updated  stress  vector 
is  obtained  by  solving  the  system  of  equations  : 


Fig.l.  Yield  surface  in  two  dimensional  space 

The  Drucker-Prager  type  criterion  used  for 
compression  behavior,  expressed  in  equation  (4),  is 
able  to  capture  the  changing  shape  of  failure  surfaces 
with  temperature. 


p  is  the  ratio  of  the  biaxial  compression  strength  to 
the  uniaxial  compression  strength.  The  experimental 
strength  envelopes  obtained  by  Kordina  et  al  [8]  are 
shown  in  figure  2  together  with  the  model  curves. 
Agreement  between  predicted  and  experimental 
strength  envelopes  is  acceptable. 

CTl/fc 
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Fig.2.  Biaxial  compression  strength  envelopes 


The  concrete  model  implemented  by  Georgin 
[9]  in  the  finite  element  code  CASTEM  2000  is 
based  on  Feenstra  [3]  with  regard  to  cracked 
concrete.  The  plasticity  condition  fj(a,Kj,T)  =  0is 

imposed  on  each  active  surface  during  the  integration 
process.  Assumptions  commonly  used  in  plasticity 
theoiy  with  regard  to  mechanical  hardening  are 
adopted:  normality  of  the  plastic  flow  and  isotropic 


The  subscript  n+1  refers  to  the  time  step  and 
D^,  is  the  Hookee  matrix  at  temperature  T^,,  The 
thermo-elastic  predictor  is  obtained  by  freezing 
inelastic  flow  during  the  time  step  : 

n+1  As^n+l  ADs^n 

(8) 

Solving  system  (7)  finally  consists  of  the 
determination  of  the  inelastic  multipliers  which 
enforce  the  plasticity  conditions  at  temperature  Tjj+i : 


A  local  Newton-Raphson  method  is  used  to 
solve  system  (9).  Figure  3  shows  the  iterative  return 
mapping  process  corresponding  to  this  algorithm  for 
the  general  case  where  two  plasticity  criteria  are 
violated.  The  superscript  (i)  refers  to  the  internal 
iterations  during  the  solving  process. 


Fig.3.  Iterative  return  mapping  process 
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3  Simulations  of  tests  on  plain  concrete 

3.1  BIAXIAL  ISOTHERMAL  TESTS 

Biaxial  compression  tests  at  different 
temperatures  have  been  simulated.  Figure  4  shows 
for  example  die  stress-strain  curve  obtained  at  450°C 
for  a,/a2  =  1  together  with  the  curve  obtained  by  [8]. 
Simulation  results  emphasize  a  good  description  of 
the  behavior  of  concrete  imder  compression. 
Sensibility  to  hydrostatic  pressure  appears  to  be  very 
important  for  high  temperatures  and  high  biaxial 
stress  ratio. 
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Fig.4.  Biaxial  compression  test  at  450°C,  o/a,-! 

3.2  STRESS  AND  TEMPERATURE  HISTORIES 
The  experiment  conducted  by  Anderberg  [11] 
has  been  simulated.  The  experiment  consists,  first,  of 
heating  a  concrete  specimen  up  to  400®C  and  then 
loading  it,  and  second,  loading  a  specimen  to  the 
required  load  and  heating  it  under  load.  Figure  5 
presents  simulation  results  in  both  loading  cases. 
These  results  validate  the  capacity  of  this  model  to 
describe  stress  and  temperature  history  dependency. 
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HeatiBg  Coosmt  tempeniuit :  400*‘C 

Fig.5.  Defonnational  response  of  concrete  under  two 
different  load  and  temperature  histories 


3.3  BIAXIAL  TRANSIENT  TESTS 

Relaxation  tests  performed  by  Kordina  et  al  [8] 
have  been  simulated.  Figure  6  shows  the  model 
prediction  for  a  relaxation  test  under  uniaxial 
conditions  for  a  normally  stored  concrete  (20®C  / 
65%  r.h.).  Agreement  between  experimental  and 
numerical  results  can  be  considered  relatively  good. 
Between  100®C  and  250®C,  shrmkage  has  been 
explicitly  taken  into  account  by  decreasing  strongly 
the  coefficient  of  thermal  expansion  of  concrete  in 
this  temperature  range.  The  third  peak  of  stress 
arising  between  500®C  and  600®C  on  the 
experimental  curve  results  from  chemical  changes  in 
concrete.  This  has  not  been  modelled  here. 

Resaned  ness  (MPa) 


Fig.6.  Restrained  stress  as  function  of  temperature  for 
a  normal  stored  concrete  specimen  (65%  r.h.) 

Finally,  transient  creep  tests  performed  by 
Kordina  et  al  [8]  have  been  simulated  too.  Numerical 
results  emphasize  that  thermo-mechanical  interaction 
strains  have  to  be  taken  into  account  and  that  the 
presence  of  a  sustained  load  during  heating  affects 
concrete  behavior.  Figure  7  shows  for  example  the 
defonnational  behavior  of  a  concrete  specimen  for  a 
biaxial  sustained  load  of  60%  of  the  ultimate 
con:^>ressive  strength. 
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Fig.7.  Total  deformation  of  concrete  during  biaxial 
transient  creep  test,  (load  level  60%  f  c) 
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4  Simulations  of  deep  beams  subjected 
to  transient  high  temperature  distribution 

Reinforced  concrete  deep  beams  subjected  to  an 
elevated  surface  temperature  performed  by  Saito  et  al 
[12]  have  been  simulated.  The  beams  were  first 
heated  up  to  a  certain  surface  temperature  whereafter 
they  were  loaded  to  failure.  Figure  8a  presents  the 
geometry  of  the  tests.  Reinforcement  steel  has  been 
considered  temperature  dependent  elastic-perfectly- 
plastic.  Agreement  between  numerical  and 
experimental  results  can  be  considered  good.  Figure 
8b  presents  the  global  response  of  beam  S3C  heated 
up  to  300®  C.  Figure  8c  presents  simulated  and 
experimental  crack  pattern  at  failure.  The  results 
validate  the  capacity  of  the  proposed  crack  model  to 
describe  accurately  crack  propagation  in  structures 
subjected  to  elevated  temperatures. 


Fig.8b.  Load-deflection  curve  for  beam  S3C. 


Fig.Sc.  Crack  pattern  at  failure  for  beam  S3C. 


5  Conclusions 

A  model  has  been  discussed  for  the  analysis  of 
concrete  and  reinforced  concrete  structures  subjected 
to  high  temperatures.  In  particular,  effectiveness  and 
accuracy  of  a  thermo-plasticity  based  model  for 
cracking  in  concrete  has  been  presented.  The  model 
used  for  thermo-mechanical  interaction  strains 
appeared  to  be  suitable  for  this  formulation  and 
major  effects  of  this  phenomenon  have  been 
captured.  A  study  has  been  undertaken  concerning 
coupling  of  pore  pressures  appearing  in  concrete  at 
elevated  temperatures  wiA  this  model.  The 
perspectives  of  this  study  are  interesting  since 
spalling  is  a  major  issue  for  the  assessment  of 
integrity  of  hi^  strength  concrete  structures 
subjected  to  elevated  temperatures. 
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Localization  of  Thermoelastoplastic  Deformations 
in  the  Case  of  Simple  Shear 
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The  results  of  tests  of  quasistatic  and  cfynamic  finite  thermoelastoplastic  plane  shear  is 
discussed.  Use  is  made  of  a  new  shear  device  in  which  loading  and  di^lacements  are  controlled  in 
compression.  Using  the  thermovision  technique  the  temperature  changes  of  the  sheared  paths  have 
been  registered  for  various  shear  rates.  The  rate-independent  constitutive  relations  are  formulated  for 
elastic-plastic  metallic  solids  at  finite  strain.  The  constitutive  relations  are  considered  for  an 
adiabatic  process  with  combined  isotropic-kinematic  hardening.  The  analogous  initial-boundaiy- 
value  problem  as  in  the  experiment  of  simple  shear  is  formulated  for  finite  deformations.  An 
exceptional  homogeneity  of  tlie  permanent  strain  and  temperature  fields  is  observed  in  experiments 
and  numerical  simulations,  over  the  total  length  of  the  specimens,  when  the  strain  is  less  than  70%. 
For  the  largest  deformations  the  zones  of  strain  localization  are  observed. 

Key  Words:  Plasticity,  Dynamic  Problem,  Simple  Shear,  Strain  Localization,  Metal  Sheets 


1.  Introduction 

Numerical  systems  allow  us  to  simulate  the 
mechanical  behaviour  of  thin-walled  constructions, 
such  as  bodies  of  automobiles,  buses,  shells  of 
wagons,  air-planes,  etc.,  submitted  to  the  impact 
loading.  Such  i^stems  require  the  knowledge  of  the 
dynamical  behaviour  of  thin  sheets  of  which  these 
constructions  are  made.  The  mechanical  characte¬ 
ristics  of  the  thin-wailed  constructions  are  dependent 
on  the  metallurgical  composition  of  the  metal  as  well 
as  on  the  manner  of  its  production.  It  is  indispensable 
to  have  the  experimental  data  concerning  this  specific 
form  of  material.  Tests  in  the  case  of  simple  shear  are 
very  important  for  the  experimental  investigation  of 
the  constitutive  equations  of  materials.  These 
experiments  are  supplementary  to  other  tests  realised 
in  traction  as  well  in  compression  or  in  pure  shear. 

A  new  shear  device  was  used  to  perform  tests  of 
specimens  having  the  form  of  sl^  such  as  metal 
sheets  [1].  The  loading  and  the  displacements  of  this 
device  are  controlled  by  a  Split  Hopkinson  Pressure 
Bar  (SHPB)  acting  in  compression.  The  special 
device  was  used  to  transform  the  compression  to 
simple  plane  shear.  For  thin  sheets  in  dyn^c  simple 
plane  shear  tests,  it  is  the  only  known  method  to 
obtain  a  very  good  homogeneity  of  the  permanent 
strain  field  over  the  total  lengA  of  the  specimen, 
without  the  localisation  of  deformations  as  in  the  case 
of  torsion  of  thin-walled  tubes  [5]. 

The  analogous  initial-boundary-value  problem 
of  the  simple  shear  was  formulated  in  the  case  of 


finite  strains.  We  consider  the  rate-independent 
constitutive  relations  for  an  adiabatic  process  with 
combined  kinematic-isotropic  hardening  at  moderate 
pressures.  The  analytical  solution  is  compared  with 
the  experimental  data.  The  numerical  calculations 
performed  enabled  the  evaluation  of  the  optimal 
dimensions  of  the  specimen  used  in  the  case  of 
dynamic  loading . 


2.  Experiment 

The  shear  device  consists  of  two  coaxial 
cylindrical  parts  (the  external  part  is  tubular  and  the 
internal  part  is  massive).  Both  cylinders  are  divided 
into  two  symmetrical  parts  between  which  the  sheet 
in  testing  is  fixed.  Two  bands  of  the  specimen 
between  the  internal  and  external  parts  of  the  device 
are  in  plane  shear  when  these  cylinders  move  axially 
one  toward  the  other.  Each  band  before  test  is 
rectangular  and  becomes  almost  a  parallelogram 
having  the  constant  length  and  the  constant  height. 

First,  the  system  is  tested  under  quasi-static 
loading  in  order  to  verify  its  effectiveness.  The 
dynamic  test  is  similar  but  the  loading  is  realized 
the  SHPB,  The  device  with  specimen  is  placed 
between  two  bars  of  the  SHPB.  In  this  case  the 
mechanical  impedance  of  the  shear  device  and  of  the 
SHPB  must  be  the  same  to  avoid  the  noise  in  the 
inter&ce  signal.  The  impulse  is  created  by  the  third 
projectile  bar:  the  usual  compression  technique.  We 
have  to  register  the  input,  transmitted  and  reflected 
impulses:  Si ,  St  and  ^ . 

The  specimens  deformed  quasi-statically  or  dyna 
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mically  to  70  -  90  %  as  observed  under  the  optical 
microscope,  have  a  similar  structure.  The  traversal 
lines  marked  on  the  specimens,  on  the  gauge  section, 
before  the  test  remain  parallel  after  the  test.  This  feet 
indicate  that  the  defonnation  is  homogeneous  in  the 
considerable  part  of  the  specimen.  However,  the 
presence  of  free  bounds  of  specimen  produces  the 
heterogeneity  of  stress  field  b^use  the  stress  vector 
normal  to  the  free  surfeces  must  be  zero,  therefore  we 
have  assumed  that  the  dimensions  of  the  perturbed 
zone  are  small  as  compared  to  the  dimensions  of  the 
specimen.  The  exceptional  qualities  of  the 
homogeneity  of  the  residual  strain  field  show  that  the 
simplified  analysis  can  be  used  in  the  zone  of  plastic 
deformations. 

At  the  deformation  of  the  order  70%,  in  the  case 
of  high  strain  rate  we  observe  the  formation  of  the 
tangled  structure  and  of  the  dislocations  cells.  Their 
elongation  and  arrangement  tend  to  be  aligned  along 
the  length  of  the  shear  direction.  In  several  grains  the 
micro-bands  of  shear,  parallel  to  the  direction  of  xj 
axis  (axis  of  compression)  are  observed.  At  the  veiy 
high  strain  rate  the  shear  macro-bands  are  observed. 
We  can  suppose  that  it  is  a  critical  strain  at  which  the 
shear  localization  occurs.  Before  arriving  at  the 
critical  strain,  the  defonnation  is  homogeneous  over 
the  whole  gauge  length  of  the  specimen.  The  work¬ 
hardening  results  from  the  creation,  multiplication 
and  interaction  of  the  dislocations.  In  this  case,  a 
small  part  of  the  work  of  plastic  deformation  is  stored 
in  the  material  as  elastic  strain  energy  (about  6%)  and 
the  remaining  part  is  converted  into  heat  In  the  paper 
[4]  the  temperature  field  due  to  plastic  deformation  is 
measured.  The  quasistatic  tests  on  the  behavior  of 
stainless  steel  are  performed.  The  goal  of  this  paper 
was  to  obtain  the  mechanical  curves  as  well  as  the 
temperature  distributions  in  the  simple  plane  shear 
areas.  A  change  of  temperature  of  the  surfece  of  these 
areas  has  been  observed  by  the  thermovision  camera 
coupled  with  a  system  of  data  acquisition  and 
conversion.  The  infrared  radiation  emitted  by  shear 
paths  was  measured.  The  results  obtained  enable 
present  the  temperature  changes  of  the  specimens 
subjected  to  the  shear  test  with  different  rates  of 
deformation,  as  well  as  to  describe  the  macroscopic 
shear  band,  which  develops  at  higher  deformations. 
With  this  technique,  it  is  possible  to  evaluate  the 
stored  energy  due  to  the  simple  shear  in  the  case  of 
large  deformations. 

In  the  analysis,  we  must  take  into  account  that 
the  loading  of  the  specimen  is  not  instantaneous.  The 
loading  compression  wave  must  take  some  time  to 
transmit  from  one  end  of  the  device  to  the  other. 
However,  in  our  tests,  we  have  a  very  good 
equilibrium  of  forces  on  two  sides  of  the  shear  device. 
We  observe  that  the  input  and  the  ouq)ut  forces  are 
very  similar  in  shape  (neglecting  the  small 
oscillations  of  the  input  force).  So,  in  the  simplified 
analysis  we  assume  that  the  loading  is  homogeneous 


and  we  proceed  as  in  the  case  of  quasi-static  loading. 
The  force  is  taken  to  be  equal  to  the  mean  value  of 
input  and  output  force. 


3.  Theoretical  simple  shear  analysis 

The  simple  shear  in  the  direction  ej  in  the 
coordinate  itystem  (ci,  ei)  is  defined  by  the  relations 

“i  =r(O^>v^=r3C2andM2=«3=V2=V3  =  0  (1) 


where  y  =  Si2  and  y  are  the  plastic  shear  strain  and 
shear  strain  rate,  respectively. 

In  the  axis  of  x,  the  Cauchy  stress  tensor  a  and 
the  back  stress  n  have  the  following  non-zero 
components:  a22  ,  cr;2..  and  7122 ,  Ttn.  The 

presence  of  an  and  022  is  due  to  the  feet  that  the 
distance  between  two  parts  of  the  shear  device  is 
constant  during  experiment  i.e.  const 

The  change  in  the  temperature  field  &  is 
described  as 


1- 


trD-,9^n-DP 


(2) 


where  &  is  the  temperature,  q  is  the  heat  flux,  ^is  the 
function  determined  fix)m  the  stored  energy  [3],  is 
volumetric  thermal  expansion,  Kj  is  the  isothermal 
bulk  modulus,  Cy  is  specific  heat  at  constant  volume, 
cr  and  c  are  constants  [3].  In  this  relation  terms  of  the 
right  hand  side  denote:  the  dissipation  of  mechanical 
work,  the  heat  exchange  with  environment,  the  heat 
of  elastic  deformations  and  the  heat  of  internal 
rearrangement,  respectively. 

Using  the  rate-independent  constitutive  relations 
for  the  adiabatic  process  with  combined  isotropic- 
kineinatic  hardening  at  moderate  pressures,  and 
neglecting  the  thermal  expansion,  the  heat  of  elastic 
deformation  and  the  heat  of  internal  rearrangement, 
we  have  the  following  set  of  equations  [3]  (these 
equation  are  similar  in  form  to  those  employed  in 
problems  of  small  strains  but  are  applicable  to  the 
whole  range  of  deformation  processes): 


f  =  ”^[(T-n)+p](3) 


if  /  =  0  and 
if  /  =  0  and 


D-(T-n)>0, 
D-(T-n)<0  or 


/<0. 


where  fi-p^fp  is  the  ratio  of  densities  in  the 
reference  and  the  actual  configurations,  T  =  a  , 
f  =  T-  oT  +  T(i)  is  the  Zaremba-Jaumaim  rate,  T 
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is  the  deviatoric  part  of  T  ,  L  is  the  fourth  order 
tensor  of  elastic  moduli,  //  is  the  Lame  constant  and  / 
is  the  Huber-Mises  yield  criterion 

/  =  |(f-ID-(T-n)-af{5.c)  =  0  (4) 

here  or  is  the  yield  stress  in  simple  tension  and  a 
corresponds  to  Ae  size  of  the  yield  surface 

(5) 

The  shift  of  the  yield  surfece  here  is  represented  by 
the  back  stress  H  for  which  the  evolution  law  has  the 
form  of  a  linear  kinematic  hardening 


here  M  — 

M 

H  12  12)  ’  ^2  =  12  ‘^12) 

Here,  we  use  the  relation  for  the  multiplying  function 
Tf  occurring  in  the  expression  of  plastic  ^in  (9),  in 
the  form  proposed  in  the  paper  [2]. 

In  the  case  of  plasticity  with  kinematic 
hardening  we  also  have  the  analytical  solutions.  Then 
Or  =  const  and  now  from  (8)  we  have  H  =  l+c/2// . 
Finally,  after  several  calculations,  we  find  the  Cauchy 
stress  components  oi;,  CFn  and  the  back  stress 
components  Ku- 


n  =  cDP  (6) 

where  c  -  const  and  D**  is  the  plastic  rate  of 
deformation.  The  change  in  the  temperature  is 
described  as 


p,c>=(l-;r)(T-n).I>»‘  (7) 

The  first  term  on  the  right  hand  side  of  (7) 
represents  the  rate  of  energy  dissipation  and, 
therefore,  ;^less  then  1.  For  numerous  metals  ;r  takes 
the  value  from  0.02  to  0.1.  In  the  equation  (3)  H  is 
the  hardening  function 

H-ii  ^  I  ^  I 

da  dS 

and  tensor  P  is  obtained  by  expressing  the  term  (o**  T 
+  T  as  a  function  of  D*’  where  is  the  plastic 
spin. 

The  equation  for  plastic  spin  can  be  assumed  to 
be,  according  to  Da^as,  Paulun  and  Pecherski  [2] 
and  others  in  the  following  form 


where  a- is  the  yield  value  in 

shear,  y  and  (f  are  constants.  Integrating  the 
equation  (7)  the  temperature  field  can  be  determined. 


Fig.  1.  Shear  stress  012  and  normal  stress  an  vs. 
shear  strain  for  kinematic  hardening. 


©P  =77(ni>P-DPn)  (9) 

where  77  may  depend  on  the  invariants  of  and  H. 

In  the  case  of  plane  simple  shear  we  have  /?  =  1 
and  the  equations  above  lead  to 


o^n-r  <712= -^r[o-n -^n +^0'i2] 

o-i2-ro’ii=r[A-^(«^i2-^i2-Mo-i,) 

®'n  ~  *<^22 


(10) 


Solutions  for  stresses  o>;  and  an  in 
dimensionless  form  vs.  shear  strain  y ,  illustrated  in 
Fig.  1,  are  obtained  for  kinematic  hardening,  with  p  = 
8  10^  MPa,  c  -  5333,33  MPa,  K  /A  =  0.0577.  In  the 
case  of  large  plastic  deformations  the  ratio  au/cFu 
and  a2^ai2  are  much  higher  than  in  the  case  of  small 
elastic  deformations. 


4.  Numerical  simulations  of  the  experiment 

A  finite  element  method  program  was  used  for 
the  numerical  simulations  of  the  formulated  problem 
of  quasistatic  and  dynamic  simple  shear  of  thin 
sheets.  We  assume  the  similar  initial  and  boundary 
conditions  as  in  the  e:?q)eriment.  In  the  case  of 
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dynamic  defonnations  a  simplified  supposition  is 
introduced.  The  process  of  wave  propagation  in  the 
specimen  is  neglected.  Due  to  the  excellent 
equilibrium  of  input  and  output  forces  and  quasi- 
constant  value  in  the  time  period  50  \xs<t<  500  ps, 
we  can  treated  our  problem  as  quasistatic  using  a 
rate-independent  constitutive  equations.  The 
amplitude  of  loading  is  determined  fi*om  the  ctynamic 
experiment.  We  assume  that  in  the  contaa  between 
the  specimen  and  bars  the  force  is  constant  in  time. 

In  the  finite  element  method  a  rectangular  mesh 
is  introduced.  Deformation  of  the  mesh  in  time  is 
determined.  In  the  same  time  the  components  of  the 
stress  tensor  o>2  and  022  =  -C7j; ,  the  intensity  of  stress 
Of  =  (3/2  Sij  the  equivalent  strain  e,  =  (2/3  s/ 
Si/y^  and  the  temperature  field  are  determined.  First, 
the  numerical  simulation  was  made  for  the  quasistatic 
loading  of  the  sheet  of  stainless  steel  1H18N9T,  with 
//=  8*10  ^MPa ,  7.8  g/cm^  and  =  280  MPa. 


particularly  noticeable  in  the  initial  stage  of  shear.  As 
the  deformation  continues,  the  line  describing  the 
position  of  maximum  temperature  departs  fi^om  the 
shear  direction.  It  gives  evidence  for  the  development 
of  the  macroscopic  shear  band,  running  along  the 
specimen  at  a  certain  angle  to  the  direction  of  shear. 


5.  Conclusions 

An  exceptional  homogeneity  of  the  permanent 
strain  field  at  finite  deformations  over  the  total  length 
of  the  specimens  is  observed  in  experiments  and  in 
the  results  of  numerical  simulation.  In  the  case  of  a 
thin  sheet,  the  proposed  method  is  the  only  known 
test  providing,  homogeneous  stress  and  strain  fields 
in  both  dynamic  and  static  tests.  The  method  can  be 
used  to  verify  the  proposed  constitutive  relations. 

The  simple  shear  test  is  particularly  attractive, 
since  the  application  of  this  type  of  loading  path  can 
result  in  large  strains  without  the  occurrence  of 
plastic  instability.  But,  after  a  certain  strain  on  the 
order  of  70-90%,  the  deformation  becomes  gradually 
localized.  The  material  begins  to  be  work-softening 
until  fiacture  occurs. 

Investigation  of  temperature  distribution  on  the 
surface  of  the  shear  paths  confirm  the  existence  of  the 
theoretically  predicted  fields  of  strain  heterogeneity. 
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A  Method  of  Inverse  Problem  of  Thermomechanics  with  Respect  to 
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The  optimal  (in  the  sense  of  rapidity)  problem  of  control  by  heating  of  thermosensitive  solids  of 
canonical  forms  (unbounded  strip,  hollow  and  continuous  cylinder  and  sphere)  under  restric¬ 
tions  on  the  control  function  and  maximal  value  of  intensity  of  tangential  thermo  stresses  is 
considered.  A  case  of  elastoplastic  deformation  of  solids  imder  consideration  is  investigated 
within  the  theory  of  processes  of  deformation  on  the  trajectories  of  small  curvature.  An  algo¬ 
rithm  of  construction  of  numerical  solution  of  the  control  problem  is  elaborated  on  the  basis  of 
a  method  of  inverse  problem  of  thermomechanics.  Some  numerical  results  of  calculations  are 
presented  for  typical  data. 

Key  words:  Inverse  Problem,  Optimal  Control,  Thermoplasticity,  Heat  Conductivity,  Thermal 
Stresses 


h  Introduction 

The  thermal  processing  of  materials  is  often  a 
constituent  part  of  technological  processes  of 
manufacturing  of  design  elements.  Minimization  of 
time  of  heating  (cooling)  of  an  item  is  one  of  fac¬ 
tors,  essentially  influencing  productivity  of  such 
processes.  For  maintenance  of  appropriate 
strength  characteristics  and  functional  properties 
of  an  item  at  determination  of  optimal  regimes  of 
its  quickest  heating  (cooling)  it  is  necessary  to  take 
into  account  the  given  restrictions  on  parameters 
of  stressed  and  thermal  states  [1],  [2].The  problems 
of  the  quickest  heating  of  a  body  are  also  urgent 
for  optimization  of  transient  regimes  of  operation 
of  responsible  details  and  units  of  power  equip¬ 
ment  under  conditions  of  intensive  heat  load. 

In  this  paper  the  mathematical  statement  of 
the  optimal  (in  the  sense  of  rapidity)  problem  of 
control  by  heating  of  thermo  sensitive  canonical 
solids  (unbounded  strip,  hollow  and  continuous 
cylinder  and  sphere)  under  restrictions  on  control 
function  and  maximal  value  of  intensity  of  tan¬ 
gential  stresses  is  formulated  for  a  case  of  elasto¬ 
plastic  deformation  of  material.  The  numerical  al¬ 
gorithm  for  solving  this  problem  is  elaborated  on 
the  basis  of  a  method  of  inverse  problem  of  ther¬ 
momechanics. 


1.  Formulation  of  the  problem 

Let  a  non-stationary  temperature  field  in  an  iso¬ 
tropic  piecewise-homogeneous  body  satisfies  the 
heat  conductivity  equation 


k<  p  <\  T  >  0  7  =  1,2,3 
and  the  boundary  and  initial  conditions 

7(p.O)  =  /(/’)  k^p^l 


(1) 

(2) 

(3) 

(4) 


where  X{T,p)=Z.(T,p)IX^  is  the  non- 
dimensional  heat  conductivity;  c,[T,p)  = 
c''(T,p)lc^  is  the  specific  non-dimensional  heat 

V  '  '  V 

capacity;  A*  (T,p),  c*  (Typ)  are  the  thermal  con¬ 
ductivity  and  the  specific  heat  capacity,  respec¬ 
tively;  Aq,  Cy  are  certain  constants;  p^xiR^y 

t-X^x^IcIrI  are  non-dimensional  coordinate 
and  Fourier  criterion;  x,  r*  are  the  spatial  coordi¬ 
nate  and  time;  k  =  0  for  unbounded  strip  [j  =  O) 
and  continuous  cylinder  [j  -  l)  and  sphere  [j  -  2) ; 
k-RJR2  for  hollow  cylinder  and  sphere; 
H[T)-a[f)R^IX^  (z  =  l,2)  denote  non- 

dimensional  heat  transfer  coefficients; 
a^(T)  (i  =  l,2)  are  heat  transfer  coefficients; 

t,(T^  (z  =  1,2)  are  the  temperatures  of  surround¬ 
ing  mediums. 
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We  consider  a  case  of  elastoplastic  defor¬ 
mation  of  material.  The  relations,  which  describe 
non-isothermic  elastoplastic  processes  of  deforma¬ 
tion  on  trajectories  of  small  curvature  [3],  are  cho¬ 
sen  as  the  governing  equations  of  state.  The  ther¬ 
mal  and  mechanical  characteristics  are  assumed  to 
depend  on  temperature  and  spatial  coordinate.  For 
piecewise-homogeneous  solid  they  are  expressed  be 
means  the  aim  of  asymmetric  step  functions  as  for 
the  whole  body  [4] 

p{T,p)  =  p,{T)+'''Z{pUT)-Pi{T))S_{p-p^) 

l=\ 


where 


5-(x) 


jo  jc  <0 

[l  jc>0 


n  is  a  number  of  layers;  i  denotes  the  i  -th  layer; 
Pi  is  coordinate  of  interface  between  the  i  -th  and 
layer  and  [i+l) -th  layers. 

The  optimization  problem  consists  in  de¬ 
termination  of  such  control  u{r)  (the  temperature 

of  heating  medium  f.(r)on  one  of  boundary  sur¬ 
face),  which  satisfies  the  condition 

|a{T)|^[/(T)  T>0  (5) 

and  the  restriction  on  maximal  value  of  intensity  of 
tangential  stresses 

5^(7)  k<p^\  (6) 

and  provides  heating  of  the  body  from  the  initial 
state  (4)  to  the  final  state 


over  the  minimum  time  r.  =  minr .  Here  U[r)  de¬ 
notes  the  boundary  admitted  value  of  the  control 

function;  intensity  of  tan¬ 


gential  stresses;  s,^  (ij  -  1,2,3)  are  the  stress  de¬ 
viator  components  [3];  S,  denotes  the  boundary 

admitted  value  of  the  intensity  of  tangential 
stresses. 

As  the  restriction  (6)  in  a  method  of  inverse 
problem  of  thermomechanics  we  can  choose  the 
following  restrictions: 

on  maximal  value  of  magnitude  of  accumulated 
plastic  strain 

maxAp  ^ k< p<  1 
p 

on  maximal  temperature  difference 

max  7l(A'^*)'"min  T{p,r,)<ST  k<p<\ 

P  P 

on  gradients  of  temperature  field 

^^<5, (7)  5,(7)>0 
or 

^T{k,T) 

—f^>S,{T)  S,{T)<0 


on  velocity  of  temperature  change 

p 

on  maximal  temperature 

maxT^A^*)^  ^0  TJ,  =  const 

p 

and  etc. 


=  /c,l 


k<  p<\ 


2.  Solution  of  the  probim 


According  to  a  method  of  inverse  problem  of 
thermomechanics  [5],  [6]  the  optimal  (in  the  sense 
of  rapidity)  control  is  equal  to  the  boundary  ad¬ 
mitted  restriction 

«(r)  =  t/(T)  (9) 

or  provides  the  fulfillment  of  equality 

m^S(T)  =  S^{T)  k<p<\  (10) 

Therefore,  the  solution  of  the  optimal  prob¬ 
lem  of  control  by  heating  (l)-(7)  is  constructed  us¬ 
ing  stage  by  stage  algorithm. 

1,  On  the  first  stage  it  is  assumed  that  the 
initial  distribution  of  temperature  field  f[p)  satis¬ 
fies  the  condition  (6),  and  the  direct  problem  of 
thermoplasticity  is  solved  under  condition  (9). 

The  solution  of  the  nonlinear  heat  conductiv¬ 
ity  problem  is  determined  numerically  using  the  fi¬ 
nite-element  method  [7]-[9].  According  to  this 
method  for  finding  unknown  values  of  temperature 
at  discretization  points  77(t)  we  obtain  the  follow¬ 
ing  system 

T,{r  +  AT)+T,{rf 

i=0\  2  j 


=  7;(r4-Ar/2)  /  =  0, (11) 
where  Q  ,  are  the  coefficients  of  matrix  of  the 
heat  capacity  and  heat  conductivity,  respectively; 
Fi  denote  the  right-hand  side  vector  components; 
At  is  the  time  step. 

The  stressed-strained  state  of  a  body  is  de¬ 
termined  from  the  solution  of  thermoelasticity 
problem.  It  is  assumed  that  a  body  is  free  from  ex¬ 
ternal  loads.  The  physical  relations  of  the  above- 
mentioned  theory  of  thermoplasticity  are  as  follow¬ 
ing 

de 

IG  IG^  dT 


dT+de\f'> 


de\p  =  [Fs  dS+  Frd7)sij  i,j  =  1,2,3  (1 2) 

where  and  are  determined  on  the  base  of 
the  instantaneous  thermomechanical  surface 
a  =  /{a  7)  as 


2a  E) 


E,= 


da 

de 


3  r  de  ^  a  dE^ 
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Here  eij  =  Sij  -s^Sy  ,  e\j^  =  are  the  deviator 
components  of  the  total  and  plastic  strains;  Sy , 


are  the  tensor  components  of  the  total  and 


plastic  strains;  =  (^ii +^22 +^33)^^ j 

the  stress  tensor  components;  G  is  the  shear 
modulus;  E  is  the  Young  modulus;  Sij  denotes 


Kronecker  delta;  s  is  the  total  instantaneous 
strain  [3]. 

The  nonlinear  thermoelasticity  problem  is 
linearized  according  to  a  method  of  additional 
strains  [3],  [10].  Therefore,  the  stress-strain  rela¬ 
tions  are  as  follows 


1  +  Vo 


Sij 


'4  + 


3Vn 


\-lVt 


1  +  v^o 
1-2^0 


Sl-Sy 


1,2.3 


(13) 


The  relations  (13)  express  the  Hooke  low  for  iso- 
tropic  homogeneous  solid  with  the  additional 
strains 


£o(l  +  v)^'^ 


1- 


£.(l-2v)J'* 


0  ”^r)^y 


i.y=  1,2,3  (14) 


Here  is  the  thermal  strain;  v  is  Poisson’s  ratio; 
Eq  ,  Vq  are  certain  constants. 

The  additional  strains  (14),  which  character¬ 
ize  deviation  of  equations  (13)  from  Hooke  low, 
take  into  account  the  plastic  deformation  of  mate¬ 
rial  and  dependence  of  mechanical  parameters  on 
temperature. 

The  solution  of  elasticity  problem  for  solids 
under  consideration  can  be  expressed  in  the  ana¬ 
lytical  form  using  relations  (13),  (14). 

Thus,  the  solution  of  thermoplasticity  prob¬ 
lem  is  reduced  to  a  sequence  of  thermoelasticity 
problems  for  isotropic  homogeneous  solid  with 
additional  strains.  The  plastic  strains  are  deter¬ 
mined  using  a  successive  approximation  method 
the  base  of  instanttaneous  thermomechanical  sur¬ 
face  [3]. 

2.  At  the  time  moment  r  =  r^,  when  the 

maximal  value  of  intensity  of  tangential  stresses 
approaches  the  boundary  admitted  restriction  we 
begin  to  solve  the  inverse  thermoplasticity  prob¬ 
lem.  Hence,  it  is  necessary  to  iSnd  the  heat  influ¬ 
ence  -  control  function  u(t)  taking  into  account 
the  given  boundary  admitted  restriction  of  the  in¬ 
tensity  of  tangential  stresses  ^*(7).  For  determin¬ 
ing  the  control  function  a  discrete  analog  of  the 
heat  conductivity  problem  with  unknown  function 
u(t)  is  completted  by  condition  (10).  This  condi¬ 
tion  can  be  written  as  a  relation  depen deding  on 
temperature  and  additional  strains  on  the  base  of 


the  analytical  solution  of  the  direct  problem  of 
thermoplasticity. 

Unknown  distribution  of  the  plastic  strains 
and  control  function  at  the  time  moment  under 
consideration  are  determined  using  a  successive 

/  ( 

approximation  method.  Plastic  strains  U,/  I 


are  chosen  as  initial  approximation  for  plastic 
strains  •  The  initial  approximation  of  the 


additional  strains  is  calculated  by  formula  (14)  and 
the  solution  of  the  expanded  system  (10),  (11)  is 
determined  using  the  iteration  method.  On  the  base 
of  the  obtained  initial  approximation  of  the  con¬ 
trol  ftmction  we  can  find  the  first  approximation  of 
the  plastic  srtains  at  the  given  time  moment  by 
solving  the  direct  problem  of  thermoplasticity. 
Owing  to  formula  (14)  we  can  calculated  a  new 
approximation  of  the  additional  strains  and  find 
the  first  approximation  of  the  control  function  as 
the  solution  of  the  inverse  thermoplasticity  prob¬ 
lem.  The  process  of  successive  approximations  is 
finished  when  the  condition 


is  satisfied.  Here  denote  two  successive 

approximations  of  the  control  function;  is  the 
precision  of  solving  the  control  problem. 

When  the  control  function  u(t)  approaches 

the  boundary  admitted  value  the  control  problem 
is  solved  according  to  the  first  stage  of  the  con¬ 
structed  algorythm.  The  calculations  are  finished 
when  the  final  condition  of  heating  (7)  is  satisfied. 


3.  Numerical  results 

As  an  example  we  consider  the  optimal  (in 
the  sense  of  rapidity)  problem  of  control  by  heat¬ 
ing  two-layer  unbounded  hollow  cylinder.  The  first 
layer  is  made  from  steel  EI-437  and  the  second 
layer  is  made  from  steel  SP-28.  The  physical  and 
mechanical  characteristics  of  materials  are  given  in 
the  work  [1 1].  It  is  assumed  that  the  initial  tem¬ 
perature  is  20  ^  C  and  the  inner  surface  p  =  0.2  of 

the  cylinder  is  heat  insulated.  The  time  distribution 
of  the  temperature  of  heating  medium  on  the  surr 
face  p=l  is  shown  on  Fig.l  by  the  dashed  line  4. 

It  is  assumed  that  7/2=10  and  that  the  conditions 
of  ideal  heat  and  mechanical  contacts  are  fulfilled 
at  the  point  p  =  0.6. 

The  time  distribution  of  maximal  value  of  in¬ 
tensity  of  tangential  stresses,  maximal  and  minimal 
temperatures  are  shown  on  Fig.l  by  the  dashed 
lines  1-3,  respectively.  The  optimal  (in  the  sense  of 
rapidity)  regime  of  change  of  heating  medium 
temperature  is  shown  on  Fig.l  by  continuous  line  4 

under  conditions  [7  =  700  ^  C,  5(7)  =  440  MPa, 
71.  =  190  ^  C.  The  behavior  of  the  maximal  value 
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of  intensity  of  tangential  stresses,  maximum  and 
minimum  temperature  are  shown  on  Fig.  1  by  con¬ 
tinuous  lines  1-3,  It  can  be  seen  from  this  figure  the 
optimal  control  consists  of  three  stages.  At  the  first 
[0,rj]  and  third  [T2,r.]  stages  the  optimal  con¬ 
trol  is  equal  to  boundary  admitted  restriction  and 
at  the  second  stage  [Tj,r2]  provides  the  fulfill¬ 
ment  of  equality  (10). 


Fig.  1.  Distribution  of  the  maximal 
value  of  intensity  of  tangential  stresses 
(1),  maximal  (2)  and  minimal  (3)  tem¬ 
perature  and  optimal  control  (4). 

The  numerical  analysis  shows  that  the  con¬ 
ditions  of  the  ideal  heat  and  mechanical  contact  is 
fulfilled  at  the  point  of  interface  between  layers  in 
the  hollow  cylinder. 

For  estimation  of  plausibihty  of  used  equa¬ 
tions  of  state  the  trajectories  of  deformation  are 
constructed  in  the  two-dimensional  Ilyushin  space 
P]?  [1  U  point  /?=  1.0.  The  trajectory 
of  deformation,  when  the  condition  (10)  is  fulfilled, 
is  shown  in  Fig.  2.  by  continuous  line.  The  dashed 
line  shows  the  trajectory  of  deformation  whith  no 
restriction  on  the  maximal  value  of  intensity  of 
tangential  stresses.  The  point  M  on  Fig.2.  core¬ 
sponds  to  the  time  moment  r  =  Tj  and  points 
and  A^2  correspond  to  moment  of  unloading. 

The  estimation  of  values  of  curvature  radia 
of  constructed  trajectories  shows  that  they  are  tra¬ 
jectories  of  small  curvature.  That  confirms  a  pos- 
sibihty  of  applying  the  relations  of  the  theory  of 
deformation  processes  on  the  trajectories  of  small 
curvature  for  finding  the  strained-stressed  state  of 
the  hollow  cylinder. 


Yi  10^ 


Fig.  2.  Trajectories  of  deformation  at 
the  point  1.0 
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Elastic-plastic  associative  materials  endowed  with  internal  variables  and  obeying  suitable 
thermo-plastic  yielding  laws  are  considered  in  the  hypothesis  that  the  yield  function  is  convex 
(with  respect  to  all  arguments,  including  temperature),  and  that  creep  and  thermal  coupling 
phenomena  are  negligibie.  For  structures  composed  of  the  above  material  and  subjected  to 
thermo-mechanical  load  programs,  the  static  and  kinematic  shakedown  theorem  are  restated. 

Key  Words:  nermoplasticity.  Internal  variables.  Shakedown, 


1.  Introduction 

The  classic  static  and  kinematic  shakedown 
theorems  [1-4]  are  well  known  analytical  tools  to 
characterize  a  spedftc  limit  state  of  elastic-plastic 
(thermally  uncoupled)  structures  subjected  to  thermo- 
mechanical  load  programs.  For  load  programs  below 
the  shakedown  limit  load,  after  a  transient  phase 
during  which  some  limited  plastic  deformations 
occur,  the  structure  responds  elasticaUy  to  the 
following  thermo-mechanical  loads  — ^i.e.  (elastic) 
shakedown  occurs.  The  above  theorems  hold  good 
also  in  the  case  in  which  the  material  yield  stress  is 
temperature  dependent,  provided  that  the  thermal 
effects  on  the  stress  and  on  the  yield  function  are 
taken  into  account  for  every  possible  thermo¬ 
mechanical  load  condition  [5-S].  The  latter 
requirement  has  h^vy  computational  consequences. 
Additionally,  when  the  yield  stress  is  nonlinearly 
related  to  temperature,  the  kinematic  theorem  does 
not  provide  an  upper  bound  statement  for  the 
shakedown  limit  load. 

In  a  recent  paper  [13],  these  authors  have 
addressed  the  above  shakedown  problem  within  the 
framework  of  a  thermo-plasticity  theory  in  the 
hypothesis  that  the  yield  function  is  convex  in  the 
space  of  all  its  arguments  [9,10].  In  the  present  paper 
internal  variables  are  considered  in  order  to  account 
for  the  material  hardening  behaviour.  Associative  and 
thermally  uncoupled  plasticity  is  considered.  The  key 
idea  is  that  entropy  production  is  the  sum  of  two 


contributions,  one  related  to  the  independent  state 
variables,  another  related  to  the  yield  stress  variation 
through  temperature  [10]. 

2.  Thermodynamic  considerations 

Disregarding,  for  simplicity,  heat  propagation 
phenomena,  the  first  thermodynamics  principle  can 
be  written  as  [10]: 

w=a:E  (1) 

where  u  =  is  the  internal  energy  density 

function,  which  depends  on  the  elastic  strain  ,  the 
“reversible”  entropy  7]^  and  the  internal  variables 
also,  a  is  the  stress,  z  the  total  strain  rate.  Denoting 
r  the  absolute  temperature  and  introducing  the 
free  energy  \|/ =  =  K-r(ii-T^),  eqn  (1) 

can  be  rewritten 

T  Ti  =  o:E-\j/-Ti®7’  +  r'n^.  (2) 

The  l.h.  side  of  (2),  in  absence  of  heat  propagation, 
represents  the  entropy  production  rate  which,  by  the 
second  thermo<fynamics  principle,  is  normegative,  i.e. 

r  +  >0  (3) 

which  is  the  relevant  Clausius-Duhem  inequali^. 
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Let  be  assumed  in  the  form 


V  =  Ve  (s*.?’) + (4) 


Substituting  eqn  (4)  into  (3)  and  noting  that 
8.  =8® +8^  gives: 


+  a:zP  +T 


(5) 


Using  classical  arguments,  we  obtain  the  state 
equations  as 


'’’et'-  ”■  ar-  ’‘‘IT 


(5) 


as  well  as  the  dissipation  density  function,  i.e. 

cj:e^+rTi^-X:§^0.  (7) 


3.  Associative  thermo-plasdc  yielding  laws 

The  material  yielding  function  is  assumed  to 
depend  on  the  state  variables  a,  0  and  x,  the 

thermodynamic  forces  related  to  the  plastic  mech¬ 
anism  variables  ),  i.e.  /(a,0,x  )^0, 

where  by  l^pothesis  /  is  smooth  and  convex  with 
respect  to  all  variables,  including  temperature.  The 
thermo-plastic  yielding  laws  are  assumed  as  follows: 


/(a,e,x)^0. 


5  =  -^# 

Sx 


59’ 

iso,  ^/(cr,e,x)=o 


(7a) 

(7b) 


where  X  is  the  consistency  (or  plastic)  coefficient  and 
the  complementarity  conditions  (7b)  account  for  the 
loading/onloading  rule.  Equations  (7a,b)  conq>ly  with 
the  general  normality  rule  to  the  yield  surface  f=0  in 
the  (0,6,  x) -space. 

Due  to  the  convexity  of/  the  inequality 

(o-o):8^+(e-e)fi^-(x-x):4s:0  (8) 


The  equality  sign  holds  in  eqn  (8)  it  and  only  it 
either  =  0 ,  f|^  =  0,  ^  =  0  (in  which  case, 
a,0andx  may  be  different  from  a,  0andx),  or 
a  =  a,  0  =  0,  X  =  X  (m  which  case  may 

be  different  from  zero).  Equation  ($)  is  equivalent  to  a 
statement  of  maximum  thermoplastic  dissipation, 
which  is  the  thermoplastic  equivalent  of  Hill-Drucker 
[1,2]  inequality.  Thus,  we  can  write  (dropping  the 
upper  bars): 


subjectto:  /(or,0,x)^O 


(9) 


where  T  =  To  +  0  and  To  =  ambient  absolute 
temperature.  The  maximization  problem  (9) 
represents  the  maximum  plastic  dissipation  theorem 
for  the  considered  material.  The  Kuhn-Tucker 
conditions  of  problem  (9)  coincide  with  eqns.  (7a,b). 


4.  The  structural  shakedown  problem 

A  structure  composed  of  the  above  material  is 
subjected  to  thermo-mechanical  loadings  which  vary 
in  time  in  a  quasi-static manner  and  depends  on  a  set 
of  independent  parameters,  say  P  =  (P^  ,  P®),  P^  for 
mechanical  loads,  P®  for  thermal  loads.  P^  and  P®  are 
allowed  to  vary  arbitrarily  within  the  (closed) 
domains  and  n®,  which  are  assumed  as  polyedra 
of,  respectively,  m\  and  m®  vertices.  Thus  P  vary 
within  n  =  X  n®,  with  /n-  nf'  •  m®  vertices.  The 
vectors  Pjt,  A:  e/(m)s  {l,2,..,»i},  specifying  the 

positions  of  these  vectors,  are  referred  to  as  the  basic 
thermo-mechanical  loads.  Any  P  inside  11  can  be 
represented  as  [12, 13]: 


it=l 


(10) 


where  the  ys  coefficients  must  satisfy  the  admissibility 
conditions: 


m 

Yi  so,  for  all  *€/(«),  (11) 

jfc=i 


holds  for  any  sets  (o,6,x)  and  ) 

corresponding  to  each  other  through  the  constitutive 
equations  (7a,b),  as  well  as  for  any  plastically 
admissible  set  (®,0,x) ,  i-C.  such  that  f(o,'§,x)  <  0. 


On  letting  the  ys  vary  in  all  possible  ways,  P  describes 
n  entirely;  also  taking  the  ys  as  functions  of  r  >  0,  but 
conq>lying  with  (1 1)  for  all  t,  a  load  path  P(r)  inside 
n  is  obtained  (Admissible  Load  History,  ALH). 


i 


I 
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Equation  (10)  implies  that  the  thermo-elastic  stress 
response  and  the  temperature  corresponding  to  P  = 
(P^ ,  P^ell  can  be  represented  as 

m 

*=1 

m 

k^\ 

where  af(x)  and  G^^Cx)  denote  the  analogous  fields 
corresponding  to  basic  load  Pj^,  €  /(w). 

In  the  following  the  static  and  kineinatic  theorems 
are  phrased  in  a  time-discrete  form,  in  which  only  the 
basic  thermo-mechanical  loads  are  considered.  This  is 
possible  due  to  the  coixvexi^  of  f. 


4.1  STATIC  SHAKEDOWN  THEOREM 


Assuming  a  linear  elastic  material  behaviour,  it  is 

=  e  -  ^  (16a) 

(x-%):§  =  -|■{vm(?)- Vm(f)-X:(§ "I)};  (!«>) 

and  thus,  with  an  integration  over  V,  eqn  (15)  gives 

-ii  (17) 

+  V  to  (5)  -  V  (» (5)  -  x:(§  - 1)]^ 


Since  the  first  .integral  on  the  r.h.  side  of  (17) 
vanishes  by  the  virtual  work  principle  and  since 
J  ^  0  Ity  eqn  (15),  follows 


A  necessary  and  sufficient  condition  in  order  that 
(ela^c)  shakedown  occurs  in  an  elastic-thermo- 
plastic  structure  subjected  to  thermo-mechanical  loads 
variable  in  a  (convex)  polyedial  domain  El  with  basic 
loads  Pjt,  it  €/(»?),  is  that  there  exist  a  time 
independent  stress  field,  a ,  and  a  time-independent 
static  internal  variable  field,  %> 

(Cjt  =<5f(x)+5,  Gjt,  x)  ^  plastically  admissible 
for  all  Jc  e  I(m)  everywhere  in  K  i  e. 

/(a^,e^,Xjt)  ^0,  in  F,  an  k  el(my  (13) 

The  procedure  is  similar  to  that  of  classic 
shakedown  theory.  The  necessity  part  of  the  theorem 
is  skipped  being  self-evident  and  we  consider  the 
sufficiency  part  only.  Assume  that  eqn  (13)  be 
satisfied  with  some  a ,  and  x  *  Let  be 

any  ALH  and  let  the  related  elastic  stress  response 
and  temperature  distributions  be  expressed  as  in  eqns 
(I2a,b).  Due  to  the  convexity  of /. 

m 

/(<r®'+a,9,x)S^yfc/(6*,et,Xifc)^0  mV 


(18) 

+  ¥<„(§) -Vi„(5)-x:(|-l)p^0 

Considered  that  the  above  integral  is  positive  definite 
and  that  therefore  its  value  cannot  become  native 
during  the  deformation  process  produced  by  the 
considered  ALH,  there  must  exist  some  time  t*  such 
that  for  Vr ^  r*  it  is  J  =  0,  i.e.  eqn  (15)  is  satisfied 
as  an  equality,  and  as  consequence 

vanishes  at  all  t^t* .  That  is,  shakedown  occurs. 
QED. 

Let  Pj^  denote  some  reference  thermomechanical 
load  with  related  temperature  0^^  and  let  af  be  the 
corresponding  elastic  stress  response.  It  can  be  easily 
shown  that,  if  the  sets  ~  ^ 

satisfy  eqn  (13)  with  some  a,  x»  then 
p*  being  the  relevant  shakedown  limit  load. 

4.2  KINEMATIC  SHAKEDOWN  THEOREM 


Thus,  denoting  ly  a,  e,  *n , ....  the  actual  response  to 
the  considered  ALH,  by  eqn  (8)  and  setting 
a  =<y^+a,onehas 

“(x-x)‘5^0.  Vf^O  (15) 


A  necessary  and  sufficient  condition  in  order  that 
elastic  shakedown  occurs  in  an  elastic-thermo-plastic 
structure  subjected  to  thermo-mechanical  loads 
variable  within  a  convex  polyedral  domain  n  with 
basic  loads  Pjt,  k  e  I(m)  is  that  the  inequalify 
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-cf:e^-e*il^JdFSO 

is  satisfied  for  aibitraiy  choices  of  (noninstantaneous) 
mechanisms with  u  =  0 onS^  c  , 

and  of  thermoplastic  strain  path  such  that 

m  m  m 

Z-if-n'.  “>'■ 

JNI  k^l 

(19) 

The  proof,  siiiiilar  to  that  presented  in  [12,13],  is 
not  reported  here  for  lack  of  space.  It  can  be  shown 
that  eqn.  (19)  written  for  of  =  P*  of  ,and 
ejfc=P*e*  gives; 


s  1 

- • 


(21) 


k^\ 


which  is  an  upper  bound  to  p*. 


5*  Conclusions 

This  paper  provide  an  improved  formulation  of 
shakedown  theoiy  for  thermo^mechanical  processes 
with  temperature-dependent  yield  stress.  Thermal 
coupling  and  creep  phenomena  have  been  ignored, 
but  they  perhaps  need  to  be  considered  in  a  refined 
theoiy,  which  is  the  object  of  an  ongoing  research 
work. 
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Modelling  of  Transformation  Induced  Plasticity 
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The  main  objective  of  this  paper  is  to  give  a  description  of  the  recent  developments  approach 
to  the  analysis  of  the  Transformation  Induced  Plasticity  (TIP)  phenomenon.  Both  experimental  and 
modelling  aspects  are  reviewed.  For  the  experimental  one,  the  main  parameters  associated  with  TIP 
evolution  are  collected  from  a  literature  citations.  A  number  of  phenomenological  and  theoretical 
models  are  then  considered  in  order  to  see  if  the  chosen  experimentally  observed  phenomena  are  well 
described.  This  work  shows  that  these  phenomena  are  not  yet  completely  taken  into  account  by  the 
tested  models.  The  phenomenological  model  presented  by  Videau  et  al.  seems  to  be  the  one  which  is 
able  to  take  into  account  the  largest  number  of  the  observed  effects.  Unfortunately,  this  fact  remains 
today  mainly  qualitative  because  up  to  now  (to  the  best  of  our  knowledge)  no  complete  experimental 
identification  of  the  model  parameters  has  so  far  been  made. 

Key  Words :  Fe-C  Alloys,  Phase  Transformation,  Transformation  Plasticity,  Residual  Stresses. 


1.  Introduction 

Welding  process  of  Fe-C  alloys  usually  leads 
to  the  creation  of  a  particular  region  called  Heat 
Affected  Zone  (HAZ).  The  HAZ  is  the  part  of  the 
material  where  the  temperature  remains  below  the 
melting  point  but  sufficient  to  enable  some  structural 
transformations.  If  these  transformations  occur 
without  external  applied  stress,  normally  no  change  of 
geometry  is  observed  (except  for  the  cases  where  the 
Fe-C  alloy  includes  some  segregations  responsible  of 
an  effect  of  anisotropy  which  will  hzvc  some 
macroscopic  consequences).  Otherwise,  if  the 
transformation  occurs  under  an  external  applied  stress, 
an  irreversible  deformation  is  observed  even  if  the 
applied  stress  is  significantly  less  tiian  the  yield  stress 
of  the  weaker  phase.  This  kind  of  irreversible 
deformation  is  called  Transformation  Induced 
Plasticity  (TIP).  The  geometrical  variation  induced  by 
this  phenomenon  has  a  significant  part  in  the  creation 
of  the  residual  stresses  in  the  material.  It  is  therefore 
necessary  to  know  accurately  the  importance  of  the 
latter  after  a  welding  process.  The  main  goal  of  this 
paper  is  to  give  a  description  of  the  recent 
developments  approach  to  the  analysis  of  the  TIP 
phenomenon.  For  this  objective  both  experimental  and 
modelling  aspects  are  reviewed.  In  the  second  part  of 
this  paper  some  experimentally  observed  phenomena 
related  to  the  TIP  evolution  are  briefly  described.  The 
third  part  is  devoted  to  a  short  presentation  of  the 
main  constitutive  equations  of  the  chosen  models 
followed  by  some  comments  related  to  the  ability  of 
these  models  to  describe  the  considered  phenomena. 


2.  Experimentally  observed  phenomena 

The  main  experimentally  observed  phenomena 
collected  from  the  literature  citations  are  related  to  the 
TIP  evolution  versus  the  applied  loading 
characteristics  and  the  strain  hardening  state  of  the 
coexisting  phases.  These  phenomena  may  be 
classified  as  follows : 

(a)  Level  of  the  applied  stress  influence  :  the 
influence  of  the  level  of  the  applied  stress  on  the  final 
value  (at  the  end  of  the  transformation)  of  TIP  has 
been  studied  by  many  authors  [1]“[3].  The  different 
obtained  results  seem  agree  with  the  fact  that  the  final 
value  of  TIP  is  proportional  to  the  applied  stress 
(which  remains  constant)  up  to  a  certain  fi:action  of 
the  yield  stress.  According  to  [3],  this  fraction  is  about 
1/2  for  an  applied  tension  or  a  combination  of  a 
tension  and  torsion  and  about  2/3  for  an  applied 
con^ression  or  a  combination  of  a  compression  and  a 
torsion. 


20  40  60  80  100  120  140  160 

Equivalent  stress  {MPa) 


Figure  1 :  TIP  under  various  stress  state  [3] 

(b)  Direction  of  the  applied  stress  effect  :  TIP 
evolution  depend  on  the  direction  of  the  applied 
stress.  At  the  end  of  a  transformation,  it  seems  that  the 
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TIP  absolute  value  is  maximum  for  the  tension  and 
minimum  for  the  compression  [3]  (see  figure  1). 

(c)  Interaction  between  classical  plasticity  and  TIP  : 
there  exists  an  interaction  between  the  classical 
plasticity  and  TIP.  In  fact,  it  was  shown  [3]  that  die 
TIP  evolution  depends  on  the  hardening  state  of  die 
mother  phase. 

(d)  Direction  of  TIP  flow  :  some  eiqperimental  results 
given  in  [3]  show  that  TIP  increment  is  colinear  to  the 
deviator  of  the  effective  stress  instead  of  the  stress 
itself.  The  effective  stress  is  equal  to  the  difference 
between  the  applied  stress  and  the  internal  one.  It  was 
established  that  the  latter  has  two  components  related 
respectively  to  the  classical  plasticity  and  TIP. 


3.  Considered  Models.  Comments 


Comments : 

‘phenomenon  (a)  :  not  completely  taken  into  account 
because  the  model  supposes  a  full  proportionality 
between  the  fmal  value  of  TIP  and  the  applied  stress. 
‘phenomenon  (b)  :  not  taken  into  account  because  for 
the  same  absolute  value  of  the  applied  stress,  whatever 
its  direction,  the  model  forecasts  the  same  TIP  value. 
‘Phenomenon  (c)  :  not  taken  into  account  because  no 
interaction  between  TIP  and  classical  plasticity  is 
considered. 

‘phenomenon  (d)  :  not  taken  into  account  because  the 
TP  flow  is  assumed  to  be  colinear  to  the  stress  itself 
instead  of  the  deviator  of  the  effective  stress. 

3.1.2  The  Model  Proposed  by  Abr assart.  This  model 
gives  the  TP  evolution  during  the  transformation.  The 
proposed  expression  is  as  follows  : 


TP  is  the  plastic  flow  observed  during  the 
progress  of  a  phase  transformation  under  a  moderate 
(less  than  the  yield  stress  of  the  weaker  phase)  applied 
stress.  This  phenomenon  is  generally  explained  by 
two  physical  mechanisms  :  the  first  one  [1]  attributes 
TP  to  the  microscopic  plasticity  generated  in  the 
weaker  phase  (oriented  by  the  applied  stress)  by  the 
difference  of  specific  volumes  between  the  coexisting 
phases.  This  mechanism  is  related  essentially  to 
difiusional  transformations  (including  bainitic  one). 
The  second  mechanism  [9]  is  related  to  martensitic 
transformation,  it  attributes  the  TP  phenomenon  to 
the  fact  that  imder  an  external  loading,  the  martensite 
plates  are  formed  with  a  preferred  orientation.  In  this 
paper  only  models  based  on  the  first  mechanism  will 
be  considered. 

For  each  considered  model,  the  main 
constitutive  equations  are  briefly  presented  followed 
by  some  comments  related  to  their  ability  to  describe 
the  experimentally  observed  phenomena  presented  in 
the  second  part  of  this  paper. 


s^'  = 


3^^ 
4a^  V 


2  ^ 
(z — z^) 
3 


where : 


(2) 


is  the  transformation  induced  plasticity, 
a  is  the  applied  stress, 
is  the  yield  stress  of  the  weaker  phase, 

AV/V  is  the  relative  variation  of  the  volume  during  the 
transformation, 

z  is  ±e  proportion  of  the  new  phase  (0<2<1). 


C,munents  :  the  same  qualitative  comments  that  the 
previous  model  could  be  made  for  this  one. 
Quantitatively,  at  the  end  of  the  transformation  (2=1), 
this  model  predicts  a  value  less  than  the  third  of  the 
one  given  by  the  Greenwood  and  Johnson  model. 


3.1.3  The  Model  Proposed  by  Lehlond.  This  model  is 
more  recent,  it  gives  the  TP  evolution  during  the 
transformation.  The  proposed  expressions  considering 
ideal-plastic  phases  are  as  follows  : 


3.1  THEORETICAL  MODELS 

3.1.1  The  Model  Proposed  by  Greenwood  and 
Johnson.  This  model  doesn’t  give  the  evolution  of  TIP 
during  transformation,  it  only  allows  to  have  the  final 
value  of  TP  (at  the  end  of  a  transformation)  by  the 
following  equation : 


^  5  g  AF 
"6<J,  V 


where : 


(1) 


is  Transformation  Induced  Plasticity  (TP), 
o  is  the  applied  stress, 

Cy  is  the  yield  stress  of  the  weaker  phase, 

LV/V  is  the  relative  variation  of  volume  during 
transformation. 
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where : 
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l+3.5(— -i) 


(3) 


(4) 


is  tile  difference  of  thermal  deformation 

between  the  mother  and  the  daughter  phases 
(=AV/3V). 

o/is  the  yield  stress  of  the  weaker  phase, 

S  is  the  deviator  of  the  stress  tensor. 
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G  is  the  equivalent  applied  stress  (V on  Mises), 
G^  is  the  yield  stress  of  the  mixture, 


is  a  function  which  takes  into  account  the 


influence  of  the  ratio  :  equivalent  applied  stress  over 
the  yield  stress  of  the  mixture, 

Z  is  the  proportion  of  the  new  phase. 


For  the  case  where  a  linear  isotropic  hardening 
is  considered,  a/  will  depend  on  the  effective  plastic 
strain.  If  a  linear  kinematic  hardening  is  considered,  S 
will  be  replaced  by  (SrA)  where  Aj  is  the  internal 
stress  due  to  the  TIP  evolution  [7]. 


Comments : 

-  phenomenon  (a)  :  qualitatively  taken  into  account  by 
the  function 

-  phenomenon  (b)  :  not  taken  into  account  because  the 
equivalent  applied  stress  is  given  by  the  isotropic 
criterion  of  Von  Mises. 

-  phenomenon  (c)  :  not  taken  into  account  because  no 
interaction  between  TIP  and  classical  plasticity  is 
considered.  The  internal  stress  tensor  induced  for 
the  kinematic  hardening  case  is  only  due  to  the  TIP 
evolution. 

-  phenomenon  (d)  :  taken  into  account  when  kinematic 
strain  hardening  is  considered.  In  fact  in  the  latter 
case,  the  direction  of  TIP  flow  is  assumed  to  be  the 
one  of  the  deviator  of  the  effective  stress. 


3.2  PHENOMENOLOGICAL  MODELS 
3.2.1  The  Model  Proposed  by  Desalos.  Considering 
the  results  of  some  TIP  experiments,  Desalos  [2]  has 
established  a  relation  between  the  TIP  evolution,  tihe 
proportion  of  the  new  phase  and  the  uniaxial  applied 
stress,  the  proposed  expression  is  as  follows : 

S’^=K.U.f(z)  (5) 

where : 

K  is  a  parameter  depending  on  the  transformation  and 
on  the  material, 

f(z)  is  a  function  of  the  proportion  of  the  new  phase, 
for  the  considered  test  this  function  is  equal  to  (2-z)z 
(f(0)=0andf(l)=l). 

A  generalization  of  the  above  equation  for  the 
multiaxial  cases  in  addition  to  the  ones  where  the 
stress  is  not  constant  was  later  proposed  by  Leblond 
[8]: 


i;=k.s,.^z).z  (, 

where : 

Z  is  the  rate  of  the  new  phase, 

is  the  ij  component  of  the  TIP  rate  tensor  (s  ^), 


5  is  the  ij  component  of  the  deviator  tensor  {S\ 
g(z)  is  a  function  of  the  new  phase  proportion  (  ^). 


Comments : 

-  phenomenon  (a)  :  not  completely  taken  into  account 
because  the  model  supposes  a  full  proportionality 
between  the  final  value  of  TIP  and  the  deviator  of  the 
applied  stress. 

-  phenomenon  (b)  :  not  described  because  the 
equivalent  applied  stress  is  given  by  the  isotropic 
criterion  of  Von  Mises. 

-  phenomenon  (c)  :  not  taken  into  account  because  no 
interaction  between  TIP  and  classical  plasticity  is 
considered.  In  addition  no  internal  stress  whatever  its 
origin  is  considered. 

-  phenomenon  (d)  :  not  considered  because  the 
direction  of  TIP  flow  is  assumed  to  be  the  one  of  the 
stress  deviator. 

3.2.2  The  Model  Proposed  by  Videau  &  ah.  This 
model  is  the  more  recent  of  all.  The  evolution  of  the 
TIP  rate  is  given  by : 

r=(i;A:,z,(i,)](s-x')  (7) 

For  dififusional  transformations,  the  above  equation  is 
sli^dy  modified  as  follows  : 

where : 

{X)^XsiX>^  et  {X)-^QsiX<Q 
i  and  j  mean :  transformation,  phase  i  phase  j, 

Zj  is  the  proportion  of  phase  i, 

5  is  the  stress  deviator  tensor, 

X  is  tihe  internal  stress  tensor,  it  includes  the  effect  of 
the  interaction  between  TIP  and  classical  plasticity, 
the  sum  =  replaces  2k(i—z)z 

in  the  equation  (6).  In  the  presence  of  only  two 
phases,  K’"  =  ■  Th\i&  K"' 

allows  to  take  into  account  the  direction  of  die 
transformation  (i->j  or  j“>i)  because  it  is 
experimentally  observed  that  Kj,  is  different  of  K,,. 

Comments : 

-  phenomenon  (a)  :  not  completely  taken  into  account 
because  the  value  of  TIP  at  the  end  of  a 
transformation  is  assumed  to  be  fully  proportional  to 
the  effective  applied  stress. 

-  phenomenon  (b)  :  not  described  because  the 
equivalent  applied  effective  stress  is  given  by  the 
isotropic  criterion  of  Von  Mises. 

-  phenomenon  (c)  :  qualitatively  expressed  because  the 
considered  internal  stress  tensor  X  should  include  a 
classical  plasticity  effect. 
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-  phenomenon  (d)  :  expressed  because  the  direction  of  new  phase.  That  definition  seems  not  sufficient  when 

TIP  flow  is  assiuned  to  be  the  one  of  the  effective  more  than  one  phase  transformation  occur.  In  our 

stress  deviator.  opinion  the  forecasts  will  be  better  if  2  is  taken  as  the 

sum  of  the  proportions  of  the  new  phases  which  are 
formed  under  the  external  applied  load. 

4.  Conclusion 


Table  1  summarizes  the  conclusions 
concerning  the  ability  of  the  considered  models  to 
take  into  account  the  selected  experimentally  observed 
phenomena.  The  first  column  contains  the  selected 
models  and  the  first  line  refers  to  the  considered 
phenomena,  y  and  n  mean  respectively  that  the  model 
take  into  account  or  not  the  chosen  phenomenon. 
When  both  y  and  n  are  present  the  considered  model 
take  partly  into  accoxmt  the  chosen  phenomenon. 


Table  1  ability  of  considered  models  to  describe 
experimentally  observed  phenomena  (a),  (b),  (c)  and 

(d).  _ 


(a) 

(c) 

w 

Greenwood  &  Johnson 

y,n 

n 

n 

n 

Abrassart 

y,n 

n 

n 

n 

Leblond 

y 

n 

n 

y 

Desalos 

y,n 

n 

n 

n 

Videau  et  al. 

y^n 

n 

_L_ 

_JL- 

This  table  shows  that  the  chosen  experimentally 
observed  phenomena  are  not  yet  completely  taken  into 
accoimt  by  the  tested  models.  The  phenomenological 
model  presented  by  Videau  et  al.  seems  to  be  the  one 
which  is  able  to  take  into  account  the  largest  number 
of  the  observed  effects.  Unfortunately,  that  remains 
today  mainly  qualitative  because  to  the  best  of  our 
knowledge  no  complete  experimental  identification  of 
the  model  parameters  has  so  far  been  made.  Moreover 
in  a  welding  process  thennal  gradients  create  some 
opposite  thermal  stresses  for  which  the  TIP  evolution 
is  not  necessary  the  same  (phenomenon  (b)),  this  fact 
is  not  taken  into  account  by  this  model  and  then  the 
forecasts  could  be  different  firom  the  reality. 

The  models  proposed  by  Greenwood  and  Johnson  and 
Abrassart  cannot  be  used  to  predict  the  consequences 
of  a  welding  process  because,  the  first  one  only  gives 
the  value  of  TIP  at  the  end  of  a  phase  transformation 
under  a  constant  loading  and  the  second  one  largely 
underestimates  the  TIP  evolution. 

The  model  proposed  by  Leblond  is  more  general,  it  is 
normally  applicable  to  predict  TIP  in  a  welding 
process.  Quantitatively  the  forecasts  could  be  different 
fi-om  the  reality  if  (b)  and  (c)  phenomena  are 
significant.  This  model  being  essentially  theoretical, 
more  experimental  results  are  necessary  to  its 
validation. 

The  tested  models,  except  the  one  proposed  by  Videau 
et  al.,  are  established  taking  into  account  only  one 
transformation,  the  variable  z  present  in  the  proposed 
expressions  is  then  defined  as  the  proportion  of  the 
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Temperature  Field  and  Welding  Residual  Stresses  in  an 
Underwater  Plasma-MIG  Welded  Single-Butt  Weld 

L.  Lindhorst  and  O.  Mahrenholtz 

Offshore  Section  II,  TU  Hamburg-Harburg,  D-21071  Hamburg,  GERMANY 

The  influence  of  the  water  contact  on  underwater  Piasma-MIG  welding  is  regarded.  An  exam¬ 
ple  of  a  rectangtxlar  plate  with  a  single-butt  weld  is  presented.  The  transient  temperature  field  and 
the  welding  residual  stresses  are  calculated  using  the  finite  element  method  (FEM).  The  results  of 
the  wet  underwater  welding  process  are  compared  to  those  of  the  dry  welding  process. 

Key  Words:  Underwater  Welding,  Finite  Element  Method,  Welding  Residual  Stresses 


1.  Introduction 

Underwater  welding  is  an  important  part  of 
building  and  maintaining  ships,  oil  rigs,  and  other 
off-shore  equipment.  Scuba  divers  with  this  skill 
have  used  arc  welders  to  repair  metal  failures  in 
all  types  of  situations.  Industry  is  still  finding  dif¬ 
ferent  areas  where  underwater  welding  is  needed. 
Nuclear  power  has  been  identified  as  one  of  these 
areas.  The  pools  of  water  which  house  spent  ura¬ 
nium  rods  need  constant  maintenance  to  meet  the 
rigorous  standards  of  the  industry.  Automation  is 
required  to  carry  out  repairs  in  such  pools  and  the 
quality  of  the  welds  must  be  high. 

Welding  under  water  causes  the  material  in 
the  weld  and  in  the  region  surrounding  the  weld 
to  cool  very  rapidly.  The  quality  of  a  weld  is  made 
up  of  several  factors.  Two  such  factors  are  the  mi¬ 
crostructure  and  the  residual  stresses  in  the  welded 
structure.  Both  of  these  factors  are  affected  adver¬ 
sely  by  a  high  cooling  rate,  which  is  not  suited  to 
applications  requiring  ductility.  Fast  cooling  causes 
the  metal  to  contract  quickly.  This  often  leads  to 
regions  of  high  stress  in  the  weld.  Cracking  can  be 
seen  in  these  welds.  As  a  result,  the  fracture  me¬ 
chanics  of  underwater  welds  are  an  area  of  concern 
(Lindhorst  &  Mahrenholtz  [1]). 

2.  Theory 

2.1  PLASMA-MIG  WELDING 

There  are  two  components  that  make  up  the 
simulated  welding  process.  These  two  components 
are  the  Plasma  axe  and  the  MIG  arc  as  shown  in 
Fig.  1  (Hamann  [2]).  Both  belong  to  the  ‘Direct 
Light’  processes.  The  Plasma-MIG  technique  works 
using  a  mechanically  fed  fusible  metal  electrode. 
The  heat  is  created  by  the  discharge  of  electrical 
energy  when  the  positive  and  negative  electrodes 
come  in  contact  with  each  other.  The  positive  elec¬ 
trode  is  the  weld  wire,  which  is  fed  at  constant  velo¬ 


city  to  the  welding  head  as  the  weld  progresses. 
The  ground,  or  negative  electrode,  is  the  weld  spe¬ 
cimen.  The  heat  released  ffom  both  the  Plasma  arc 
and  the  MIG  arc  melt  the  weld  wire  as  well  as 
the  base  metal.  The  MIG  axe  is  surrounded  by  a 
region  of  hot  inert  gases.  These  gases  protect  the 


weld  from  the  atmosphere,  in  water  and  in  the  air. 
There  is  heat  transfer  to  these  gases,  which  is  heat 
loss.  This  is  accounted  for  by  the  efficiency  of  the 
welder.  The  efficiency  of  the  welder  is  improved  by 
trapping  inert  gases  between  the  MIG  arc  and  the 
Plasma  arc.  The  Plasma  gas  is  ionized  which  impro¬ 
ves  conductivity  between  the  two  electrodes.  This 
stablizes  the  Plasma  arc,  which  in  turn  creates  a 
weld  that  transfers  material  to  the  weld  specimen 
without  splattering.  A  schematic  of  the  process  is 
shown  in  Figure  1. 

The  Plasma-MIG  welder  simulation  that  is 
used  in  this  simulation  was  developed  by  Ha¬ 
mann  [2].  The  heat  flux  by  the  arcs  is  approximated 
by  a  hemispherical  (MIG  arc)  and  a  two-dimensio- 
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nai  (Plasma  arc)  power  distribution.  The  two  pro¬ 
cesses  axe  mathematically  simulated  by  superim¬ 
posing  the  power  density  function  of  the  MIG  arc 
with  the  power  density  function  of  the  Plasma  arc. 
This  generates  a  three-dimensional  power  density 
distribution  for  the  combined  arcs. 

2.2  HEAT  TRANSFER  TO  WATER 

The  water  contact  influences  mainly  the  tem¬ 
perature  distribution  inside  the  welded  body  in 
case  of  wet  underwater  welding.  Hamann  &  Mah- 
renholtz  [3]  have  investigated  the  influence  of 
the  water  contact  on  the  temperature  field.  They 
have  developed  a  model  for  the  calculation  of  the 
surface-heat-transfer  coefficient,  which  takes  into 
account  the  material  effects,  the  orientation  of  the 
surface  and  the  influence  of  undercooled  boiling. 
The  march  of  the  surface-heat-transfer  coefficient 
for  the  top  and  the  bottom  side  of  a  horizontally 
orientated  plate  is  shown  in  Fig.  2  (Hamann  [2]). 


2.3  TEMPERATURE  CALCULATION 

The  calculation  of  the  instationary  tempera¬ 
ture  field  is  separated  into  the  problems  of  heat 
conduction,  heat  transfer  to  environment  and  si¬ 
mulation  of  welding  process.  The  heat  conduction 
problem  is  solved  numerically  because  of  the  non¬ 
linear,  temperature-dependent  material  properties. 
The  internal  energy  accumulated  by  the  deforma¬ 
tion  of  the  body  is  negligibly  small  (Banas  et  al  [4]) 
for  the  heat  conduction  problem  of  a  conventional 
arc  welding  process.  The  balance  of  the  internal 
energy  for  such  a  process  is  described  by  the  Fou¬ 
rier  heat  conduction  equation.  The  time  integration 
is  performed  by  using  the  unconditionally  stable 
Dupont  H  scheme  (Hogge  [5]). 

2.4  RESIDUAL  STRESS  CALCULATION 

The  welding  residual  stresses  are  caused  by 
two  physical  mechanisms:  the  inhomogeneous  vo¬ 
lume  change  and  the  phase  transformation.  The 
first  one  arises  from  local  heating  and  cooling, 
which  leads  to  elastic- viscoplastic  deformations. 


The  second  leads  to  local  volume  changes  and 
transformation  stresses.  Both  types  of  stresses  are 
equivalent  from  the  mechanical  point  of  view  (Wu 
&  Carisson  [6]). 

The  thermal  loads  due  to  heat  input  by  the  mo¬ 
ving  arcs  are  gradually  applied  in  the  FE  analysis 
in  order  to  determine  the  elastic  or  plastic  strains. 
The  total  strain  increment  is  given  by  the  sum  of 
the  elastic,  the  plastic,  the  creep,  the  thermal  and 
the  strain  increment  due  to  phase  transformation. 

The  creep  strain  increment  is  not  considered 
due  to  the  high  cooling  rate  in  case  of  wet  underwa¬ 
ter  welding.  The  calculation  of  the  strain  increment 
due  to  phase  transformation  demands  a  coupled 
thermo-mechanical-metallurgical  model  of  welding. 
It  is  very  important  to  consider  the  temperature 
dependent  material  properties  as  correctly  as  pos¬ 
sible  working  with  such  a  model.  So  far,  there  is 
insufficient  information  on  the  temperature  depen¬ 
dent  material  properties  of  low  carbon  steels  in  the 
temperature  range  above  1000  ^C.  For  this  reason, 
the  strain  increment  due  to  phase  transformation  is 
not  calculated  but  the  effects  of  the  transformation 
induced  plasticity  and  the  transformation  induced 
volume  change  are  considered  in  a  simplified  way. 
The  transformation  plasticity  is  approximated  by 
elastic/ideal-plastic  material  behaviour  between 
300  and  400  as  stated  by  Argyxis  Mlej- 
nek  [7]  and  Goldak  [8] .  The  transformation  volume 
change  is  approximated  by  an  artificial  reduction  of 
the  thermal  expansion  coefficient  in  the  transition 
temperature  range  (Goldak  [8]). 

3.  Weld  specimen 

The  geometry  of  the  specimen  is  idealized  to 
show  a  section  of  a  V-joint  weld  100  mm  in  length 
(Fig.  3).  Since  the  V-joint  is  symmetrical,  only  half 


Fig.3,  Geometry  of  the  weld  specimen. 


of  the  weld  is  FE  modeled  (Fig.  4) ,  saving  processor 
time  and  making  the  simulation  faster.  The  speci¬ 
men  is  150  mm  in  width  and  20  mm  thick.  The  weld 
is  rounded  at  the  top  and  the  bottom.  The  top  of 
the  rounded  weld  reaches  3.5  mm  above  the  top  sur¬ 
face  of  the  plate.  The  bottom  of  the  weld  reaches 
1  mm  below  the  bottom  surface  of  the  plate.  The 
two  parts  to  be  welded  do  not  touch.  The  distance 
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between  the  plates  at  the  top  surface  is  20  mm 
while  at  the  bottom  surface  is  5  mm.  This  forms 
the  V  for  the  weld  metal  to  fill. 

The  specimen  is  oriented  horizontally  in  the 
water  with  negligible  pressure  effects.  The  top  of 
the  plate  lies  paxallel  with  the  surface  of  the  water. 
The  specimen  is  divided  into  2550  elements  with 
3276  nodes.  The  element  type  used  is  classified  as 
an  8  node  brick  element  (Fig.  4).  The  welding  pro- 


dry  weld 


Fig.5.  Temperature  field  (time  t=32  s). 


Fig.4.  FE-discretization  of  the  weld  specimen. 


cess  of  laying  molten  metal  onto  a  plate  is  simula¬ 
ted  with  a  feature  of  the  FE  program  ANS  YS  called 
‘birth  and  death’.  The  elements  of  the  filler  mate¬ 
rial  have  already  been  defined  and  created  as  a  part 
of  the  geometry  of  the  specimen,  but  to  start  the 
simulation,  all  these  elements  are  defined  as  having 
a  stifiEness  of  10“^.  The  elements  are  brought  to  life 
according  to  the  position  of  the  welding  torch  by 
giving  them  their  proper  value  of  stiffiiess. 

The  material  used  in  this  simulation  is  the 
StE  355  off-shore  steel.  The  temperature  depen¬ 
dent  material  properties  of  this  steel  are  taken  from 
Lindhorst  et  al  [9]. 

4.  Results 

4.1  TEMPERATURE  FIELD 

Fig.  5  shows  the  temperature  field  at  the  time 
of  32  s  after  the  beginning  of  the  welding  process.  A 
comparison  of  the  temperature  field  for  the  dry  and 
the  wet  weld  is  presented.  One  half  of  each  plate  is 
shown  in  order  to  compare  the  temperature  field 
inside  the  plates. 

Fig.  5  reveals  a  perceptible  difference  between 
the  temperature  fields  of  both  processes.  Although 
the  maximum  temperature  in  the  molten  pool  is 
about  1700  °C  for  the  two  plates,  the  molten  pool 
in  case  of  dry  welding  is  about  20  %  longer  than 
in  case  of  wet  welding.  The  dimension  of  the  heat 
affected  zone  is  also  bigger  for  the  dry  weld  than 
that  of  the  wet  weld. 

The  temperature  gradient  in  the  vicinity  of 
the  weld  seam  is  about  170  ‘’C/mm  for  the  wet  weld 
and  about  140  ‘’C/mm  for  the  dry  weld,  which  is 
a  difference  of  approximately  18  %  between  both 
conditions. 


4.2  WELDING  RESIDUAL  STRESSES 

The  water  contact  in  case  of  wet  underwater 
welding  leads  to  a  high  cooling  rate  compared  to 
that  of  the  dry  weld.  The  effect  of  the  different  coo¬ 
ling  conditions  of  both  plates  is  an  perceptible  in¬ 
fluence  on  the  welding  residual  stress  distribution. 
Fig.  6  shows  the  welding  residual  stress  component 
cTx  after  cooling  of  the  plates  is  flnished.  This  stress 
component  is  diosen  for  presentation  here,  because 
it  is  of  importance  for  cracks  perpendicular  to  the 
welding  direction.  The  direction  of  ax  is  the  same 
as  the  opening  direction  of  such  cracks.  That  can 
lead  to  a  propensity  to  crack  propagation  due  to 
tensile  stresses  in  x-direction. 

The  maximum  ax  value  of  the  wet  weld  is 
about  350  MPa,  which  reaches  nearly  the  yield 
stress  of  the  base  material-  Compared  to  this, 
the  maximum  ax  value  of  the  dry  weld  is  about 
100  MPa  smaller,  which  is  a  difference  of  approxi¬ 
mately  30%.  There  is  a  perceptible  stress  gradient 
over  the  thickness  (y-direction)  of  the  plates,  where 
ax  reaches  negative  values  on  the  plate  surfaces  and 
positive  values  inside  the  plates. 

It  is  obvious  that  the  stress  distribution  inside 
the  dry  weld  and  on  its  surface  is  nearly  symmetric. 
In  case  of  wet  welding,  the  cooling  rate  of  the  plate 
is  so  high  that  the  temperature  field  can  not  be 
equalized  by  heat  conduction.  Here,  the  distribu¬ 
tion  of  the  stress  component  ax  is  not  symmetric. 

In  summary,  one  can  say  that  the  influence  of 
the  water  contact  in  case  of  wet  underwater  wel¬ 
ding  leads  to  a  deteriorated  welding  residual  stress 
state  compared  to  that  of  the  dry  weld  for  the  re¬ 
garded  problem.  The  differences  in  the  distribution 
of  the  presented  stress  component  ax  of  the  dry  and 
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Fig.6.  Stress  component  cr^  after  cooling. 


the  wet  weld  axe  caused  by  the  different  boundary 
conditions.  On  the  one  hand  there  is  water  contact 
for  the  wet  weld  and  on  the  other  hand  there  is 
cooling  in  air  atmosphere  for  the  dry  weld.  This 
difference  is  the  only  difference  between  the  input 
data  of  both  calculations. 

5.  Conclusions 

The  influence  of  the  water  contact  on  the  wel¬ 
ding  residual  stresses  in  a  wet  underwater  Plasma- 
MIG  weld  is  shown  in  this  paper.  The  instationary 
temperature  field  and  the  welding  residual  stresses 
are  mainly  influenced  by  the  water  contact.  The 
results  presented  here  show  the  importance  of  wel¬ 
ding  residual  stresses  in  the  defect  assessment  of 
wet  underwater  welded  structures.  The  welding  re¬ 
sidual  stresses  of  the  wet  weld  are  about  30  %  big¬ 
ger  than  that  of  the  dry  weld.  They  can  contribute 
to  satisfy  the  fracture  criterion.  They  are  of  great 
concern  in  wet  .  underwater  welding  and  especially 
for  materials  with  low  fracture  toughness.  There¬ 
fore,  further  investigations  on  the  influence  of  the 
water  contact  on  welding  residual  stresses  are  ne¬ 
cessary. 
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Influence  of  Low  Tensile  Residual  Stresses  due  to  Welding  on 
the  Fatigue  Strength  of  High  Strength  Steels 
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*  Welding  Institute,  University  of  Braunschweig,  Germany 


Although  in  literature  much  discussion  is  found  on  the  influence  of  residual  stresses  on  the  fatigue  behaviour 
of  welded  structures,  additional  quantitative  results  are  of  importance.  The  paper  reports  on  detailed 
quantitative  investigations  of  the  influence  of  tensile  residual  stresses  on  the  fatigue  strengA  of  welded  joints 
of  fine-grmned  high  strengA  structural  steel  SlE  890.  An  important  results  is  that  in  high  strength  structural 
steels  tensile  residual  stresses  with  only  medium  magnitudes  can  be  found  at  the  weld  toe.  Nevertheless  a 
remarkable  influence  of  these  residual  stresses  on  the  fatigue  strength  could  be  detected. 


1.  Introduction 

The  influence  of  residual  stresses  on  the  fatigue  strength 
is  well  known  for  different  base  materials  [14]  and 
especially  in  high  strength  steels,  the  fatigue  strength  can 
be  related  to  the  magnitude  of  tensile  residual  stresses  in 
the  surface  layers  [8,16,17].  Tensile  residual  stresses  are 
also  frequently  used  to  explain  the  low  fatigue  strength 
of  weldments.  Usually  it  is  assumed  that  the  tensile 
residual  stresses  in  weldments  always  reach  the  yield 
strength  of  the  base  material  [1,3,4,5,6].  However, 
investigations  [10-13]  have  indicated  that  in  weldments 
of  high  strength  structural  steels  under  normal  welding 
conditions,  the  tensile  residual  stresses  at  the  weld  toe 
reach  a  magnitude  significantly  below  the  yield  strength 
of  the  base  material.  On  the  o&er  hand,  in  low  strength 
steels  the  tensile  residual  stresses  related  to  the  yield 
strength  may  be  higher,  but  the  effectiveness  of  these 
residual  stresses  will  exactly  be  lower  or  negligible. 
According  to  [8]  the  influence  of  tensile  residual  stresses 
in  a  base  material  can  be  approximated  with 

,  R^=R^-in-a‘'®  (1) 

where  Rw  is  the  fatigue  strength  and  Rw  is  the 
fetigue  strength  of  the  stress  relieved  material.  The 
residual  stress  sensitivity  factor  m  considers,  that  with 
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Fig.  1 :  Relation  between  the  ultimate  strength  of  different 
steels  and  the  efficiency  of  mean  stress  (m*)  and  residual 
stresses(m)  /15/. 


decreasing  yield  strength  the  influence  of  the  residual 
stresses  on  ^e  fatigue  strength  decreases  more  and  more 
as  a  consequence  of  their  reduction  due  to  plastic 
deformations  during  the  first  load  cycles  [8,15].  Fig.  1, 
which  shows  the  relationship  between  m  and  the  ultimate 
strength  of  different  steels  [15]  under  consideration  of 
the  range  of  the  ultimate  strength  for  steels  commonly 
used  for  welded  components,  evaluates,  that  the 
influence  of  the  residual  stresses  on  the  fatigue  strength 
of  welded  joints  cannot  be  estimated  without  knowledge 
about  the  total  amount  of  residual  stresses  and  their 
efficiency  at  the  weld  toe. 

In  the  model  developed  by  Gurney  [4]  tensile  residual 
stresses  as  high  as  the  yield  strength  are  anticipated. 
Superimposing  the  residual  stresses  and  the  load  stresses 
during  fatigue  loading  it  is  assumed,  that  the  residual 
stresses  will  be  reduced  during  the  first  load  cycle.  Then 
the  sum  of  the  load  stress  and  the  residual  stresses  will 
always  reach  the  yield  strength  after  the  first  load  cycle 
and,  therefore,  die  fatigue  strength  will  not  depend  on 
the  magnitude  of  an  additionally  applied  mean  stress 
because  the  upper  stress  will  always  be  as  high  as  the 
yield  strength  [4,6,9].  However,  in  high  strength  steels 
the  magnitude  of  the  tensile  residual  stresses  due  to 
welding  depends  on  the  combined  effect  of  hindered 
shrinkage  and  pase  transformation  during  cooling  down 
[10-13].  If  the  phase  transformation  starts  in  the  upper 
bainite  or  in  the  ferritic-perlitic  state,  die  distribution  of 
the  residual  stresses  and  the  magnitude  of  the  tensile 
residual  stresses  depends  primarily  on  the  degree  of 
restraint  of  the  weld  seam.  In  the  case  of  a  high  cooling 
velocity  the  transformation  starts  at  a  lower  temperature 
and  the  distribution  of  the  residual  stresses  will  be 
strongly  influenced  by  the  compressive  stresses 
occurung  due  to  the  hindered  volume  expansion  in  the 
transforming  zones.  Fig.  2  shows  schematically  possible 
distributions  of  the  transverse  residuals  stresses  as  a 
consequence  of  different  cooling  conditions  obtained 
using  various  heat  inputs.  The  tensile  residual  stresses 
become  higher  with  increasing  heat  input  while  the  weld 
seam  and  the  heat  affected  zone  are  broadened. 
However,  the  residual  stresses  at  the  weld  toes  are 
expected  to  only  reach  a  magnitude  of  approximately  1/3 


103 


Fig.  2:  Influence  of  the  Heat  input  on  the  width  of  the  weld 
seam,  hardness,  residual  stresses  an  their  efficiency  for  the 
fatigue  strength.  Tt=transformation  temperature, 
vt=cooling  velocity 

of  the  residual  stresses  in  the  weld  centre  line  [7,18]. 
Otherwise,  the  hardness  at  the  weld  toe  decreases  with 
an  increasing  heat  input,  resulting  in  a  lowering  of  the 
efficiency  m  of  the  higher  tensile  residual  stresses. 
Consequently  the  residual  stresses  are  not  suitable  to  be 
used  as  an  indicator  for  the  expected  fatigue  strength  if 
their  efficiency  at  the  weld  toe  is  not  taken  into  account 


2.  Aim  of  the  investigation  and 
experimental  procedures 

Investigations  on  butt  welded  joints  of  various  high 
strength  structural  steels  (Rm=525...1040  MPa)  were 
conducted  with  the  aim  to  show  a  quantitative 
relationship  between  the  magnitude  of  the  multiaxial 
state  of  the  welding  residual  stresses  and  the  fatigue 
strength.  To  examine,  whether  the  m-factors  of  different 
base  materials  may  be  also  used  for  welded  joints,  it  was 
necessary  to  investigate  the  reduction  of  the  residual 
stresses  under  an  alternating  load.  The  multiaxial 
residual  stresses  were  determined  in  order  to  calculate 
the  main  residual  stresses  and  their  reduction  after 
different  numbers  of  load  cycles. 

Here  results  of  investigations  with  a  quenched  and 
tempered  structural  steel  StE  890  (Rirf=1040  MPa, 
Re=1005  MPa)  with  a  six-layer  double- V  weld  seam 
(plate  thickness  10  mm)  are  presented.  The  specimens 
were  TIG-welded  with  pulsed  current  using  the 
parameters  given  in  Tab.  1.  The  supply  of  the  filler 
material  was  carefully  controlled  with  the  aim  to  create 
a  reproducible  flat  weld  seam  with  minimized  notch 
geometry.  The  generation  of  various  states  of  tensile 
residual  stresses  was  obtained  by  using  different  levels 
of  heat  input  during  the  welding  of  the  cover-passes  or 
by  stress  relief  annealing  of  specimens  welded  under 
high  heat  input.  After  welding  the  cross  section 
including  the  transverse  butt  weld  of  the  specimens  was 
reduced  to  a  width  of  50  mm  by  milling.  The  residual 
stresses  were  measured  both  after  welding  and  after 


milling  and  it  could  shown,  that  in  the  completely 
prepared  specimens  they  were  nearly  as  high  as  after  the 
welding  process.  The  notch  factors  ak  were  determined 
using  the  formula  given  in[  1 9]  after  measuring  the  heigth 
and  width  of  the  weld  seam,  the  reinforcement  angle  and 
the  radius  of  the  macro  notches  at  the  weld  toe.  The 
angular  distortion  was  always  lower  than  0.5®. 

Table  1:  Welding  parameters  (shielding  gas  99.9%  Ar) 


1+2 

3+4 

5+6 

5+6 

Voltage  (V) 

9.0 

9.0 

10.0 

13.0 

Base  current  (A) 

no 

no 

100 

230 

Pulsed  current  (A) 

180 

190 

210 

300 

Fiequency(Hz) 

8.40 

8.40 

8.55 

8.62 

Welding  speed  (cm/min) 

10 

10 

10 

10 

RUer  supply  (cm/min) 

30...40 

30...40 

40...60 

40...60 

The  distributions  of  the  transverse  and  longitudinal 
residual  stresses  of  each  series  of  specimens  were 
measured  by  means  of  X-rays  (CrKa-radiation)  before 
cyclic  loading  to  prove  the  reproducibility  of  the  induced 
residual  stresses.  Furthermore,  the  transverse  and 
longitudinal  stresses  in  the  weld  seam  and  at  the  weld 
toe  were  measured  on  at  least  30  specimens  of  each 
series.  The  main  residual  stresses  in  Ae  weld  seam  and 
at  the  weld  toe  were  determined  using  three  residual 
stress  components.  The  measurements  of  the  residual 
stresses  were  repeated  in  each  of  the  experiments  with 
different  stress  amplitudes  after  every  decade  of  load 
cycles  to  examine  the  alteration  of  the  multiaxial  residual 
stresses  during  fatigue  loading.  Fatigue  tests  under 
tension-compression  loading  (10=-!)  were  conducted  for 
different  stress  amplitudes  and  six  specimens  on  each 
stress  amplitude.  The  S-N-curves  for  the  5%,  50%  and 
95%-ffacture-probabilities  were  calculated  by  the 
arcsinVP  -transformation. 


3.  Experimental  results 

3.1  RESIDUAL  STRESS  DISTRIBUTIONS 

The  scatterbands  of  the  transverse  residual  stresses  are 
given  in  Fig.  3.  The  figures  show  that  in  the  specimens 
welded  under  a  high  heat  input  the  greatest  tensile 
residual  stresses  in  the  weld  seam  are  higher  than  in  the 
specimens  welded  under  a  low  heat  input.  At  the  weld 
toe,  however,  the  magnitude  of  the  tensile  residual 
stresses  is  nearly  the  same  in  both  series.  The  high 
strength  steel  StE  890  was  also  investigated  in  the  stress 
relief  annealed  state  and  an  additional  series  of 
specimens  welded  under  a  high  heat  input  was  preloaded 
in  tension-compression  for  ten  cycles  with  a  stress 
amplitude  of  600  MPa,  which  was  nearly  as  high  as  the 
cyclic  yield  strength  of  the  base  material.  The 
comparison  between  the  transverse  residual  stresses  of 
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Fig.3:  Scatteibands  of  the  transverse  residual  stresses 


Fig-4:  Scatterband  of  the  transverse  residual  stresses 
after  stress  relieving  and  transverse  residual  stresses  after 
preloading  with  600  MPa 

Table  2:  Mean  values  of  the  residual  stresses  in  MPa, 
notch  factor,  Vickers  hardness,  m-factors  and  product  of 
m  and  V’Mises  stresses  at  the  weld  toe 


W=9.30 

kJ/cm 

W=19.89 

kJ/cm 

stress 

relieved 

preloaded 

270  ±67 

254  ±73 

96±64 

60±35 

176  ±60 

190±56 

53  ±70 

70±38 

HV5 

420 

340 

325 

340 

Ok 

1.05 

1.05 

1.05 

1.05 

the  stress  relieved  specimens  and  the  preloaded 
specimens  in  Fig.4  illustrates  that  the  residual  stresses  at 
the  weld  toe  could  be  reduced  through  preloading  to  the 
same  level  as  obtained  through  stress  relieving.  Tab.  2 
contains  the  mean  values  of  the  residual  stressesand  the 
hardness  of  each  series  measured  at  the  weld  toe,  the 
estimated  factors  m  and  the  product  of  m  and  0^  .  If  the 
product  of  m  and  0^^  is  used  to  characterize  the 
influence  of  the  residual  stresses  on  the  fatigue  strength, 
it  can  be  expected  that  the  specimens  welded  under  the 
low  heat  input  should  show  the  lowest  fatigue  strength 
and  the  stress  relief  treatment  should  further  the  increase 
of  the  fatigue  strength  as  much  as  preloading. 


3.2  RESULTS  OF  TOE  FATIGUE  TESTS 

The  assumptions  that  were  made  are  confirmed  by  the 
results  of  the  fatigue  tests.  The  comparison  of  the 


S-N-curves  determined  for  the  various  specimens 
(Fig.5)  indicates,  that  the  difference  in  the  fatigue 
strength  of  the  specimens  tested  in  the  as  welded  state 
has  the  same  order  of  magnitude  as  the  difference  of  the 
product  of  m  and  0^  and  the  fatigue  strength  of  the 
specimens  welded  under  high  heat  input  is  higher,  as  it 
should  be  expected  under  consideration  of  the  values  in 
Tab.  3.  On  Ae  other  hand,  the  increase  in  the  fatigue 
strength  due  to  stress  relieving  or  preloading  is 
approximately  as  high  as  the  decrease  of  the  product  of 
m  and  0^^. 


Fig.5:  S-N-Curves  of  push-pulHoaded  ITG-welded 
joints  of  Steel  StE  890 


3.2  RESIDUAL  STRESS  ALTERATION 

Fig.  5  illustrates  the  V’Mises-stress  distribution  before 
fatigue  loading  and  after  the  first  load  cycle  with  a  stress 
amplitude  of 300 MPa  in  a  specimen  welded  under  a  high 
heat  input.  The  distribution  of  the  V’Mises  stresses 
before  fatigue  loading  shows  that  relatively  high  values 
of  approximately  720  MPa  are  reached  only  in  the  weld 
seam.  At  the  weld  toe,  the  magnitude  of  the  V’Mises 
stresses  reaches  only  500  MPa,  about  50%  of  the  yield 
strength  of  the  base  material.  However,  during  the  first 
load  cycle  the  V’Mises  stresses  show  an  alteration  in  that 
way  that  the  distribution  becomes  more  homogeneous. 
The  V’Mises  stress  at  the  weld  toe  is  reduced  from  500 
MPa  to  305  MPa.  During  fatigue  lo^ng,  the  V’Mises 


Fig.  6:  Distribution  of  the  V’Mises  Stresses  in  a  welded 
joint  loaded  with  300  MPa  after  the  first  load  cycle  and 
V’Misses  stresses  at  the  weld  toe. 
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stresses  at  the  weld  toe  are  reduced  under  all  of  the  stress 
amplitudes  (Fig.  5),  although  they  do  not  reach  the 
magnitude  of  the  cyclic  yield  strength  or  the  yield 
strength.  The  magnitude  of  the  reduction  seems  to 
de^nd  on  the  magnitude  of  the  stress  amplitude.  After 
l(r  load  cycles,  the  V’Mises  stresses  reach  a  magnitude 
of  250...300  MPa.  This  result  is  in  accordance  with  the 
preceding  statements  in  the  influence  of  the  residual 
stresses  on  the  fatigue  strength. 


5.  Conclusions 

The  results  of  this  investigation  have  shown  that  the 
influence  of  tensile  residual  stresses  due  to  welding  on 
the  fatigue  strength  can  not  be  easily  estimated  such  as 
through  the  comparison  between  the  magnitudes  of  the 
tensile  residual  stresses  of  different  weldments. 
Assumptions  on  the  magnitude  of  the  tensile  residual 
stresses  as  presented  in  [4,5]  are  not  confirmed  by  the 
results  of  the  residual  stress  measurements  made  in  this 
investigation.  This  is  in  agreement  with  results  shown  in 
[7,13].  At  the  weld  toe,  where  the  fatigue  cracks  start, 
the  tensile  residual  stresses  reach  a  magnitude 
significantly  below  the  yield  strength,  especially  in  high 
strength  steels  as  for  instance  StE  890.  However,  these 
relatively  low  tensile  residual  stresses  can  be  important 
for  the  fatigue  behaviour  because  their  reduction  during 
fatigue  loading  remains  relatively  small  and  thus  they 
can  become  highly  efficient  due  to  the  higher  hardness 
or  higher  ultimate  strength  at  the  weld  toe.  A  reliable 
estimation  of  the  influence  of  these  low  tensile  residual 
stresses  on  the  fatigue  strength  requires  the  consideration 
of  the  efficiency  factor  m  and  possibly  of  the 
multiaxiality  of  stresses  or,  in  other  words,  the 
consideration  of  both  residual  stress  components  at  the 
weld  toe. 

The  concept  of  using  efficiency  factors  m  offered 
reasonable  results  in  these  investigations.  But 
nevertheless  one  has  to  conclude  that  this  concept  has  to 
be  revised  for  welded  joints  as  it  would  probably 
overestimate  the  influence  of  very  high  magnitudes  of 
tensile  residual  stresses  on  the  fatigue  strength.  The 
results  of  the  investigations  indicate  also,  that  small 
reductions  of  the  residual  stresses,  in  connection  with 
lowering  the  local  hardness  and  therefore  lowering  the 
efficiency  of  the  residual  stresses  as  induced  by  a  stress 
relief  heat  treatment,  can  cause  a  significant  increase  in 
the  fatigue  strength. 

Furthermore,  the  investigations  on  low  strength  steels 
show  that  differences  in  the  fatigue  strength  can  not  be 
connected  in  any  case  with  differences  in  the  residual 
stress  state.  Even  if  the  residual  stresses  are  not 
considerably  reduced  during  fatigue  loading  other 
influencing  factors,  as  for  instance  the  notch  geometry, 
may  have  a  dominating  influence.  One  has  to  keep  in 
mind  that  in  weldments  with  sharp  notches  at  the  weld 
toe,  such  as  after  MAW-  or  MAG-welding,  the  fatigue 


strength  depends  primarily  upon  the  notch  geometry  at 
the  weld  toe  and  hence  a  lowering  of  the  residual  stresses 
through  stress  relief  treatments  has  no  effect. 

The  authors  thank  the  german  research  association 
(DFG)  for  the  support  of  the  presented  investigations. 
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Numerical  Analysis  of  Process-Induced  Thermal  Residual  Stresses 
in  Metallic  Matrix  Composites 

A.  Abedian,  W.  Szyszkowski,  and  S.  Yannacopoulos 
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Thermal  stresses  induced  during  cooling  from  the  fabrication  to  ambient  temperatures  of  SCS-6/Ti-6Al-4V  and 
SCS-6/Ti-24Al-4Nb  composites  are  analyzed  applying  the  finite  element  method.  The  matrix  is  modeled  as  a 
bilinear  elasto-plastic  material  with  work  and  Idnematic  hardening.  Thermo-mechanical  properties  of  the  fiber 
and  the  matrix  are  temperature  dependent.  It  is  shown  that  during  cooling  the  material  behavior  is  elasto-plastic 
at  an  intermediate  stage  only.  At  high  temperatures,  or  when  approaching  room  temperature,  the  stresses  remain 
below  the  yield  limit  and  the  material  is  elastic. 

Keywords:  FEM,  composite  material,  thermal  residual  stress,  plastic  deformation,  micromechanics. 


Introduction 

When  cooling  con:^)osites  from  their  high  processing  to 
low  operating  temperatures  residual  thermal  stresses  are 
generated  due  to  the  mismatch  in  the  coefficient  of 
thermal  expansion  (CTE)  of  the  fiber  and  matrix 
materials.  Such  stresses  may  cause  some  damage  and 
affect  the  performance  of  composites.  Several 
experimental  methods  have  been  used  to  measure  these 
stresses.  However,  in  general,  the  experiments  [1-3]  are 
difficult  to  carry  out  and  interpret.  Normally,  some  of 
the  experimental  techniques  cause  redistribution  and 
relaxation  of  the  stresses.  A  good  example  is  the  X-ray 
diffraction  technique  [2,3]  which  requires  material 
removal.  Consequently,  the  accuracy  of  the  stress  and 
strain  components  obtained  by  experimental  methods  is 
usually  not  very  high.  Therefore,  to  understand  the 
features  of  the  process-induced  residual  stresses,  one  has 
to  rely  on  analytical  and  numerical  methods.  The  Finite 
Element  Method  (FEM)  is  used  in  the  present  study  to 
model  the  thermal  stress  phenomena  during  cooling  of 
metallic  matrix  composites  (MMC)  and  intermetallic 
matrix  composites  (IMC). 

The  accuracy  of  the  FEM  simulation  depends  on  the 
choice  of  numerical  models  which  usually  incorporate 
various  geometrical  and  material  assumptions. 
Typically,  in  such  models  the  fibers  are  dispersed 
uniformly  in  the  composite  creating  a  pattern  of 
identical  volume  cells.  Consequently,  only  one 
representative  cell,  much  smaller  than  the  whole 
composite,  is  required  to  be  modeled  numerically. 
Clearly,  the  cell  should  be  three  dimensional.  However, 
most  of  the  FEM  analyses  of  the  residual  thermal 
stresses  in  composite  materials  have  been  conducted 
using  2-D  plane  strain  models  [4-8]. 

It  must  be  also  mentioned  that,  in  dealing  with  thermal 
stresses  the  material  model  should  be  capable  of 


handling  the  effects  of  temperature  on  the  mechanical 
properties  of  the  matrix  and  the  fiber.  If  the  processing 
temperature  is  relatively  high,  the  process  of  cooling 
may  induce  inelastic  (  that  is  plastic  and  creep  ) 
deformation.  Hence,  such  a  material  model  should  be 
capable  of  simulating  elasto-plastic  rate  dependent 
behavior  of  the  material  over  the  temperature  range 
considered. 

In  the  work  presented  here,  a  3-D  model  of  the 
hexagonal  volume  unit  is  analyzed.  Particularly,  this 
model  considers  the  fiber  end  effects.  The  matrix  is 
modeled  by  a  bilinear  elasto-plastic  material  model  with 
isotropic  and  kinematic  hardening.  All  the  material 
properties  are  temperature  dependent.  It  is  shown  that 
for  SCS-6/Ti-6Al-4V  (MMC)  composite  some  plastic 
deformation  develops  in  model  away  from  the  fiber  end. 
This  is  contrary  to  the  results  obtained  in  [4-6]  for  the 
same  composite  using  2-D  models. 

Material  and  Numerical  Model 

For  FEM  modeHng  of  composites,  it  is  usually  assumed 
that  the  fibers  are  dispersed  in  the  matrix  in  a  regular 
pattern.  Considering  the  symmetric  aspects  of  the  fibers 
distribution  in  a  composite  leads  to  a  representative 
volume  or  a  unit  cell.  Regarding  the  symmetry  surfaces 
of  the  unit  cells,  the  associated  prism  model  can  be 
established. 

Here,  the  unit  cell  of  a  regular  hexagonal  pattern  of  long 
and  straight  fibers  of  circular  section  is  modeled  by  a 
3-D  prism  as  shown  in  Fig.  1.  The  FEM  model  is 
meshed  with  the  8-nodded  and  20-nodded  brick 
elements  of  ANSYS,  a  commercial  FEM  software.  Since 
high  stress  gradients  are  expected  in  the  region  at  the 
fiber/matrix  interface,  the  20-nodded  elements  are  used 
to  mesh  the  model  there.  Due  to  symmetry  of  the  volume 
cell  the  following  boundary  condition  regimes  are 
adopted.  The  nodes  on  line  00'  are  restrained  in  the  x 
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and  y  directions  while  the  nodes  on  the  00*B’B  surface 
are  restrained  in  the  x-direction.  The  nodes  on  the 
00*A*A  surface  are  allowed  to  move  in  the  OA- 
direction  only  and  the  AA'B'B  surface  remains  planar. 
Also,  the  surface  AOB  is  assumed  to  be  planar  to 
represent  a  plane  of  symmetry  in  the  middle  of  the  fiber. 
The  surface  A*0*B’  represents  a  free  surface  and  is  free 
to  deform  in  any  direction. 


Bonom 


Rg.  1:  FEM  model. 


As  has  been  shown  numerically  in  [7,9]  and 
experimentally  in  [10],  the  fiber  end  effects  disappear  at 
a  distance  of  about  2.5  to  3  fiber  diameters  away  from 
the  free  surface.  Further  away  (from  the  free  surface)  the 
axial  strain  component  (in  the  z>direction)  remains 
constant  and  is  practically  independent  of  the  fiber 
length.  This  state  of  generalized  plane  strain  dominates 
in  the  rest  of  the  model.  Here,  in  order  to  secure  that  the 
numerical  model  is  able  to  simulate  the  end  effects  and 
the  stress  state  away  from  the  fiber  end,  the  length  of  the 
model  is  assumed  to  be  about  five  fiber  diameters.  The 
volume  dominated  by  the  generalized  plane  strain  state 
is  called  the  inner  zone  and  the  volume  close  to  the  free 
surface  is  referred  to  as  the  end  zone.  In  elastic  analyses 
a  stress  singularity  is  generated  at  the  free  surface  on  the 
fiber/matrix  interface  by  the  discontinuity  in  the  material 
properties  and  is  difficult  to  handle  numerically  as 
reponed  in  [9,11]. 

In  the  present  study,  the  thermal  stresses  in  SCS-6yTi- 
6AI-4V  (MMC)  and  SCS*-6/Ti-24Al-llNb  (IMC) 
composites  induced  during  cooling  processes  from  the 
fabrication  temperature  Tf  =  900®C  to  the  ambient 
temperature  Tf  =  20®C  are  investigated.  The  fibers  are 
assumed  to  remain  elastic  during  the  process  and  the 
matrices  are  modeled  as  bilinear  elastic-plastic  strain 
hardening  materials.  The  thermal  and  mechanical 
properties  of  the  matrices  used  in  this  study  are  taken 
from  [4]  and  are  shown  in  Fig.  2  in  function  of 
temperature.  In  general,  the  thermal  stresses  increase 
when  the  composite  cools  down  from  the  assumed 
stress-free  fabrication  temperature.  However,  during 


cooling  the  yield  stress  of  the  matrix  is  also  increasing 
(Fig.  3).  Consequently,  any  plastic  deformation  will  only 
be  generated  if  the  increase  in  thermal  stress  is  greater 
than  the  increase  in  the  yield  stress. 


Hg.  2:  Mateiial  piopeities. 


Bg.  3:  Efiects  of  temperatofe  on  the  yield  surface. 


The  von-Mises  yield  criterion  along  with  the  associated 
flow  rule  are  used  to  define  the  onset  and  progression  of 
plastic  deformation.  The  strain  hardening  is  indicated  by 
the  plastic  modulus,  Ep.  The  3-D  constitutive  relations 
representing  either  kinematic  or  isotropic  hardening 
(work  hardening)  are  considered  in  the  numerical 
calculations.  It  is  noted  that  the  current  yield  surface  is 
dependent  on  the  temperature  and  amount  of  plastic 
deformation  accumulated  as  shown  in  Fig.  3  for 
isotropic  hardening.  The  thermal  stresses  at  Tr  =  20°C 
are  referred  to  as  the  residual  stresses  whether  any 
plastic  deformation  is  present  or  not. 
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Results  and  Discussion 

The  analysis  of  the  SCS-6/Ti-6Al-4V  composite  has 
shown  no  sign  of  plastic  deformation  for  cooling  from 
the  processing  temperature  (  900®C  )  to  about  360®C. 
The  matrix  starts  to  deform  plastically  at  the  end  zone 
when  the  temperature  drops  below  360®C  and  the  plastic 
area  is  gradually  spreading  into  the  inner  zone  where  no 
plastic  deformation  has  been  calculated  using  2-D  plane 
strain  models  [4-6].  A  plot  of  the  history  of  the 
equivalent  stress  at  points  Pj  and  P’l  and  the  matrix  yield 
stress  during  cooling  is  shown  in  Fig.  4.  As  the  plot 
shows,  the  equivalent  stresses  are  exceeding  the  yield 
stress  in  the  temperature  range  of  360-150®C.  At 
temperatures  between  150®C  and  room  temperature  the 
matrix  experiences  no  further  increase  in  plastic 
deformation.  Thus,  the  occurrence  of  plastic 
deformation  is  not  monotonically  dependent  on  the 
temperature  increments.  If  the  current  equivalent 
thermal  stresses  which  are  increasing  with  temperature 
remain  bellow  the  yield  stress  of  the  constituents  (which 
is  also  increasing),  no  plastic  deformation  will  be 
generated  in  either  the  fiber  or  the  matrix. 

This  limited  amount  of  plastic  deformation  has  been 
observed  in  [1]  utilizing  the  neutron  dif&action 
technique  and  numerically  calculated  in  [6].  However,  in 
that  study  much  higher  CTE  has  been  considered  for  the 
matrix  than  the  values  used  in  the  present  study. 


Fig.  4:  Stress  History  at  Pi  and  P’l  for  ‘n-6Al-4V  matrix. 

For  the  SCS-6/Ti-24Al-l  INb  composite  a  history  of  the 
equivalent  von-Mises  stress  in  the  matrix  over  the 
cooling  period  in  both  the  inner  zone  and  the  end  zone  is 
shown  in  Fig.  5.  Comparing  the  curve  for  the  inner  zone 
with  the  results  of  Ref.  [4]  for  the  rectangular  fiber  array 
unit  cell  shows  that,  for  Ti-24Al-llNb,  the  3-D  model 
predicts  that  yielding  starts  at  lower  temperatures  (i.e. 
with  higher  stresses).  The  Ti-24A1-1  INb  matrix,  like  the 
Ti-6A1-4V  matrix  discussed  earlier,  deforms  plastically 
during  cooling  from  the  processing  temperature.  The 
plastic  deformation  starts  at  about  450®C  and  continues 
up  to  room  temperature.  The  equivalent  plastic  strain 
profile  of  the  matrix  at  room  temperature  is  shown  in 
Fig.  6,  indicating  that  a  significant  portion  of  the  matrix 


has  deformed  icreversibly.  Similar  large  plastic 
deformations  have  been  reported  in  [4,12].  Such  plastic 
deformations  can  significantly  redistribute  and  relax  the 
stresses.  This  phenomenon  may  highly  affect  the 
performance  of  the  composite  in  service,  in  particular, 
when  exposed  to  mechanical  loads. 


400  1 
^300 

r 

:200 


CO 

W100 
P 


CO 


0 
-100 


rieb  Stress  (rH-24AM1Nb) -  \ 

von-f^tees  (Point  PI ) - ^ 

von-Mises  (Point  P1) - ^  ^ 

. Ref.  [4]  (PointVl)  ‘  ♦ . 


100  200  300  400  500  600  700  800 
Temperature  {°C) 

Fig.  5:  Stress  history  at  Pi  and  P*i  for  Ti-24A1-1  INb  mauix. 
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Fig.  6:  Spreading  the  plastic  strain  zone  in  ‘n-24Al-l  INb  matrix. 


The  stress  redistribution  for  Ti-24A1-1  INb  matrix  due  to 
large  plastic  deformations  is  indicated  in  Fig.  7  where 
plots  of  the  radial  and  hoop  stress  components  in  the 
inner  zone  for  a  temperature  before  the  onset  of  plastic 
deformation  and  at  room  temperature  are  presented.  The 
maximum  of  the  compressive  radial  stress,  which  is 
initially  located  on  line  P2B  at  point  P2,  due  to  the  stress 
redistribution,  is  transferred  at  room  temperamre  to 
point  Pi  along  line  P|A.  The  maximum  hoop  stress 
which  first  occurs  at  point  Pi  (before  yielding  starts), 
moves  to  a  point  inside  the  matrix  area  close  to  the 
interface  on  line  P2B.  Similar  changes  in  location  of  the 
maximum  and  minimum  stresses  have  been  reported  in 
[5]  for  Al/SCS-6  composite.  In  that  paper  these  changes 
have  been  also  attributed  to  the  stress  redistribution  due 
to  the  matrix  plastic  deformation. 

The  plastic  deformation  changes  the  profile  of  the  axial 
stress  in  the  matrix,  from  relatively  uniform  before 
yielding  starts,  to  a  pattern  with  the  stress  reduction 
moving  toward  the  fiber/matrix  interface.  Similar  axial 
and  hoop  stress  profiles  have  been  experimentally 
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measured  at  room  temperature  in  [3]  utilizing  X-ray 
diffraction  for  SCS-6/Ti-24Al-llNb  composite. 
Comparable  results  have  also  been  obtained  in  [13]. 


Conclusions 

The  following  conclusions  are  drawn  from  the  results  of 
the  present  study: 

•  The  analysis  has  revealed  that  during  cooling  the 
behavior  of  Ti“6Al-4V  matrix  is  elastic  at  high 
temperatures  and  becomes  elasto-plastic  at  an 
intermediate  stage  only.  Any  plastic  deformation 
will  only  be  generated  if  the  increase  in  thermal 
stress  is  higher  than  the  increase  in  the  yield  stress. 

•  the  better  agreement  of  the  3-D  model  results  with 
experimental  measurements  indicates  an  advantage 
of  the  3-D  models  over  the  widely  used  2-D  plane 
strain  models. 

•  The  relatively  high  tensile  radial  and  hoop  stresses 
that  appear  during  the  process  may  damage  either 
the  interfacial  bonding  (and  cause  circumferencial 
cracking  in  the  matrix)  or  initiate  external  and/or 
internal  cracks. 

•  The  final  stress  state  depends  on  the  amount  of 
plastic  deformation  generated.  High  plastic 
deformation  can  cause  relaxation  and  redistribution 
of  the  residual  stresses. 
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Fatigue  Behaviour  of  Fully  Compressive  Loaded  Welded  Joints  with 
High  Tensile  Residual  Stresses  due  to  Welding 

JJPucdik^  ThJ^itschke-Pagel*,  HWohlfahrt* 

♦Welding  Institute,  University  of  Braunschweig,  Germany 

Butt  welded  joints  of  the  high  strength  structural  steel  StE  690  with  high  tensile  residual  stresses  and  stress 
relieved  joints  were  investigated  under  compression  compression  loading.  Tlie  residual  stresses  were 
measured  by  means  of  X-rays  before  and  during  fatigue  loading,  crack  initiation  was  controlled  by 
ultrasonic  testing.  The  S-N  curves  determined  for  specimen  fracture  as  well  as  the  number  of  cycles  to 
incipient  cracks  of  the  two  treatments  showed  small  differences.  Hierefore  a  significant  influence  of  tensile 
residual  stresses  on  the  fatigue  strength  under  cyclic  compression  loading  can  not  be  confirmed.  The 
residual  stresses  within  the  weld  were  strongly  r^uced  already  during  the  first  load  cycles.  Mostly  the 
cracks  started  in  the  fine-grained  zone,  and  that  is  to  say  in  the  re^on  with  very  low  tensile  or  even  low 
compressive  residual  stresses.  The  conclusion  is,  that  not  the  residual  stresses,  but  the  drop  in  hardness 
or  strengA,  which  represents  a  microstructural  notch,  is  the  dominating  effect  on  crack  initiation. 


1.  Introduction 

Investigations  carried  out  so  far  regarding  the  influence 
of  residual  stresses  on  the  fatigue  strength  of  welded 
structural  and  high  strength  fine-grained  steels  have 
looked  mainly  on  the  cyclic  tension  loading  and 
alternating  tension  and  compression  loading.  In  this 
case,  especially  for  joints  loaded  transverse  to  the  weld 
seam,  the  fatigue  strength  is  determined  primarily  by 
notches  at  the  weld  toe  [1,2].  However,  if  the  weld  seam 
profile  and  the  geometry  of  the  weld  toe  are  improved 
using  optimized  welding  technology,  the  significance  of 
notches  decreases  increasing  the  importance  of  welding 
induced  residual  stresses  on  the  fatigue  strength  of 
transverse  butt  welds  of  high  strength  steels.  The  residual 
stresses  due  to  welding  are  also  of  signicance  for  the 
influence  of  mean  stresses  on  die  fatigue  strength  [3,4]. 
According  to  the  model  of  Gurney  [5]  however,  the 
fatigue  strength  of  welded  joints  is  independent  of  the 
amount  of  mean  stress  or  the  stress  ratio,  if  tensional 
residual  stresses  within  the  welded  seam  and  at  the  weld 
toe  resemble  the  material  yield  strength.  In  this  case,  a 
quasistatic  stress  relief  during  the  first  cycle  is  assumed, 
if  loading  and  residual  stresses  in  the  same  direction  are 
combined,  exceeding  the  yield  strength.  Residual 
stresses  should  then  be  reduced  to  the  extend  by  which 
the  sum  of  load  stresses  and  residual  stresses  exceeds  the 
material  yield  strength  and  the  maximum  stress  is 
adjusted  to  the  magnitude  of  the  yield  strength 
independent  of  the  stress  ratio.  Therefore,  different 
tension  mean  stresses  below  the  yield  strength  can  result 
in  the  same  fatigue  strength.  This  model  takes  not  into 
account,  that  the  welding  induced  residual  stresses 
within  the  weld  seam  and  particularly  at  the  weld  toe 
mostly  -  especially  in  high  strength  steels  -  do  not  reach 
the  yield  strength.  Additionally,  the  model  does  not 
consider  the  often  signicant  relief  of  the  residual  stresses 
during  cyclic  loading,  even  if  the  sum  of  the  loading  and 
residual  stresses  does  neither  reach  the  yield  strength  nor 
the  cyclic  yield  strength.  It  can  be  shown  that  residual 
and  tensile  mean  stresses  affect  the  fatigue  behaviour  of 
welded  joints  under  cyclic  tension  or  alternative  tension 
compression  loading  if  the  magnitude  of  the  tensile 
residual  stresses  is  considerably  below  the  yield 


strength  [4].  To  day  only  a  few  results  are  available 
pertaining  to  the  influence  of  tensile  residual  stresses  on 
the  fatigue  strength  of  welded  joints  under  compression 
loading  [e.g  6,7].  These  results  are  not  sufficient  for  a 
safe  and  economic  layout  of  structural  members.  It  is 
assumed,  that  crack  growth  in  welded  joints  under 
compression  loading  is  possible  in  the  case  of  presence 
of  tensile  residual  stresses  due  to  welding,  b^ause  a 
compression-compression  loading  does  not  contain 
positive  parts.  Up  to  now,  information  on  the  possible 
relief  of  welding  induced  residual  stresses  during 
compression  loading  does  not  exist  It  was  the  aim  of  the 
investigations  presented  here  to  contribute  to  the 
knowledge  regarding  the  influence  of  tensile  residual 
stresses  on  the  fatigue  behaviour  of  welded  high  strength 
steels  under  compression  loading. 


2.  Materials  and  methods 

The  investigations  were  carried  out  using  high  strength 
fine-grained  structural  steel  StE  690.  The  weld  material 
was  a  welding  wire  with  the  same  stength  as  the  base 
material.  The  chemical  composition  and  the  strength 
values  of  both  materials  are  given  in  Table  1 .  Sheet  metal 
strips  of  300x90x10  mm^  prepared  for  welding  by  shot 
peening  were  provided  with  a  double-U  weld  preparation 
transversal  to  the  direction  of  the  applied  load  strtess.  A 
six-layer  TIG-Welding  with  an  alternating  sequence  of 
layers  and  the  parameters  shown  in  Table  2  was  used  to 
minimize  angle  distortion  and  notch  sharpness  at  the 
weld  toes.  Relatively  high  residual  stresses  were 
generated  using  a  sufficiently  high  heat  input  estimated 
according  to  the  tg/s-equation  [8].  Finally  the  testing 
cross  section  of  SOxlOnim^  was  carefully  cut  out  using 
a  rotary  grinder  under  intensive  cooling  to  prevent  stress 
relief  during  manufacturing.  Subsequently,  some  of  the 
specimens  were  annealed  for  30  minutes  under  gas  shield 
at  600®C  to  relieve  the  residual  stresses. 
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Table  1:  Chemical  composition  and  strength  characteristics  of  base  and  filler  material. 


Chemical  con^sition  in  weigth-%  and  strength  characteristics 

C 

Si 

Mn 

B 

Rm(MPa) 

R«(MPa) 

As 

(%) 

Av(%) 

StE690 

0.17 

840 

757 

15 

75(T=-40°O 

Wire 

0-1 

0.6 

1.6 

— 

— 

m 

0.1 

>47  (T=-60“C) 

Table  2:  Welding  parameters  (shielding  gas:99.99%  Ar) 


Pass 

Base 

current 

(A) 

Pulsed 

current 

(A) 

Arc 

voltage 

(V) 

Welding 

speed 

(cm/inin) 

Heat 

input 

(IcJ/cm) 

Pre¬ 

heating 

eo 

U 

170 

240 

10 

10 

12.3 

120 

3,4 

200 

280 

11 

10 

15.8 

120 

5,6 

225 

320 

12 

10 

19.6 

20 

The  fatigue  strength  experiments  were  conducted  under 
cyclic  compression  loading  (io="l)  using  a 
servohydraulic  fatigue  testing  machine  at  a  uniform 
cycle  frequency  of  20  Hz.  At  least  six  of  the  specimens, 
in  both  die  as- wlded  and  stress-relieved  state,  were  tested 
at  four  stress  levels,  two  within  the  region  of  fatigue 
strength  or  finite  life  and  the  transition  to  fatigue 
strength.  The  number  of  cycles  until  incipient  crack  and 
the  following  crack  growth  within  the  weld  seam  was 
determined  in  some  of  the  specimens  by  ultrasonic 
testing  during  fatigue  loading.  Since  a  specimen  was  able 
to  transfer  high  compression  forces,  even  with  a  high 
proportion  of  fatigue  fracture,  the  determination  of  the 
number  of  cycles  until  fracture  was  difficult.  In  contrary 
to  experiments  under  cyclic  tension  or  tension 
compresion  loading,  in  this  case  the  fatigue  strength 
tersting  could  not  be  terminated  using  distance  limits. 
Full  fatigue  fractures  with  residual  forced  ruptures  were 
rarely  found,even  at  high  stress  amplitudes  in  the  range 
of  fatigue  strength  or  finite  life,  although  none  of  the 
specimens  could  be  carried  up  to  the  maximum  number 
of  cycles  (5x10^  without  incipient  cracks.  Only  with  a 
low  tolerance  for  the  set  value  of  force,  a  self-contained 
halt  of  the  testing  machine  at  a  high  surface  proportion 
of  fatigue  fracture,  and  thus  the  determination  of  the 
number  of  cycles  until  fracture  could  be  obtained.  The 
residual  forced  rupture  of  the  specimens  was  carried  out 
after  the  fatigue  testing  by  static  tensile  strain.  A  fatigue 
fracture  had  to  be  assumed  if  the  proportion  of  fatigue 
fracture  area  exceeded  50%  of  the  cross  section  area  or 
if  a  crack  was  running  parallel  o  the  weld  seam 
throughout  entire  specimen.  The  calculation  of  the 
S-N-curves  for  fracture  probabilities  of  5%,  50%  and 
95%  was  carried  out  in  accordance  to  the 
arcsinvP -transformation  [9].  The  distributions  of 
welding  transverse  residual  stresses  before  and  after 
annealing  were  measured  using  Cr-Ka-radiation  in  a 
stationary  y-diffractometer  with  a  point  resolution  of  1 .5 
mm.  The  {211}-interference  of  the  ferritic  steel  was 
recorded  at  a  1 1  \j/-angles  in  a  20-range  from  152®  to 
160®.  The  calculation  of  residual  stresses  from  the 
measured  angles  was  carried  out  according^  to  the 
sin^xjf-method  [10]  using  l/2s2=6.08  lO’^MPa^. 


3.  Results 

The  transverse  residual  stresses  transversal  to  the  weld 
before  and  after  annealing  of  a  completely  prepared 
specimen  are  shown  in  Fig.l.  In  the  as-welded  state  high 
tensile  residual  stresses  of  approximately  400  to  500 
MPa  were  found  in  the  loading  direction  in  the  centre  of 
the  weld  seam.  The  tensile  transverse  residual  stresses 
quickly  decrease  with  the  distance  to  the  weld  centre  and 
pass  into  the  compression  range  in  the  base  material.  The 
compressive  residual  stresses  in  the  base  material  have 
been  introduced  by  shot  peening  the  plates  before 
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Rg.  1 :  Distribution  of  welding  transverse  residual  stresses 
before  and  after  annealing. 

welding.  In  the  weld  toe  tensile  residual  stresses  of 
a^^=175±78  MPa  (average  of  40  specimens)  exist.  The 
distribution  of  the  transverse  residual  stresses  was  not 
changed  by  annealing,  but  the  curve  was  flattened.  The 
highest  stress  relief  is  reached  in  the  centre  of  the  weld, 
down  to  values  of  ^proximately  200  to  300  MPa, 
transverse  tensile  residual  stresses  in  the  weld  toe  of  the 
annealed  specimens  amounted  to  c^^=101±46  MPa 
(average  of  4  measurements). 

The  hardness  distributions  of  the  cap  passes  of  both 
treatments  determined  at  a  distance  of  0,5  mm  from  the 
surface  are  shown  in  Fig.2.  The  hardness  values  of  the 
specimen  annealed  after  welding  slightly  exceeded  those 
of  the  as- welded  specimen.  In  both  cases  however,  the 
hardness  values  decreased  strongly  in  the  transition  zone 
to  the  base  material,  went  through  a  minimum  in  the 
fine-grained  zone  of  the  heat-affected  zone  and  then 
increased  again  up  to  the  hardness  of  the  base  material. 

In  Fig.3  the  S-N  curves  of  the  transverse  butt  weld 
specimens  in  the  as-welded  and  in  the  stress-relieved 
state  are  shown  under  consideration  of  the  number  of 
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Fig.2:  Hardness  Distributions  before  and  after  stress 
relief  annealing 

cycles  until  incipient  cracks  of  approximately  1  mm 
depth,  determined  by  ultrasonic  testing.  In  most  cases 
the  cracks  expanded  very  slowly  after  initiation  and 
rarely  extended  over  the  entire  diametre  of  the  specimen. 
This  was  the  reason  for  the  method  of  defining  fractures, 
as  described  before.  The  numbers  of  cycles  until 
incipient  cracks  decreased  with  increasing  stress 
amplitude  and  were  comparable  for  both  treatments, 
regarding  the  variation  within  the  measurements.  In  spite 
of  the  early  crack  initiation  all  samples  reached  high 
numbers  of  cycles  until  fracture.  At  the  lowest  stress 
level  (aa=275  MPa),  for  example,  all  samples  went  up 
to  the  maximum  number  of  cycles  (5x10^).  Comparing 
the  specimen  fractures,  an  overall  lower  variability  of 
the  stress-relieved  samples  is  remarkable,  which  is  the 
main  reason  for  the  distinct  difference  in  the  slopes  of 
the  fatigue  strength  lines  for  finite  life  of  both  treatments. 
The  difference  between  the  compressive  fatigue  strength 
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welds  in  the  as-welded)  and  stress-relieved  state  for 
fracture  probabilities  of  5%,  50%  and  95%. 


for  the  fracture  probabilities  shown  in  Fig.3,  however,  is 
very  small  (as-welded:  300  MPa,  stress-relieved:  294 
MPa). 

In  some  of  the  as- welded  specimens,  changes  in  residual 
stress  under  cyclic  compression  loading  were 
determined  after  N=1  and  N=10  cycles.  These 
investigations  confirmed  a  relief  of  the  welding  induced 
residual  stress  within  the  welding  seam  and  in  the  weld 
toe,  at  high  stress  amplitudes,  in  the  range  of  fatigue 
strength  for  finite  life,  already  at  the  beginning  of  cyclic 
loading.  An  example  for  the  reduction  of  residual  stress 
is  shown  in  Fig.4  for  a  specimen  which  was  loaded  at  a 
stress  amplitude  of  350  MPa  under  cyclic  compression 
loading.  The  residual  stresses  at  the  weld  toe  were  almost 
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Distance  from  weMoanter  line,inm 

Figure  4:  Distribution  of  the  transverse  residual  stresses 
before  and  after  after  fatigue  loading . 

completely  relieved.  After  10  cycles  with  a  stress 
amplitude  of  Oa=350  MPa,  transverse  tensile  residual 
stresses  in  the  weld  toe  showed  an  average  of  o^=36±26 
MPa.  Under  stress  amplitudes  in  the  range  of  fatigue 
strength  (aa=100  MPa  and  aa=200  MPa),  no  significant 
reductions  of  the  residual  stresses  during  the  first  cycle, 
and  even  up  to  1000  cycles,  were  observed. 

Apart  from  the  pass  structure  in  the  transverse  butt  welds 
in  Fig.  5  the  location  of  incipient  cracks  and  the  further 
development  of  the  fatigue  fractures  of  a  specimen 
loaded  under  cyclic  compression  in  the  as-welded  state 
are  shown.  The  incipient  cracks  are  located  on  both  sides 
of  the  weld  at  a  constant  distance  to  the  weld  toe  in  the 
area  of  the  fine-grained  zone.  After  crack  initiation  at  the 
surface  continued  crack  growth  took  place  vertical  to  the 
applied  cyclic  compression  loading.  Additionally,  it 
should  be  noticed  that  incipient  cracks  were  found  not 
only  on  the  side  of  the  specimen  with  high  tensile 
residual  stresses  within  the  weld  (second  pass)  but  also 
on  the  side  with  low  tensile  or  compressive  residual 
stresses  within  the  weld  (first  pass),  as  shown  as  an 
example  in  Fig.5.  The  crack  and  fracture  behaviour,  as 
described  before,  is  typical  for  both  specimen  treatments. 
In  the  as-welded,  as  well  as  in  the  subsequently  annealed 
samples,  the  incipient  crack  was  initiated  at  a  distance  of 
approximately  2  to  2.5  mm  from  the  weld  toe  in  the 
fine-grained  zone  of  the  heat  affected  zone. 
Subsequently,  the  cracks  proceeded  through  the 
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Figure  5:  Weld  profile  and  fatigue  cracks  after 
compression-compression  loading  (0a=  350  MPa). 


specimen,  parallel  to  the  weld  or  the  weld  toe.  No  fatigue 
cracks  appeared  directly  at  the  weld  toe. 


4.  Conclusions 

The  results  of  this  investigation  have  evaluated,  that,  as 
would  be  expected,  the  highest  tensile  residual  stresses 
were  found  in  the  weld  centre,  however,  the  tensile 
residual  stresses  at  the  weld  toe  were  also  sufficiently 
high.  The  stress-relieved  specimens  showed  similar 
residual  stress  distributions,  but  with  overall  lower 
tensile  residual  stresses.  Obviously,  the  higher  hardness 
values  in  the  weld  material  of  the  subsequently  annealed 
specimens  are  a  consequence  of  the  precipitation  of 
vanadium  during  annealing  [11].  The  tendency  of  the 
weld  material  to  harden  under  heat  treatment  was 
confirmed  by  the  fact  that  the  first  cap  pass,  which  was 
heated  up  for  a  short  time  during  the  application  of  the 
second  cap  pass,  also  showed  slightly  higher  hardness 
values  than  the  second  cap  pass.  In  both  treatments 
however,  a  lower  strength  was  found  in  the  fine-grained 
area  of  the  heat  affected  zone,  which  was  confirmed  by 
the  drop  of  hardness  in  this  area  (see  Fig.2).  The  numbers 
of  cycles  to  incipient  cracks  were  similar  for  the 
as-welded  and  the  stress-relieved  specimens.  All  of  the 
cracks  started  in  the  fine-grained  zone,  and  that  is  to  say, 
in  the  region  of  the  welds  with  veiy  low  tensile  or  even 
low  compressive  residual  stresses.  Cracks  were  located 
at  a  distance  of  2  to  2.5  mm  parallel  to  the  weld  toe  in 
die  region  with  the  lowest  hardness  see  Fig.2).  The 
cracks  occured  on  both  sides  of  the  specimens 
independent  of  the  magnitude  of  the  initial  residual 
stresses.  Therefore,  it  can  be  concluded  that  the 
dominating  factor  for  crack  initiation  is  the 
microstructural  notch  caused  by  the  drop  in  hardness  or 
strength.  In  spite  of  the  early  occurrence  of  incipient 
cracks,  the  specimens  of  both  treatments  reached  high 
numbers  of  cycles  before  fi-acture,  as  shown  in  Rg.3.  The 
S-N  curves  determined  for  the  specimen  fracture  of  both 
specimen  treatments  showed  only  minor  differences.  For 
example  the  fatigue  strengths  of  both  treatments  at  a 
fracture  probability  of  50  %  showed  a  negligible 
difference.  Although  the  slope  of  the  S-N-curve  of  the 


as-welded  specimens  is  higher,  no  further  influence  of 
the  residual  stresses  on  the  endurance  or  the  fatigue 
strength  can  be  confirmed.  It  can  only  be  assumed  that 
the  stress-relief  treatment  led  to  adverse  material 
properties  regarding  fatigue  strength  under  compressive 
loading  within  the  welding  seam. 

The  negligible  influence  of  the  residual  stresses  can  also 
be  confirmed  by  the  change  in  the  tensile  residual 
stresses  during  the  first  cycles  of  compressive  loading. 
Already  after  the  first  lo^  cycle,  the  residual  stresses 
were  reduced  to  approximately  100  MPa  over  the  whole 
range  of  the  welding  seam.  The  applied  minimum  stress 
resulted  in  an  inhomogeneous  elastic-plastic 
deformation  within  the  fine-grained  zone  due  to  the 
lower  strength  in  this  region.  Because  of  this  reduction 
of  the  residual  stresses  by  deformation,  only  very  low 
tensile  residual  stresses  were  effective  at  the  weld  toe  in 
the  direction  of  loading.  It  is  therefore  not  likely  that 
welding  induced  residual  stress  can  have  an  effect  during 
a  total  cycle  number  of  5  x  10^.  The  S-N  curves 
determined  for  the  specimen  fracture,  as  well  as  the 
number  of  cycles  to  incipient  cracks  of  the  two 
treatments  showed  only  sm^l  differences  which  were 
not  sufficient  enough  to  confirm  a  significant  influence 
of  the  residual  stresses  due  to  welding  on  the  fatigue 
strength  under  cyclic  compression  loading.  Neither  the 
notch  at  the  weld  toe  nor  tensile  residual  stresses  led  to 
crack  initiation  within  the  weld  toe  which  is  the  critical 
region  under  cyclic  loading  with  load  stress  maxima  in 
the  tensile  range.  Obviously  under  pulsating 
compressive  stresses  the  hardness  minimum  has  a 
dominating  effect  on  crack  initiation. 

The  authors  thank  the  Arbeitsgemeinschaft  industrieller 
Forschungsvereinigungen  (AIF)  for  the  support  of  the 
investigations: 
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A  Numerical  Procedure  for  Welding  Residual  Stresses  Estimation 
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This  paper  presents  a  study  of  thermal  stresses  during  welding  ,considering  the  prediction  of 
the  longitudinal  stresses  acting  on  bead-on-plate  and  butt  welds  on  plates  or  strips.The  material  is 
considered  as  strain  hardcning,and  the  weld  is  located  at  the  plate  center  line  or  at  the  strip  edge.It  is 
applied  the  ordinary  linear  solution  proposed  by  Rosenthal  to  represennt  the  body  temperature  during 
welding. 

Key  Words:  WeldingThermal Stresses, Residual Stresses,Elastoplasticity 


1.  Introduction 


The  problem  of  predicting  residual  stresses  due 
to  welding  has  long  been  recognized  by  structures 
&bricators  as  very  important  but  at  the  same  dme  as 
very  difficult  one  to  analy2e.The  difficulty  has  its 
origin  in  the  ccanplex  mechanism  of  residual  stresses 
formation, which  starts  from  the  uneven  temperature 
distribution  caused  by  the  iatense,conccntrated  heat 
source  associated  with  all  fusion  welding  prcx:ess.The 
incompatible  strains  that  are  formed  as  a  consequence 
give  rise  in  turn  to  self-equilibrating  thermal  stresses 
that  remain  in  the  weld  structure  after  it  has  cooled 
down  to  ambient  temperatue,thus  producting  the  so- 
called  residual  stresses.Figure  1  shows  schematically 
the  changes  of  temperature  and  stresses  that  occur 
during  such  a  process. 

In  naval  and  marine,nuclear  and  petrochemical 
industries,there  is  the  necessity  of  welding  thick 
plates  during  constructiem  and  even  during  repair  of 
structures,pressure  vessels  or  reaaors,that  results  in  a 
ccxnplex  residual  stresses  distribution  in  the  welded 
partihese  stresses  have  great  influence  on  the 
mechanical  bdiavics*  of  the  structure,particnilary  for 
^tigue  ^fracture  and  buckling  analysis. 

Taking  in  view  the  importance  of  residual 
stresses  distributiCHi  prediction,this  paper  presents  the 
development  of  a  computer-aided  analysis  of  thermal 
stresses  in  weldments^considering  the  prediction  of 
logitudinal  stress  acting  on  bead-on-plate  and  butt 
welds  on  plates  or  strips  .In  order  to  check  the 
proposed  procedure  for  welding  residual  stresses 
cstimation,it  was  conducted  an  experimental  study  on 
residual  stresses  distribution  of  thiede  strips, subjeaed 
to  multipasses  welding,comparing  experimental 
results  wifli  analytical  predictions. 

2.  Analysis  of  Thermal  Stresses 


The  methodology  that  is  presented  inn  this 
paper  aims  the  estimation  of  the  residual  stresses 
distribution  parallel  to  the  weld  ljne,as  a  function  of 
the  lateral  distance  of  the  weld  line.Such  an  analysis 
is  referred  to  hereinn  as  the  one-dimensional  analysis. 
The  basic  assumption  inherent  in  the  one¬ 
dimensional  stress  analysis  is  that  the  cmly  stress 
present  is  the  one  parallel  to  the  weld  line,  ,being 
a  flmetion  of  the  transverse  distance  from  the  weld 
centerline  only,and  that  and  ,respectively 

transverse  stress  and  shear  stress,are  zero,according 
to  the  coordinate  system  presented  in  Figure  2. 

The  algorithm  for  solving  the  problem  is  based 
on  the  method  of  sucessive  elastic  solution  as 
proposed  by  Mendelson  [l],taking  into  account  the 
temperature  dependance  of  material  ydd 
strength,considering  also  the  material  linear  strain 
hardcning.The  analysis  is  based  on  the  temperature 
distributiem  along  the  welding  process,and  the  output 
of  the  algQrithm,at  each  time  step  ,CQnsists  of  total 
strain,mechanical  strain  ^plastic  strain  and  thermal 
stress  at  each  of  the  predetermined  points  located  at 
various  transverse  distance  from  the  weld 
centerline,as  shown  in  Figure  3. 

2.1  ANALYSIS  of  HEAT  FLOW 

The  methodology  cmplcys  the 
Rosenthal,[2],analytical  soludcm  of  the  problem  of 
heat  flow  during  welding,vhich  is  based  on  the 
following  assumptiQas:i)the  welding  is  perfenmed 
over  a  sufficient  length  so  that  the  temperature 
distribution  around  the  heat  source  would  not  change 
if  viewed  from  a  coordinate  ^cm  moving  with  the 
heat  source;ii)The  physical  properties  of  the 
conducting  medium  are  ccmstant;iii)The  heat  losses 
through  the  surfrice  of  the  conducting  medium  to  the 
surrounding  atmo^here  are  n^eaed;iv)Thc 
conducting  medium  is  semi-inflnitely  large  in  the 
three-dimensional  analysis,when  the  heat  source  is 
considered  as  a  point. 
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For  a  finite  thick  plate,the  temperature 
distribution  is  calculated  throu^  the  following 
expression: 
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T . .temperature  at  a  given  time  step  t 

Tq . initial  temperature 

Q . total  heat  input^fimction  of  arc 

effidency, welding  current  and  arc 
voltage 

C  =  X  -  vt  moving  coordinate 

V. . arc  travel  speed 

t . time 

(x,y,2) . fixed  cartesian  coordinate  system 
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h . thermal  conductivity 

^  Jl  . thermal  diffiisivity 
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p . density 

c . specific  heat 
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“  [C®+y=+(2nh+2)2]^''2 

2.2  STRESS  CALCULATION 

The  stress  calculation  is  based  on  the  method 
proposed  by  Mendelson[l],for  obtaining  the 
elastq)lastic  stress  and  strain  distributicm  in  a 
thermally  stressed  plate, considering  the  temperature 
distribution  constant  along  the  specimen  thidmess. 

Assuming  the  only  nonzero  stress,the 

stress-strain  for  a  given  point  along  the  strip  width,for 
a  given  time  during  welding  process,considering  the 
incremental  behavior  of  plastic  strain  due  to 
temperature  time  variation  during  welding,  can  be 
written  as: 


Aex^  cumulative  plastic  strain  increments 
until  the  time  before  time  n 

plastic  strain  increment  at  time  n 

To  simplify  the  analysis,equation  2  can  be 
written  in  a  nondimensional  way, as  follows: 
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and 

and  where  the  values  with  suffix  zero  rq)resent 
reference  values  at  room  temperature. 

Since  there  are  no  external  forces,integrals  for 
the  net  force  and  mcment  must  satisfy  the  following 
condition: 

/  widdi 

0  I  n  dn  =  0 


widxb 


1  s.dn 


y 

width 


(5) 


and  that  K 


a  +  bn  ,due  to  the  assumption  of 


°x 

n-l  p  p 

■  -f 

n  £ 

>^ere: 

"x 

n 

longitudinal  stress  at  a  given  time  n 

ii)plate 

^x 

n 

longitudinal  atrain  at  a  given  time  n 

a 

thermal  eaqjansion  coefficient 

X 

E 

elasticity  modulus 

+  \ 

Ta 

temperature  change  from  reference 

''n 

temperature 

\y  “  taking  in  view  equation  5 , the 

mechanical  strain  can  be  written  as: 
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At  equadcms  (6)  and  (7)  the  elastic!^  modulus 
is  considered  as  a  constant,with  no  variation  vdth 
temperature. 

Taking  in  view  the  above  equations,it  is  possible 
to  verify  the  dependance  between  the  mechanical  and 
plastic  stiain,at  a  given  time.So  the  calculation  of 
medianical  strain  at  a  given  time  is 
interative,b^ining  with  the  adc^tion  of  =0 

and  defining  e  .Through  equatimt  (5),it  is 
(c  ) 

defined  ^  and  based  cm  the  stress-strain 

relaticm  of  the  material,!!  is  defined  the  stress  and 
strain  in  the  poinL'^th  this  new  value  of 

p 

plastic  strain,!!  is  redefined  the  value  A  e  ,and  the 
calculation  procedure  isrqieated.  This  procedure 

p 

is  repeated  until  the  convergence  of  Ae^  ,with 
the  defiboition  of  S  .  ^ 

It  is  also  important  to  notice  that  the  stress  and 
strain  state  ina  given  point  is  dependent  on  the  strain 
and  stress  of  the  other  points  along  the  width  of  the 
transversal  aoss  section  of  the  strip  or  plate, so  the 
calculation  must  be  done  at  several  transverse 
positiems  simultaneosly. 

The  temperature  and  thermal  stresses 
calculation  must  be  dme  at  a  given  number  of  time 
values,through  the  welding  process,including  the 
heating  and  cooling  periods, and  the  thermal  stress 
distribution  calculated  at  the  last  time  step  can  be 
cemsidered  the  residual  stress  induced  by  welding 
process. 

This  algcxithm  of  residual  welding  stresses 
calculation  far  plates  and  strips  was  implemented  in  a 
c(xnputer  program  for  IBM/PC  microcomputers. 

3.  E^rimental  Studies  of  Residual  Stresses 

In  stu(fying  thermal  stresses  during  welding,it  is 
important  to  compare  e>q[>erimental  results  with 
analytical  predictioiis.Since  most  of  the  e?q)erimeatal 
technics  employed  in  residual  stresses  analysis  are 
destructive,!!  is  usually  used  test  specimenns  for  this 
analysis,welded  to  spe^c  welding  c(mditi(ms,similar 
to  those  applied  in  industrial  welding. 

Figure  4  shows  the  test  specimen  geometry  and 
location  of  strain  gages.The  material  was  ASTM- 
A131  Grade  A  carbonn  steeLThe  specimen  was  500 
mm  lcmg,135  mm  wide  and  50  mm  thick. Welding 
was  done  along  the  upper  edge  of  the  vertically 
positiemed  ^ecimen,v^ch  was  supported  at  both 
ends  of  the  lower  edge.The  weld  was  15  mm 


thick,employing  a  multipass  Yielded  metal  arc 
welding.The  reason  v/hy  the  specimen  is  unusually 
long  is  to  pennit  the  full  development  of  the  residual 
stress  distribution  through  its  widtlMiear  the  mid 
length  transverse  cross  section.Table  1  lists  welding 
conditions  for  the  two  welded  specimens  used  in  this 
study. 

After  welding  was  complete  and  the  ^)ecimen 
cooled  to  room  temperature,twelve  uniaxi^  strain 
gages  were  mounted  along  its  midlength,on  welded 
and  lateral  sur&ces,in  order  to  measure  residual 
stresses  acting  on  specimen  sur&ce,as  shown  in 
Figure  4. 

For  residual  stresses  measurements  was 
employed  the  Stress  Relaxation  Method,[4I,i^ch  is 
based  on  the  hypothesis  that  the  residual  stress 
distributiem  is  defined  through  the  strain  relieved 
measured  by  strain-gages,after  the  remotitm  of  small 
parts,containing  the  sensors,from  the  specimen. 

For  residual  stresses  measuremennts,a  strip  50 
mm  wide  was  removed  from  the  specimen  and 
then,through  the  employment  of  splitting  and  slicing 
proc^ure,there  were  obtained  the  small  parts  of  this 
blocks,containing  the  strain-gagesAmounts  of  stress 
relaxation  were  measured  and  residual  stresses  were 
determined  throu^  the  application  of  Theory  of 
Elasticity  concepts. 

4.£xperimental  And  Theoretical  Results  for 
Residual  Stresses  Distribution 

Figure  5  ^ows  the  distribution  of  sur&ce 
longitudinal  residual  stresses,  ,along  the 

midlength  section,experimentally  and  theoretically 
defined. 

The  experimentally  defined  stress  distribution 
can  be  interpreted  as  a  c(Hnbinati<m  of  the  following: 

i) The  shrinkage  of  the  weld  causes  high  tensile 
residual  stress  in  region  near  the  weld  and  moderately 
low  compressive  stress  in  regions  away  fresn  the 
weldThe  tensile  residual  stresses  values  are  almost 
equal  to  the  material  yeld  stress  at  room  temperature. 

ii) The  oxi-cutting  process  employed  for  q)ecimen 
preparatiem  causes  relatively  high  tensile  stress  in  the 
unwelded  edge. 

Reasonably  good  agreements  were  obtained 
between  e)q)erimental  data  and  analytical 
predicticHis,except  for  residual  stress  in  the  weld 
surface, ^ere  the  effect  of  multipass  weld  procedure 
is  more  significant.Furthermore,the  residual  stresses 
theoretically  prediaed  for  the  unwelded  edge  is  lower 
thhan  the  e)q)erimental  value,because  the  theoretical 
calculaticm  procedure  do  not  take  in  account  the  oxi- 
cutting  process.The  procedure  presented  in  this  paper 
predict^  very  well  ^e  high  tensile  stresses  acting  in 
the  specimen  near  the  weld  line  ,whidi  is  very 
important,taking  in  view  the  detrimental  effea  that 
this  tensile  stress  has  on  the  structure  behavic»:,mainly 
in  brittle  fracture  or  i&tigue  annalysis. 
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5.Conclii$ioiis 

The  procedure  presented  in  this  paper  has 
proved  to  be  adequate  for  prediction  of  welded 
induced  longitudinal  residual  stresses  distribution 
acting  on  planar  welding  of  plates  or  strips,bemg 
capable  of  estimating  the  high  tensile  stresses  acting 
near  the  weld  line,related  to  shrinkage  of  the 
weld,with  a  good  accuracy.It  could  be  used  for 
analyzing  longitudinal  thermal  and  residual  stresses 
induced  by  weld  in  structures  composed  by  strip  or 
plates  with  long  weld  iines,at  least  during  the  early 
design  stages. 

Since  the  program  execution  is  rather 
inexpensive,it  can  be  used  as  a  tool  to  simulate 
various  welding  condition^in  order  to  define  the 
guidelines  for  the  (^timun  welding  procedure  for  a 
given  structural  geometry, taking  in  view  the  reduce  of 
residual  stress  magnitude  through  the  variation  of 
welding  current,arc  voltage,  or  welding  speed. 
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Fig.2.Coordinate  System. 
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Fig.3.Transverse  Section  Subdivision. 
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Tabic  1-Specimen  Welding  Parameters 

Number  of  Passes . 81 

Electrode . .AWS  E7018 

Current . 150  A 

Voltage . 22  V 

Speed. . 300  mm/min. 
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Fig.  1. Schematic  Representation  of  Changes  in 
Temperature  and  Stresses  During  Welding 


Fig.4.Tcst  Specimen 


Distance  from  Weld  Line  -v 


Fig.5. Longitudinal  Residual  Stress  Distribution  in 
Test  Specimen. 
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This  study  deals  with  the  vibrational  behavior  of  stiffened  flat  panels  subjected  to  heating  and  a 
lateral  pressure  load.  The  effects  played  by  the  various  reinforcement  schemes  and  the  initial  geometric 
imperfection  on  the  vibration  in  both  prebuckling  and  postbuckling  equilibrium  ranges  are  considered  and 
a  number  of  pertinent  conclusions  are  highlighted: 

Keywords:  Reinforced  Plate,  Frequency-temperature  Interaction,  Postbuckling. 


1.  Introduction 

As  the  concept  of  high-speed,  highly  flexible  and 
light  structural  weight  aircraft  capable  of  operating 
in  a  hostile  flight  environment  gathers  more  impetus, 
the  specialists  are  more  and  more  challenged  with 
a  variety  of  new  technical  problems  involving  its 
design. 

Such  new  problems  are  generated,  among  others, 
by  the  fact  that  the  advanced  supersonic  and  hyper¬ 
sonic  fli^t  vehicles  are  likely  to  experience,  during 
their  operational  life,  high  temperatures  and  pres¬ 
sure  gradients.  Moreover,  these  vehicles  will  typi¬ 
cally  experience  these  loadings  in  a  dynamic  envi¬ 
ronment.  Changes  in  the  vibration  characteristics 
of  panels  due  to  thermo-mechanical  load  interaction, 
affect  their  dynamic  response  and  flutter-behavior. 
For  this  reason,  understanding  the  effects  of  ther¬ 
momechanical  loads  on  vibration  of  flat  and  curved 
panels  is  a  fundamental  step  in  determining  and  un¬ 
derstanding  the  dynamic  behavior  of  structures  ex¬ 
posed  to  such  loading  conditions.  In  spite  of  the 
great  significance  in  the  djmamic  anal3rses  of  ad¬ 
vanced  flight  vehicle  structures,  results  on  the  vi¬ 
brational  response  of  stiffened  panels  under  thermo- 
mechanical  loadings  appear  to  be  extremely  scarce. 
This  paper  is  intended  to  supply  information  on  this 
topic,  namely  on  the  frequency-load  interaction  of 
reinforced  flat  rectangular  panels  exposed  to  an  el¬ 
evated  temperature  field.  The  effect  of  initial  geo¬ 
metric  imperfection  on  frequency-load  interaction  of 
reinforced  panels  is  assessed  and  conclusions  on  its 
implications  are  outlined. 


2.  Preliminaries.  Basic  Equations 

Consider  the  case  of  rectangular  isotropic  flat 
panels  reinforced  by  orthogonal  stiffeners  parallel 
to  the  panel  edges.  Consistent  with  the  usual 
procedure,  the  stiffeners  in  the  mutually  orthogonal 
directions  axe  assumed  to  deform  independently. 
One  assumes  that  the  panel  is  exposed  to  a  uniform 
through  thickness  temperature  field 

(1) 

measured  from  a  stress-free  temperature  Tr.  In  Eq. 
(1),  and  ^2  are  the  in-plane  Cartesian  orthogonal 
coordinates  of  the  mid-plane  of  the  plate,  while  fs 
is  the  transversal  coordinate,  positive  in  the  inward 
direction. 

o 

The  uniform  temperature  T  can  be  defined  as 

r=  (r„+r6)/2  wherer«  =  r(^i,&,e3  =  -h/2)  and 
Tfr  =  =  h/2)  denote  the  temperatures 

on  the  upper  and  bottom  faces  of  the  panel, 
respectively,  while  h  denotes  the  uniform  thickness 
of  the  panel.  We  will  assume  the  existence  of  an 

initial  geometric  imperfection  V3  =^3 

which  refers  to  the  transverse  displacement 
in  the  unstressed  configuration. 

The  main  geometrical  characteristics  of  stiffened 
panels  in  terms  of  which  their  cross-sectional 
properties  are  determined  are  depicted  in  Fig.  1. 

From  the  constitutive  equations,  not  displayed 
here,  one  can  infer  that  in  the  presence  of  stiffeners, 
due  to  the  asymmetry  of  the  resulting  panel,  a 
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bending-stretching  coupling  is  present.  This  fact 
which  will  be  reflected  further  in  the  governing 
equations,  implies,  among  others,  that  a  uniform 
temperature  field  throughout  the  thickness  of  the 
panel  and  stiffeners  will  produce  bending  from  the 
onset  of  heating.  This  reverts  to  the  conclusion 
that  in  contrast  to  the  case  of  non-stiffened  and 
geometrically  perfect  panels,  in  the  present  case, 
the  panel  will  not  exhibit  the  thermal  buckling 
bifurcation. 

3.  Governing  System 

In  the  present  study,  the  nonlinear  equations  gov¬ 
erning  the  thermomechanical  response  of  stiffened 
flat  panels  are  represented  as  a  generalization  of 
the  classical  von  Karmm-Marguerre  nonlinear  plate 
theory,  in  the  sense  that  the  relevant  equations  in¬ 
clude  the  effects  of  initial  geometric  imperfections 
and  the  presence  of  uni/biaxial  stiffeners.  As  in 
the  case  of  the  non-stiffened  classical  plate  theory, 
these  equations  are  reduced  to  two  partial  differ¬ 
ential  equations  in  terms  of  the  Airy  stress  func¬ 
tion  F(=  F(^i,&,t)  and  the  transverse  deflection 
as: 

•Al  P’,2222  +  -42^1111  H-  2  -f  P’,1212 

Cl  +  C2)  ^3,1122  —  ^1^3,2222  ~  ^2^3,1111 

+  V3, 11^3,22  —  V3, 12^3,12  +  Vz,\lVz,22  (2a) 

o  o 

+  V3, 22^3,11  —  2t;3,i2V3,12 

“h  A  ^niT,22  +  i^2p’,ll^  =  0, 

I?AAU3  — P,22  (^3,11+^341^ —P’,11  ^V3,22  +  ^3,22) 

+  2F42  ^^^3,12  +  ^3,12^  “  OiP,ii22  “  02P,1111 
“  03F,2222  +  O4V34122  +  O5U34111  +  06^3,2222 
—  A(07r,ii  4-08r,22 )  “  53  +  rn^vz  =  0. 

(26) 

Herein  A  denotes  the  2-D  Laplace  operator,  F 
is  defined  as  La(3  =  where  Ca/?  is  the 

permutation  symbol  and  the  Einstein  summation 
convention  over  repeated  indices  is  implied. 

The  coeflS-cients  appearing  in  Eqs.  (2)  are  not 
displayed  here.  Equations  (2a, b)  are  referred  to 
herein  as  the  von-Karman  type  compatibility  and 
transverse  force  equilibrium  equation,  respectively. 

A  simple  inspection  of  the  nature  of  coefficients 
O7  and  Os  will  disclose  that  the  terms  in  the 
bending  equations  associated  with  the  membrane 


temperature  subsist  only  in  the  case  of  a  reinforced 
panel.  This  shows  again  that  in  reinforced  panels 
the  membrane  temperature  induces  both  stretching 
and  bending. 

In  the  present  study  the  edges  are  considered 
to  be  simply  supported.  It  is  supposed  also  that 
the  tangential  motion  of  the  panel,  in  the  normal 
direction  to  the  edge  is  unrestricted  (movable  edges). 
Denoting  by  n  and  t  the  in-plane  directions  normal 
and  tangential  to  the  panel  edge,  the  pertinent 
boundary  conditions  axe: 

Vz  —  O5  A^nn  ~  O5  Ljit  —  Lnn  “  0-  (3) 


4.  Numerical  Illustrations  and  Discussion 

Using  the  postbuckling  governing  equations  not 
displayed  here,  an  assessment  of  the  effects  played 
by  an  uniform  through  thickness  temperature  field 
and  a  lateral  pressure  on  the  natural  frequency 
of  stiffened  flat  panels  will  be  accomplished. 
Throughout  the  numerical  applications,  the  case  of 
a  simply  supported  square  panel  {Li  =  X2  s  X) 
is  considered.  One  also  assumes  that  both  the 
panel  and  stiffeners  are  of  aluminum  i.e.  that 
F,.  =  s  F  =  10.4  X  10®  psi,  v  =  0.32  and 
a  =  13.15  X  lO^^in/in/^F.  It  is  also  assumed,  unless 
otherwise  specified,  that  Li/h  =  50,  Xi  =  lOin; 
isIL  =  ir/L  =  5  X  10-2;  ^,/L  =  firIL  =  2  X  lO^^ 
and  hr/L  =  hs/L  =  5  x  10“2,  For  an  uniaxially 
stiffened  panel,  say  in  the  xi  -  direction,  one  should 
consider  in  the  X2  -  direction  that  6,.  =  =  0  and 

Lr  00. 

The  results  are  presented  in  the  form  of 
interaction  curves  that  relate  the  magnitude  of 
the  average  middle  plane  temperature  amplitude 

o 

Til  to  the  square  of  the  fundamental  frequency, 

=  iJ^moL\l{'K^D))  as  a  function  of  geometric 

o  o 

imperfection  amplitude  Jii(=  /n/h)  and  the 
intensity  of  the  lateral  pre-load  511  (=  qiiL\l{Dh)), 

The  effects  of  uniform  through  thickness  tem¬ 
perature  increase  on  the  fundamental  vibration  fre¬ 
quency  of  geometrically  perfect  flat  panel  are  dis¬ 
played  in  Fig.  2  where  three  scenarios  are  involved. 

These  concern  the  cases  of  the  no  reinforced, 
uniaxially  and  bi-axialiy  reinforced  panel.  The 
results  indicate  that  in  the  first  situation,  the 
fundamental  frequency  decreases  linearly  with 
increasing  thermal  load  prior  to  buckling. 

At  buckling,  the  fundamental  frequency  is  zero¬ 
valued.  In  the  case  of  reinforced  panels,  due  to  the 
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coupling  between  bending  and  stretching  induced 
by  the  non-symmetry  of  the  panel,  out-of-plane 
deflections  are  induced  at  the  onset  of  the  membrane 
thermal  load  and  no  buckling  bifurcations  are 
featured.  The  results  from  Tig.  2  show  that 

o 

in  the  absence  of  the  temperature  load  Tn  = 
0),  the  fundamental  frequency  of  the  bi-axially 
reinforced  panel  is  larger  than  that  of  the  uniaxialiy 
reinforced  panel  counterpart  and  both  of  them 
are  larger  than  that  of  the  no  reinforced  panel. 
In  the  case  of  reinforced  panels  the  fundamental 
frequency  decreases  monotonically  as  the  amplitude 
of  the  membrane  temperature  increases  and  their 
increases  monotonically.  This  trend  is  due  to  the 
stiffening  caused  by  the  increased  participation  of 
the  membrane  stiffiiess  as  the  deflection  becomes 
larger.  Another  conclusion  emerging  from  Fig.  2, 
concerns  the  amount  of  bending-stretching  coupling 
featured  by  the  uniaxialiy  and  bi-axially  rejoiced 
panels.  As  is  readily  seen,  from  Fig.  2,  in  the 
former  case,  the  fundamental  frequency  reaches, 

o 

at  a  certain  value  of  Tn,  a  rather  close  to  zero 
value,  whereas  in  the  latter  case  the  Tninimum 
value  of  the  fundamental  frequency  is  rather  far 
from  zero.  The  relative  distance  from  zero  of 
the  fundamental  frequency  constitutes  a  measure  of 
bending-stretching  coupling  involved  in  a  reinforced 
panel. 

It  is  also  seen  from  Fig.  2  that  for  a  bi-axially 
reinforced  panel,  the  frequency  minimum  is  shifted, 
as  compart  with  the  uni-axially  and  no-reinforced 
panels,  towards  larger  amplitudes  of  the  membrane 
temperatures. 

'Ftom  the  same  graph  it  also  becomes  evident 
that  in  the  deep  non-linear  range  the  no-reinforced 
panel  features  larger  frequencies  than  its  uni-axially 
and  bi-axially  reinforced  panel  counterparts.  This 
trend  is  attributed  to  the  fact  that  in  that  range, 
there  is  an  increased  participation  of  the  membrane 
stiffness  in  the  non-reinforced  panels  as  compared  to 
that  in  the  reinforced  ones. 

In  Fig.  3  comparisons  of  the  frequency-tempera¬ 
ture  interactions  in  non-reinforced,  uniaxialiy  and 
bi-axially  reinforced  panels  subjected  to  lateral  pre¬ 
loads  of  intensity  qn  =  0  and  =  50  are  presented. 

The  plots  show  that  the  lateral  pre-load  increases 
the  mmimum  of  the  frequency  featured  by  the 
panel  in  the  absence  of  the  lateral  pre-load.  It  is 
also  seen  that  beyond  that  temperature  renderings 
the  frequency  minimum,  the  variation  path  of  the 
frequency  when  qu  5^  0,  follows  closely  that 
occuring  in  the  case  of  =  0. 


Finally,  the  effect  of  an  initial  geometric  imper¬ 
fection  on  the  frequency-temperature  interaction  of 
a  panel  subjected  to  a  lateral  pre-load  is  presented  in 
Fig.  4.  Herein,  the  three  scenarios  concerning  the 
non-reinforced,  uniaxialiy  and  bi-axially  reinforced 
panel  are  considered. 

The  results  show  that  the  initial  geometric 
imperfection  plays,  on  the  frequency-temperature 
interaction,  a  similar  role  to  that  of  the  lateral 
pre-load.  It  is  interesting  to  see  also  that 
an  initial  imperfection  of  the  same  amplitude 
plays  a  stronger  role  in  increasing  the  minimum 
fundamental  frequency  in  the  bi-axially  reinforced 
panels  than  in  the  uni-axially  reinforced  panel 
counterparts,  and  a  much  stronger  influence  as 
compared  to  the  non-reinforced  panels.  Needless  to 
say,  in  all  the  cases,  due  to  the  presence  of  the  lateral 
pre-load  and  the  existence  of  the  initial  geometric 
imperfection,  the  panel  will  not  exhibit  buckling 
bii^cation,  and  as  such,  the  frequencies  will  not 
become  zero  valued  quantities. 

5.  Conclusions 

A  parametric  study  of  the  vibration  behavior  of 
reinforced  flat  panels  featuring  initial  geometric  im¬ 
perfections  and  subjected  to  thermal  and  mechanical 
loads  has  been  presented.  The  loads  considered  in 
this  study  consists  of  a  lateral  pressure  and  a  non- 
uniform  membrane  temperature  field.  Results  are 
presented  for  simply-supported  panels.  The  results 
identify  the  interactions  of  applied  thermal  and  me¬ 
chanical  loads  and  the  fundamental  frequencies  of 
the  panel.  The  results  show  that  the  reinforcements, 
initial  geometric  imperfections,  and  transverse  lat¬ 
eral  pressure  are  all  significant  factors  that  should 
be  considered  in  the  d3mamic  design  of  panels  sub¬ 
jected  to  a  thermal  field. 
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Fig.  3  Influence  of  the  membrane  temperature  rise 
on  the  fundamental  frequency  of  reinforced/no 
reinforced  and  loaded/unloaded  panel  by  a 
lateral  pressure.  no-reinforced, 
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...  ..  uniaxially  reinforced,  qn  =  0); 
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Fig.  4  Influence  of  the  initial  geometric  imperfection 
and  of  the  membrane  temperature  rise  on 
the  fundamental  frequency  of  reinforced/no 
reinforced  flat  panel  subjected  to  a  fixed  qu  =  10 
lateral  pressure  (  no-reinforced,  = 

0);  (...•••  no-reinforced,  Sq  =  0.05); 
(-M  _  uniaxially  reinforced,  J©  =  0);  (_  .  _ 
uniaxially  reinforced,  So  =  0.05);  ..  «« 

biaxially  reinforced,  qu  =  0);  (_  ... 
biaxially  reinforced.  So  =  0.05). 
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It  is  important  to  investigate  atomic  order  analysis  in  order  to  understand  microscopic 
deformation  and/or  fracture  of  material.  Many  investigators  have  been  studying  such  the  problems  by 
using  the  molecular  dynamics  method.  Moreover,  it  is  important  to  consider  temperature  effect, 
because  thermal  stresses  could  be  effective  to  the  motion  ci  a  dislocation. 

Therefore,  in  this  p^r,  we  analyzed  tanperature  effect  to  the  motion  of  a  dislocation  in  nickel 
crystal  by  using  newly  proposed  EAM  (Embedded  Atom  Potential  Method).  We  construct  the 
c^lindrici  nidcel  crystal  and  put  an  a[-l  0  0]  dislcxiation  by  deforming  the  position  of  atoms  by  the 
dislocation  theory.  Ten^rature  and/or  strain  are  loaded  to  this  cylinder  and  MD  (Molecular 
Dynamic)  simulations  have  been  done.  a[-l  0  0]  dislocation  is  sqjarated  toa/3[-l  0  0],  a/6[-2-l  -1] 
and  a/6[-2  1  1]  dislocations  with  0[K].  When  the  temperature  is  spplied,  these  dislocations  moved 
along  [1  1  1]  and  [-1 1  1]  directions  On  the  other  hand,  the  dislocations  moved  along  [1  -1  -1]  and  [- 
1  -1  -1]  directions,  when  1.6%  uniaxial  strain  is  applied  along  [1  0  0]  direction  in  0[K].  Above 
300[K],  the  movement  csf  the  dislocation  occurs  lower  than  the  1%  strain. 


Words  :  Moleculccr  Dynamic  Method,  Embedded  Atom  Method,  Dislocation,  Nickel  Crystal, 
Missorientation,  Temperature 


1.  Introduction 

Many  efforts  have  been  done  to  recognize  a 
deformation  of  materials,  and  many  atomic  order 
investigations  have  been  proceeded  by  experim^tal 
and  computational  mahods.  In  order  to  study  an 
atomic  order  deformation,  it  is  important  to  have  a 
method  which  can  show  structure  of  crystal.  It  is 
essential  to  use  a  potoitial,  which  can  describe  exactly 
ddfect  energies  suc^  as  the  surface  energy,  when  we 
proceed  an  atomic  order  simulation.  On  the  other  hand, 
it  is  well  known  that  hydrogen  effects  to  deformation 
of  materials,  and  the  computational  simulations[l],[2] 
have  been  done. 

In  this  paper,  we  propose  the  methcxi  to  show 
the  atomic  order  structure  of  crystal,  and  analyzes  the 
deformation  of  nickel  aystal.  In  section  2,  the  two 
kinds  of  method  are  proposed  to  show  the  structure  of 
crystal  by  using  the  missorientation  technique[3].  In 
section  3,  we  proceed  the  molecular  dynamic 
simulation  of  nickel  crystal  by  using  newly  proposed 
EAM  (Bnbedded  Atom  Potential  M^hod)  [2],  which 
can  describe  a  fault  energy  appropriately  and  simulate 
the  interactions  of  hydrogen  and  dislocations  exactly. 
Strain,  hydrogen,  and  tempcarature  effect  to  the  motion 
of  a  dislocarion  in  the  nickel  crystal  are  studied. 

2.  Missorientation 

It  is  difficult  to  see  movonait  of  dislocations  or 
structure  of  crystal.  Figure  1  shows  pictures  of 
deformed  atom  positions  of  a  nickel  CTystal  with  30% 
strain  displayed  by  4  different  kinds  of  method.  Figure 


(c)  Missorientation  method  1. 


(d)  Missorientation  method  2. 


Fig.  1  Some  methods  to  show  position  of  atoms, 
(a)  Ball,  (b)  Deptii.  The  color  shows  the  depth  of 
atoms  from  you.  Brighter  atom  is  nearer  to  you.  (c) 
Missorientation  method  1.  The  color  shows  the 
missorientation  angle  to  the  perfea  fee  cristaL  (d) 
Missorientation  method  2.  The  color  shows  the 
average  missorientation  angle  between  the  atoms  and 
the  first  nearest  neighbor. 
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rig,  :>  Cyilndncal  Ni  ladice  model. 

1  (a)  shows  atoms  as  balls.  It  is  realistic  but  difficult 
to  d^ect  lattice  stniaure  or  dislocations.  Figure  1  (b) 
shows  atoms  by  drcle  and  put  color  depend  on  depth 
of  atoms.  Bright  color  note  the  atom  near  to  you.  We 
can  see  some  lines,  but  it  is  still  difficult  to  d^ect 
lattice  structure.  We  propose  two  kinds  of  method  to 
show  atoms  by  using  missorientation  technique[3]  as 
follows. 

Method  1 :  Rotation  angle  of  missorientation  from 
perfect  lattice. 

Method  2  :  Average  rotation  angle  of  missorientation 
from  first  nearest  neighbor. 

Figure  1  (c)  and  (d)  shows  atoms  whidi  are  displayed 
by  these  two  methods  lespectivefy.  The  relationship 
between  color  d^th  and  angle  is  shown  in  Fig.  2.  In 
Fig.  1  (c),  we  can  see  some  different  structures,  but  it 
is  still  difficult  to  get  detail  of  them.  In  Fig.  1  (d),  we 
can  see  cleariy  many  sections  in  the  crystal  by  dark 
color  and  boundary  of  these  sections  by  bright  color, 
since  the  atom  which  have  same  lattice  orientatbn 
shovm  by  dark  and  region,  where  the  orientation  is 
dianging,  is  shown  by  brighter  color.  On  the  other 
hand,  when  we  study  movement  of  dislocation,  it  is 
convenient  to  show  atoms  by  method  1  as  shown  in 
following  sections,  because  almost  all  part  have 
perfect  or  same  lattice  structure. 

3*  Simulation  of  Cylindrical  Ni  Lattice 

3.1  CYLINDRICAL  MODEL 

We  construct  the  cylindrical  nickel  erystal  as 
shown  in  Fig.  3.  The  axis  of  the  cylinder  is  [0  i  1]  and 
the  figure  shows  the  surface  normal  to  (0  J  1).  The 
radius  r  is  50  A.  Along  the  cylindw*  axis,  we  consider 


(b)  misscmentaricm  method  i 
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Fig.  4  Movement  of  a[J  0  0]  dislocation  by  relaxing 
to  T  =  0  K  Shovm  by  balls  and  the  missorientation 
method  1.  Dark  color  denotes  lower  deg  and  highest 
color  denotes  70  deg.  (a)  The  initial  atom  position 
with  an  a[ J  0  0]  dislocation,  (b)  The  atom  position 
after  relaxed  in  2  ps.  a[J  0  0]  dislocation  was  started 
to  move,  (c)  relaxed  in  3  ps.  (d)  relaxed  in  4  ps.  The 
a[J  0  0]  dislocation  were  sqjarated  to  a/3[J  0  0]  + 
a/6[2  J  J]  +  a/6[2  1  1].  The  position  of  dislocation  are 
stable  for  more  time. 


(a)  Cu  —  U5% 


(b)  Sii  =  1.6% 


(c)8^j  =  1.7% 


Rg.  5  Uniaxial  stress  is  applied  to  the  dislocation. 
Shown  by  the  missorientation  method  1.  (a)  The 
dislocations  are  stable  before  Eu  =  1.5%.  (b)  At  En  = 
1.6%,  the  dislocations  started  to  move,  (c)  and  (d) 
Dislocations  are  moved  to  along  [-1  -1  -1]  and  [-1 1  1] 
direction. 

periodic  conditions  with  the  length  of  periodicity 
4.978  A,  which  contains  4  layers  of  atoms.  The  atoms 
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Fig.  6  Positions  where  hydrogen  atoms  are  putted. 
Small  balls  show  hydrogen  atoms.  Upper  pictures 
show  atoms  (01 1)  surface  and  tilted  60  deg  along 
upper  direction  of  the  p^r.  Lower  pictures  show 
projection  to  [0  1  1]  axis  and  same  color  shows  same 
plane.3.3  Hydrogen  effects  for  a[l  0  0]  dislocation 


(a)  £11  =  0.8%  (b)  £11=  0.9%  (c)  £i  i  =  1.0% 


Fig.  7  One  hydrogen  in  periodic  position,  that  is  two 
hydrogen  atoms  in  two  layers,  are  putted  and  applied 
strain  with  uniaxial  condition  along  [1  0  0]  axis.  Small 
ball  shows  the  hydrogen,  (a)  EHslocations  are  stable 
before  £11=  0.8  %.  (b)  Dislocations  start  moving  at 
El  1  =  0.9  %.  (c)  Orientation  of  the  dislocations  are 
changed  to  [-1  -1  -1]  and  [-1  1  1]  direction. 


Table  1  Relationship  between  the  critical  strain, 
where  dislocation  starts  moving,  and  the  placement  of 
hydrogen  atoms. 


point 

A 

A,  A 

U 

A 

noH 

critical  strain 

0.9% 

0.9% 

12% 

1.6% 

1.6% 

Table  2  Relationship  between  the  critical  strain, 
where  dislocation  stars  moving,  and  temperature. 


temperature  UQ 

0 

100 

300 

500 

critical  strain 

8% 

5% 

1% 

0.6% 

in  the  region  r  =  44.35  to  50  A  and  r  =  38.7  to44.35A 
are  fixed  to  motion  and  temperature  respectively. 

3.2  a[J  00]  DISLOCATION  at  OK 

aU  0  0]  dislocation  in  the  nidcel  crystal  is  made 
by  drforming  the  positions  of  atom  in  order  to  the 
dislocation  theory[4].  Figure  4(a)  shows  the  applied 
a[l  0  0]  dislocation.  This  dislocation  were  sq>arated 
to  a/3[J  0  0],  a/6[2  i  i]  and  a/6[2  1  1]  as  shown  in  Fig. 
4(b)  to  (c).  Moreover,  the  missorientation  angle  of 
eacii  atoms  to  the  parfea  crystal  without  dislocation  is 
shown  by  colors  in  Fig.  4  (a)',  (b)*,  (c)*  and  (d)'.  By 
this  figures,  sq)aration  of  the  dislcx:ation  is  shown 
clearly. 

Uniaxial  stress  along  [1  0  0]  axis  is  ^plied  by 
scaling  the  position  of  each  atoms.  Scaling  were 
proceeded  by  step  0.1%  strain  along  [1  0  0]  and  -0.1% 
X  V  (  =  0.0374) and  relaxed  Ips  for  eadh  steps.  Figure 
5  shows  the  missorientation  angle  of  atoms  by  the 
m^hod  1.  The  high  angle  region  of  missorientation  is 
started  to  move  with  1.6%  strain  and  ciianging 
directions  Finally  these  regions  are  oriented  to  [111] 
and  [1  1  1]  direction. 

3.3  HYDROGEN  EFFECTS 

One  or  two  hydrogen  atoms  are  putted  near  the 
separated  dislocation,  which  is  obtained  in  section  3. 1 
with  0  K  and  relaxed  few  pico  seconds.  It  is 


confirmed  that  the  dislocation  was  not  move  by 
putting  the  hydrogen  atoms.  The  positions,  where 
hydrogen  atoms  are  putted,  are  shown  in  Fig.  6. 
Figure  7  shows  movement  of  the  dislocation  by 
q>plying  strain  with  uniaxial  stress  condition.  The 
dislocation  starts  moving  at  0.9%  strain,  that  is  0.7% 
lower  than  no  hydrogen  case.  Table  1  shows  the 
relationship  betweai  the  critical  strain,  where 
dislocation  stars  moving,  and  the  placement  of 
hydrogen  atoms.  The  lowest  critical  strain  is  obtained 
where  the  hydrogen  is  in  the  point  A  In  every  cases 
shown  in  Fig.  6,  the  dislocation  moved  as  same  as  no 
hydrogen  case. 

3.4  TEMPERATUE  EFFECTS 

Tenpeiature  effects  are  consider  to  the 
movement  of  a[J  0  0]  dislocation.  Figures  8  shows  the 
results  with  100,  300  and  500  K.  In  all  temperature, 
the  dislocation  sq)arated  along  [1  1  1]  and  [1  1  1] 
direaions  with  zero  strrfn.  This  separations  are 
different  from  0  K  case  as  shown  inFig.4  (d).  When 
we  dropped  temperature  from  100  K  to  0  K,  this 
structure  in  Ffe.8  (a)  is  stable  and  total  energy  is  0.5 
eV  lower  than  the  one  of  the  structure  with  0  K  as 
shown  in  Fig.  4(d). 

We  applied  stirfn  with  uniaxial  condition  to 
these  cases.  For  all  t«nperature,  the  dislocation 
moved  along  [1  J  J]  and  [1  J  i]  directions,  but  the 
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(c)T=500K,eii=0%  (c)’£ii  =  l% 


Fig.  8  Rdaxed  to  (a)  100,  (b)  300  and  (c)  500  K,  and  applied  (a)’  5%,  (b)’  1%  and  (c)’  1%  strain.  Shown  by  the 
missorientation  method  1.  (a),(b)and  (c)  Sq>arated  a[l  0  0]  dislocations  in  Fig.  3  (d)  are  moved  for  each  temperatue. 
(a)’,(b)’  and  (c)’  the  dislocadons  moved  again  along  [1  -1  -1]  and  [-1  -1  -1]  directions  at  5%,  1%  and  1% 
respectively. 


strain  where  the  movement  occurs  are  not  same.  Table 
2  shows  the  relationship  between  this  mtical  strain 
and  tonperature.  Above  300  K,  the  movement  of  the 
dislocation  occurs  lower  than  the  1%  strain, 

5.  Conclnsioiis 

The  two  m^hod,  which  describe  the  atomic 
order  structure,  are  proposed,  and  the  deformation 
simulation  of  nickel  lattice  has  been  proceeded  with 
many  different  conditions.  The  following  are 
summaiy  of  conclusions. 

1.  The  missorientation  angle  is  effective  to 
consider  structure  of  lattice. 

2  Hydrogen  and  temperature  reduce  the 
critical  strain  where  the  dislocation  stars 
to  move. 
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A  problem  of  an  elliptical  rigid  inclusion  in  an  infinite  plane  subjected  to  unifcim  heat  flux  in 
an  aibitiaiy  direction  and  with  n  numbers  of  debonding  on  the  inteifece  of  the  dliptical  rigid 
inclusion  and  the  elastic  matrix  is  solved.  The  rotation  of  the  inclusion  imder  the  unifcim  heat  flux 
is  considered.  The  complex  variable  method  is  used  and  the  closed  form  solution  is  obtained. 

key  lVords:Mixed Boundary  Value  Problem  Thermal  Stress, Uniform  Heat  Flux,Elliptic  Rigid  Inclusion 


1.  Introduction 

Plane  elastic  boundary  value  problem  can  be 
roughly  divided  into  three  types;  extern^  force 
boundary  value  problem,  displacement  boundary  value 
problem  and  mixed  boundary  value  problem 
(displac^ent  and  external  force  boundaries  exist 
simultaneously).  In  these  boundary  value  problem,  an 
infinite  plane  with  a  hole  subjected  to  uniform  heat 
flux  hasbeen  considered  widely  before.  For  the  external 
force  boundary  value  problem,  Florence  and  Goodier 
considered  an  infinite  plate  with  an  Ovaloid  hole  [1]; 
Takeuchi  et  al.  considered  an  infinite  plate  with  a 
polygonal  holepj,  Sih  studied  an  infinite  plate  with  a 
aadc  [3];  Chao  et  al.  consida'ed  an  infinite  plate  with 
some  circular  cradc  on  a  circular  line  [4];  Hasd)e  et  al. 
considered  an  infinite  plate  with  a  square  hole[5)  as  well 
as  a  circular  hole  with  a  crack  [6].  The  general  solution 
of  an  infinite  plate  with  a  rigid  inclusion  under  the 
displacement  boundary  condition  was  derived  by 
Hasd)e  et  al.  [7].  Sekine  solved  the  line  indusion 
problem  [8].  Furthermore,  for  the  problem  with  mixed 
boundary  condition,  an  infinite  plate  with  a  circular 
rigid  inclusion  with  a  crack  was  considered  [9].  Kattis 
studied  an  aic-sh2|)ed  inclusion  and  a  straight  line 
inclusion  with  ddx)nding[10,l  1].  The  above  studies  are 
all  confined  to  the  case  that  the  muiiber  of  external 
force  and  displacement  boundaries  is  respeaive  one. 
Compared  with  the  problem  to  external  force  or 
di^lacement,  the  solution  of  the  mixed  boundary  value 
problem  with  some  segments  of  the  external  force  and 
known  displacement  on  the  boundary  has  not  been 
obtained  so  much  before. 

The  purpose  of  the  present  p^er  is  to  find  the 
general  solution  of  the  mixed  boundary  value  problem 
of  an  infinite  plate  with  an  elliptical  rigid  inclusion  with 
n  ddjondings  aroxmd  the  interface.  The  problem  is 
solved  by  the  mapping  functionand  thermal  dislocation 
method,  and  the  problem  becomes  a  Riemaim  Hilbert 


problem  so  that  the  complex  stress  functions  can  be 
found.  The  heat  flux  is  assumed  not  to  pass  across  the 
interface  of  the  inclusion  in  the  analysis. 


2.  The  method  of  analysis 


2.1  The  mapping  function 

Fig.l  shows  an  infinite  plate  with  an  elliptical 
hole(z-plane)  which  is  m^ed  outside  of  the  unit 
circle(  C  -plane)  by  the  following  mapping  function: 


E 


Z  =  CDa)=EoS+y 


Eo 


(a  +b) 
2 


Ei  = 


(a-b) 

2 


(1) 


where  a  and  b  denote  the  long  and  short  radii  of  the 
ellipse. 


2.2  The  solution  under  the  uniform  heat  flux 
without  rotation 

Fig.l  shows  an  infinite  plate  vrith  an  dliptical 
rigid  inclusion  or  the  constraint  of  displacement,  q 
represents  the  uniform  heat  flux  through  unit  time  and 
unit  area  with  an  angle  6  between  the  direction  of 
the  heat  flux  and  the  x-axis.  The  temperature  and  the 


Fig.l  z-plane  and  Z  -plane 
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heat  flux  canbe  ©qpressedby  them^ing  functionand 
the  coiBplex  temperatme  ftmctioa  The  complex 
temperature  function  is  presented  by  [  9  ] 

=  +  (2) 

where  k  is  the  thermal  conductivity:  Stress  andysis 
under  iinifrim  heat  flux  without  rotation  of  the  rigid 
inclusion  is  carried  out.  Fig.l  shows  the  case  thatthere 
exist  debondings  ofn  segments  between  the  inclusion 
andtheelasticmatrix.The  external  forceboundaries  by 
lLo(j=l,2,...,nX  and  the  displacement  boundaries  are 
denoted  by  Mj(j=l,2,...,n).  The  coordinates  of  the 
both  ends  ofMj  are  denoted  by  a  j  and  /3  j  in  order  of 
dockwise  directioiL  The  outside  region  of  the  unit 
circle  is  denoted  by  and  the  inner  region  by  S’. 

The  external  force  boundary  condition  is  e?q)ressed 
by  the  regular  complex  stress  flmctions  as  follows  [12] 

Wo)  +  ^:==<i>'(a)+  1|>(0)  =  Cj 
©'(a) 

onMj(j=l,2 . n)  (3) 

who-e  bar  e;q>resses  coqugadon  of  the  complex 
fimction,  Q  is  the  constant  which  denotes  the  resultant 
force  on  Mj,  and  has  a  relation  C1+C2+  •  •  •  +Cn=0 
from  equilibrinm. 

The  displacemmt  boundary  condition  is  [  9  ] 


R  =  (1  -I-  v)  for  generalized  plane  stress  state. 

By  the  principle  of  analytical  continuation  on  the 
external  force  boundary ,  (S)  is  ejqrressed  by 


Substituting  (5),(6)  and  (7)  into  (3)  and  (4),  theproblem 
is  transformed  into  Riemaim  Hilbert  problem  as; 

<l'2*(o)-<t>2"(o)  =  Cj  (9) 


«l'2*(o)  +  4>2'(o)  =  H(a) 


H(a)  = 


ck^G 

2k 


a+K)( 


o*  + 


(10) 
2a*  ■’ 


where  +  denotes  that  C  approaches  the  boundary  of 
the  unit  drclefrom  the  out  region  so  doesthe  signal 
—  from  the  inner  region  S'.  The  general  solution  to 
satisfy  (9)  and  (10)  simultaneously  on  the  whole 
boundary  can  be  etqnressed  as: 


*t>2(S)  = 


Y(t)  n  Cj 

^w^^X(o)(o-D 

H(o) 


da 


+  2^  y  r 

2m  j='r“Jx(oXo-0 


(11) 


da 


nheie  X(^)  is  called  Plemelj  function,  uhichis 


wKa)-  i^^<(»'(a)  -rpCa) 

©'(O') 

=  -2Ga'/>P©©'(?)dC 

onl^a=l,2,-,n)  (4) 

The  term  in  the  right  side  of  (4)  denotes  the 
di^lacement  produced  by  the  uniform  heat  flux,  which 
is  expressed  by  the  couq)!^  temperature  function  and 
the  first  derivative  of  the  m^)ping  function  G  is  the 
shear  modulus,  vis  the  Poisson’s  ratio,  and  a  is  the 
coefficient  of  thermal  e:q)ansion.  For  plane  strain  state, 
a'  =  a(l  +  v),  k=3~4v;  for  generdized  plane 
stress  state,  a'  =  a,  k  =  (3- v)/(l+ v). 

Without  losing  the  general  property,  the  external 
force  and  displacement  on  the  boundary  are  zero  in  (3) 
and  (4).  In  order  to  eliminate  the  dislocation  of 
d^lacement  of  the  right  termin  (4),  the  function  with 
dislocation  is  introduced  and  the  oon^lex  stress 
functions  to  be  obtained  are  expressed  by  [  9  ] 

4>i(9+<j>2(9  ,^ife)  =  Alog^  (5) 

^(S)  =  ^i(0  Blog^  (6) 

Sinc^the  resultant  force  on  the  boundary  must  be  zero, 
B  =  A  can  be  obtained.  Substituting  (5)  and  (6)  into 
(4),  A  can  then  be  detennined  by  diminating  the 
dislocation  of  the  displacement  in  the  right  side  of  (4): 

A  =  -^Eo(Eoe-®-E,e-‘)  (7) 

where  R  =  (1  +  v)/(l  -  v)  for  plane  stram  state,  and 


X(S)=n(^-aj)”€-Pj)‘-“  (12) 


where  m  =  0.5-i(]nK)/23i_  Tije  brandling  of 
X(S)I^  =  1  is  taken  as  and  the  following 

egressions  hold, 

X*(£)=X'(S)  onL^  (j=l,2,...,n)  (13) 

-KX  *(0  =  X"(0  on  Mj  a=l,2,...,n)  (14) 


The  second  term  of  (11)  can  be  expressed  by  the 
integration  around  the  boundary  M(Mi+M2+-  •  ■+M») 
and  is  carried  out  by  residue  theorem.  The  final 
eipressionof  WO  canbeoibtainedfrom(5)and(6)as 


«t.(0  =  AlogS 

2k  2  2  XCO)  S 

^  gqRG 

2k  2  2  0"^ 

Y(t)  ”  C. 

+  ^SfT  - - - da 

2m  x(o)(CT  -  0 

(15) 


where  V  in  the  second  term  of  the  right  side  is 
expressed  as 


n=l 

n=2 

n^3 


V  =  -{^  +  mai  +  (1-  m)Pi} 

V  =  -l 
V=  0 
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The  unknown  constants  Cj(j=l,2,...,n)  can  be 
determined  by  the  condition  that  the  stress  components 
at  infinity  must  be  2ero,  i.e.,  =  0  .in  order  to 

satisfy  this  condition,  the  co^cients  ofthe  order  more 
than  the  first  order  of  C  becomes  zero.  From  this 
condition,  n  - 1  numberofequationsaboutCi,C2,...,Cn 
can  be  established,  and  combining  these  equations  with 
the  condition  thatthe  resultant  forcemust  be  zero,  i.e., 
C1+C2+  •  •  -  +Cn=0,  Ci,C2,  •  •  • ,  and  Cn  can  be  decided. 

In  the  e?ipression  of  ,  there  exists  integral  term, 

however,  the  first  derivative  of  the  integr^  can  be 
©q)ressed  e3q}licitly  without  integM  tenn  involving 
C  (see  Appendix). 


2.3  The  solution  of  the  rigid  inclusion  with  rotation 
if  the  inchision  under  unifomi  heat  fiux  is 
rotated,  the  rotation  angle  must  be  determined  s .  It 
is  taken  positive  in  anti-clockwise  direction  about 
the  origirL  The  boundary  conditions  can  be  defined  as 
=Py  -  0  on Lg  and  u  =  -sy,  v  =  ex  onMj,  whidi 
are  e?qpressed  as  [12] 

=  (16) 


K<j)  *(d)  +  =  2G€ko(a)  (17) 


Dj0=l,2,...,n)  r^resents  the  resultant  force  on  each 
Mj.  The  general  solution  that  satisfies  (16)  and  (17) 
can  be  obtained  as 


-da 


2m  jt'r^ix(o)(a-0 
2Gdx(0^,  03(a) 

K 


— da 

2m  j-i  J  x(P)(^  ~  0  (18) 


The  int^tal  of  (18)  on  Mj  can  be  carried  out  by  line 
int^ation  around  the  boundary  M.  Fin^  the 
complex  stress  function  <|)(t)  can  be  obtained  as 


2G£1  2G€1 

=  -X(0 - W  +  - - q)(5) 

1+K  1  +  K 


2m  j3"’x(oXo-0 


-da 


(19) 


W  in  the  first  term  on  the  right  side  of  (19)  is 


n=l ; 


W=Eo  + 


Ex 

^X(0) 


n^2; 


The  unknown  coefficients  Dj0=l,2,...,n)  can  be 
determined  by  the  same  method  as  that  of  the  previous 
section.  The  another  function  -ip  (^)  is  ejq)ressedby  (8). 


2.4  The  resultant  moment 

The  resultant  moment  on  the  displacement 
boundary  must  be  calculated  to  obtain  the  rotation  angle 
6  .  From  (15)  and  (19),  the  complex  stress  function 
can  be  expressed  as 


^(o)  =  x(c)[(g)  +  g(a)  +  e  (a)  (20) 

The  resultant  moment  Miot  about  the  origin  on  the 
displacement  boundary  can  then  be  expressed  as  [12] 

M„t  “-Re[fx(«^)f(c^K(l/cr);^da 

(21) 

+  j‘e'(cr)co(l/a)da] 

It  is  noted  that  e  (a)  denotes  int^ai  term  in  (15) 
and  (19),  f(a)  denotes  tom  with  plemdj  function 
(15)  and  (19),  and  g(a)  is  not  related  to  the  plemdj 
fiinction,  which  does  not  appear  in  (21).  The  first 
daivative  of  e  (a)  is  expressed  without  int^al  term 
(see to  Appendix) 

The  solution  of  rigid  indusion  rotating  around  the 
origin  due  to  uniform  heat  flux  fi:om  arbitraiy 
direction  is  obtained  by  combining  the  solution  of  the 
inclusion  without  rotation  and  the  solution  of  the 
inclusion  with  rotation  under  the  condition  that  the 
resultant  moment  on  the  displacement  boundary  must 
be  zero.  In  other  words,  the  rotation  angle  of  the 
inclusion  can  be  determined  by  the  condition  that 
Mroti+Miot2=0,  where  Mxoti  is  the  resultant  moment 
around  the  origin  by  making  use  of  (15)  in  (21)  and 
Mtot2  is  that  by  making  use  of  (19)  in  (21). 


3.  Conclusions 

Solutions  (8)  and  (15)  of  the  cong)lex  stress 
functions  have  been  obtained  for  the  case  ofthe  rigid 
elliptical  inclusion  with  nnumber  of  segment  of  external 
force  and  di^lacement  boundaries  subjected  to  uniform 
heat  flux  in  arbitrary  direction  and  without  rotation  of 
the  rigid  inclusion.  Besides  this,  the  complex  stress 
functions  with  a  rotation  subjected  to  uniform  heat  flux 
can  be  derived  by  si?)erposing  the  conq)lex  stress 
fimcdon  (19)  only  to  (15).  The  rotation  an^e  can  be 
decided  1^  the  condition  that  the  summation  of  the 
resultant  moment  due  to  (15)  and  (19)  must  be 
vanished. 


Appendix 


The  first  derivative  of  the  F(5)  =  x(^)/a 
The  function  is  introduced 


da 


X(aXa-0 


Mubipling  (22)  by  1/(0 -C)  and  the  differential 
fiinction  by  a  is  considered 

da  a-^  o (a-0^  (23) 

Multipling  the  both  terms  of  (23)  by  da,  and 


131 


(31) 


integrating  form  a  to  b,  the  both  sides  in  (23)  is 
pressed 
the  Idt  side  = 


“do  a-f 


the  right  side  = 


b-^  a-^ 


=  -f'(S)n(^-«j(^-pj 

k»l 

■  p,) 

j-l  t-Ctj  C-Pj  k.l 

-  g2(^) 


where. 


(25) 


f(o=/: 


do 


X(o)(a  -  0 


da 


X(a)(a  - 


g2(^)  aie  the  remaining  tenn  not  iticlinting  f(^)  and 
l^X^)-  f(^)  and  f'(D  include  the  integral  term  by  the 
following  ejqxression, 

=  (k  =  0,1,2,- -Ml)  (26) 

Arranging  (24)  and  (25), 

f'(D•^H(^)f(S)■^G(g)  =  0  (27) 

where, 

H(S)=i(^-H^) 

j-lS-Oj  £-Pj 


G(S)  =  - 


gl(S)■^g.(^) 
n(^-aJ(S-pJ 


Equation  (27)  is  the  first  differential  equation  of  f(0 , 
and  the  solution  is  e?qpressed, 

f(Oe3q>{rH(S)d&.».  /G(g)  exp(fH(t)dQdt 

(28) 

=  const 

Noting, 

exp{/H(5)dg-=  x(S)  X  const  (29) 

and  substituting  (29)  into  (28) ,  the  derivative  function 
is  obtained  as  follows: 

^MSX(S)}  =  -X(SX>(£)  (30) 

where  {}  in  the  left  term  of  (30)  is  F(^)=  x(S)f(g). 
The  final  expression  of  the  first  derivative  ftinction  by 
using  (22)  can  be  obtained  as 


FU)=-y(^){g,(£)  +  g2(C)} 
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The  steady  state  thermal  stresses  in  an  elastic  thick  plate  containing  a  prolate  spheroidal 
sliding  inhomogeneity,  when  the  circle  region  of  radius  d  of  the  upper  surface  is  heated  and 
lower  one  is  cooled,  are  investigated.  The  interface  between  the  inclusion  and  the  matrix  allows 
sUding.  The  solution  is  deduced  with  using  thermoelastic  displacement  potential  and  Boussinesq’s 
displacement  functions.  Numerical  examples  are  given. 
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1.  Introduction 

New  materials  such  as  functionally  gradient  ma¬ 
terials  and  MMC  have  developed  recently.  Then 
the  thermal  stresses  near  the  inclusions  are  im¬ 
portant  for  engineering  design.  In  this  paper,  the 
steady  state  thermal  stresses  in  an  elastic  thick 
plate  containing  a  prolate  spheroidal  sliding  inho¬ 
mogeneity,  when  the  circle  region  of  radius  d  of  the 
upper  surface  is  heated  and  lower  one  is  cooled, 
are  investigated.  The  interface  between  the  inclu¬ 
sion  and  the  matrix  allows  sliding.  The  solution  is 
deduced  with  using  thermoelastic  displacement  po¬ 
tential  and  Boussinesq’s  displacement  potentials  . 
The  related  three-dimensional  thermal  stress  prob¬ 
lems  of  a  spheroidal  cavity  or  an  inclusion  em¬ 
bedded  in  a  thick  plate,  were  discussed  in  papers 
of  Tsuchida  and  Nishikawa  (1995)^^  Tsuchida  et. 
(1996)^^  among  others.  Two  sets  of  harmonic  func¬ 
tions  and  two  sets  of  biharmonic  functions  are  given 
by  simple  expressions  referring  to  cylindrical  and 
prolate  spheroidal  coodinates.  The  boundary  con¬ 
ditions  on  the  surfaces  of  the  thick  plate  and  the  in¬ 
clusion  are  satisfied  by  using  the  relations  between 
cylindrical  and  prolate  spheroidal  harmonics  and 
biharmonics.  Numerical  results  are  presented  for 
different  heat  or  cool  area,  stiffness  ratios,  inclu¬ 
sion  shapes  and  sizes,  and  the  stress  distributions  in 
the  neighbourhood  of  the  inclusion  are  illustrated 
graphically. 

2.  Method  of  solution 

2.1  Temperature  distribution  and  thermoe¬ 
lastic  displacement  potential 

Consider  an  elastic  thick  plate  containing  a  pro¬ 
late  spheroidal  inhomogeneity  as  shown  in  Fig.l. 
Denote  the  cylindrical  and  prolate  spheroidal  coor¬ 
dinates  by  (r,  6,  z)  and  (a,  /?,  7)  ,  respectively.  They 
are  related  with  each  other  by  the  equation 

r  =  cqp,  ^  =  7,  z  =  cqp  (1) 

in  which  c  is  the  half  distance  between  a  pair  of  foci 


and 

q  =  cosh  a,  q  =  sinhor,  {q  >  1) 

p  =  cosl3,  p-sinP  (bl<l) 

For  convenience,  r,  z^  q  and  q  henceforce  will 
be  regarded  as  dimensionless  quantities  referring 
to  a  typical  length  of  the  half  thickness  of  the  thick 
plate.  The  major  and  minor  semi-axes  of  the  pro¬ 
late  spheroidd  inclusion  are  taken  as  b  and  a  , 
where  b  =  ccoshaojfl  =  csinhao* 

The  circular  region  of  radius  d  of  the  upper  surface 
of  the  thick  plate  is  heated  to  constant  tempera¬ 
ture  To  and  lower  one  is  cooled  to  —To  ,  and  other 
regions  of  surfaces  are  insulated. 

First,  we  obtain  the  temperature  distribution. 
T  is  the  temperature  rise  from  the  initial  uniform 
temperature  T  =  0  . 


Fig.l  Coordinate  system 
Temperature  distributions  satisfy  the  Fourier 
heat  conduction  equation  under  steady  state  con¬ 
dition 

v-r  =  =  0  (3) 

and  satisfy  the  boundary  condition; 


(i)  On  the  surfaces  of  the  thick  plate  ;  =  ±1 


(T)«±, 


iTo  (r  <  d) 
0  (r  >  d) 


(4) 
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(ii)  On  the  interface  of  the  inclusion  a  =  oq 
(^)or=Ofo  =  (f)cc=oeo  (5) 

Here,  k  is  the  thermal  conductivity  .  The  quan¬ 
tities  referring  to  the  inclusion  are  denoted  by  a 
superior  bar.  We  give  the  temperature  functions 
as  follows: 

00 

+  To  FmQ2m+lig)P7m+l{p)  (7) 

m=0 

rCO 

-f  To  /  <^(A)Jo(Ar)sinh  Az  dA  {a  >  ao) 

Jo 

00 

^  ~  ^0  y^-fit^2n-n(g)T2n«fl(p)  (a  <  ao)  (8) 


n=0 


Here,  Fm,Fn,  ^(A)  are  unknown  coefficients  and  an 
unknown  function  ,  which  are  determined  from  the 
boundary  conditions.  Jn(Ar)  is  a  Bessel  function  of 
the  first  kind  and  Pn(p):Qn{Q)  are  Legendre  func¬ 
tions  of  the  first  and  second  kinds  respectively. 

First,  we  use  the  following  formulae  to  satisfy 
the  boundary  conditions  (i)  on  the  surfaces  of  the 
thick  plate. 

Qn{q)Pn{p)  =  c  [  2n(Ac)Jo(Ar)e~^"dA  (z  >  0) 
Jo 

roo 

Qn{q)Pn(p)  =  (-irc  /  i„(Ac)Jo(Ar)e^'<fA 
Jo 

{z  <  0)  (9) 

where,  i„(Ac)  is 

£„(Ac)  =  r”jn{iXc)  =  y^/„^^(Ac) 
and  i  =  y/^. 

From  the  boundary  conditions,  unknown  function 
<^(A)  is  found  as  follows. 

~  2 

=  “  X/  ^-^rn^2m-i-l(Ac)  ^  (10) 

m=0  ^  ^ 

Next,  in  order  to  satisfy  the  boundary  conditions 

(ii)  of  the  inclusion,  we  use  the  following  formulae 

oo 

Jo(Ar)  cosh  Xz  =  +  l)^2n(Ac)P2n(9)^2n(p) 


n=0 


Jo(Ar)sinh  Xz  =  +  3)i2n+l(Ac)P2n+l(9) 


n=:0 


X-P2n+l(p)  (11) 

Satisfying  the  boundary  condition  (ii),  we  get 

oo 

{^nl?2n+l(9o)  +  (4n  +  3)(/C„  +  <in)P2n+l(9o)} 


7»=0 


X  P2«+l(p)  =  yy  PnP2n+l(go)P2n+l(p)  (12) 

n=0 

OO 

{PnQ2n+l{qo)  4*  (4n +  $)(«„  4*<yn)P2n+l(?o)} 


X  P^ri-^l(p)  k^^  FnP2n+l{qo)P2n-\-l{p)  (13) 

n-0 

Here,  Kn  are 


(14) 


Kn  =:  —  2^  *2cFm  /  - r22m+l  (^<^)22n+l  (Ac)dA 

m=0  Jo  e  -  I 

We  obtain  an  infinite  linear  equation  for  Fn,Fn> 
Solving  these  equations,  we  get  T  and  f . 

Next,  we  seek  the  particular  solution  of  the  ther¬ 
moelastic  equation  for  the  temperature  function  . 
As  a  particular  solution  for  =  T,  =  f , 
we  give  the  following  thermoelastic  displacement  Q 
and  Q  for  T  and  f  .  where,  Q.  and  Q  are  thermoe¬ 
lastic  displacement  potentials  for  the  matrix  and 
the  inclusion. 

p  2 

+  2(^+%  {Ql2m+2(q)P2m+2{p) 

-  Q2m{q)P2m{p)} 

/■“  1 

+  To  y  ^<^(A)  Jo(Ar)zcosh  Ar  dA  (15) 


n 


FnC^qp 


“o2(4n  +  3) 

X  {P2n+2{q)P2n+2{p)  ~  P2n[q)P2n{p)) 

Here,  =  0. 

2.2.  Displacement  potentials 

The  streeses  caused  by  the  above  thermoelastic 
displacement  potentials  and  temperature  functions 
do  not  satisfy  the  boundary  conditions  on  the  sur¬ 
faces  of  the  thick  plate  and  the  inclusion  interface. 
Then  we  use  Boussinesq^s  displacement  potentials. 
Boussinesq  displacement  potentials  for  the  torsion¬ 
less  axisymmetric  problem  are  given 


2Gur 


_  d^o  ,  d<pz 
dr  ^  dr 


20.,  =  ^  +  ,^-(3- tote  (16) 

The  boundary  conditions  in  the  case  of  sliding  in¬ 
clusion  to  be  satisfied  are  : 

(i)  On  the  surfaces  of  the  thick  plate  z  =  ±1 


z=±l 


=  toU" 

X  Acosh  AJo(Ar)dA 


-  f  Ae-^i2„+i(Ac)Jo(Ar)dA|  (17) 

m=0  ''0  j 


n=0 
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2(1 


X  (cosh  A  -f  A  sinh  A)  Ji  (Ar)c?A 

f  (A  —  l)e“‘‘^22m+i(Ac)7i(Ar)<iA  I 

,^0  J 


(ii)  On  the  surface  of  the  inclusion  a  =  ao 


= 


f  2Gu^  \  _  f  2Gua  \ 

\EsTohq)^^^^  \EeTohq) 

2(1  —  i/)  Mn  —  1"  4n  +  3 


«t=ao  ^ - «'''^/a=ao 

-  IJ  2(1-1/)  Mn- 


Fn 


n=0 

kF3 


( 


.  .  ,  -^n+l  +  ^/cl(«n-l +<^n~l) 

471  +  7 

+  ^/c2(«n  +  <Jn)  +  ^/c3(«n+l  +  <^n+l)} 

go(l  +  i/)c^  A:^l  p,  feK2  p 

2(1  —  i>)(l  +  z/)  ^471  -  1  471+3 

+  4^^«+l}]^2n+l(p) 

EsToc^h^)  ~  (Wc2A0«=ao  " 


n=0 

5F3 


+  ~Al'~^^n-¥l  H"  ZrT^‘^«+2 


‘  471  +  3  "  471  +  7  471+11 

+  5Kl(«:n-2  H-  <^n-2)  +  5K2(«^n-l  +  ^n~l) 

+  5K3(«^n  +  <^n)  +  5K4(K:n+l  +  ^n+l) 

£o(l  +  i?)c^r 


*f  5/c5(^n+2  +  ^n+2)}  + 


(l-i/)(l  +  z/) 


X  {7^F„-2  +  T^Fn-l  +  T^Fn 


+ 


^471-5 

4;rP7^’*+'  + 
^0/3  A 


4r-1 

SkS 

471  +  11 
=  r!" 


471  +  3 
-^n+2}]-P2n+l(p) 


(£eToc=l.<fp;„„ 

n=l  ' 


,  ^F2  c. 

471—1 


471  +  3  471  +  7  471  +  11 

+  tKi(K„-2  +  <^n-2)  +  i/c2(^n-l  +  ^n-l) 
+  t^3(«n  +  ^n)  +  ^/c4(^n+l  +  <^n+l) 

+  tK5(«n+2  +  <^n+2)}]-P2n+l(P) 


r. 


9PJa=c. 


XEsToc^h'^qp 


_  +  £o(i  +  p)c^r  ,  ui  ^ 

-  i/V  ^ 


+ 

+ 


;^'2(l-P)(l  +  z/)  '4ti-5 

t/c2  g,  ,  ^k3  f,  ,  ^/c4  ^ 

^  7-;:X^n+i 


471—1 

t#c5 


471  +  3  471  +  7 

Fn^2}]PL^l(p)  (18) 


471+11 

(iii)  At  infinity  all  stresses  vanish. 


Here,  /  denotes  the  differentiation  .  E  is  Young’s 
modulus  ,  1/  is  Poisson’s  ratio ,g  the  coefficient  of 
linear  expansion  and  £0  =  is  a  ratio  of  coef¬ 
ficients  of  linear  expansion,  h  is  a  local  scale  co¬ 
efficient  =  -r— r 57.  Sample  coefficients  of 

c2(^2._p2) 

kpi:  ^Fh  tpii^  =  1  ^  3,/  =  1  ^  5)  are 

^F1  =  4^J^^{^2n(?o)  +  <loQ2n{Qo)]  (19) 

=  coshoo,  go  =  sinhoo,  Hq  = 

— To  satisfy  these  boundary  condi- 

c^(4o-P^) 

tions,  we  give  the  following  harmonics  for  Boussi- 
nesq’s  displacement  potentials  <po,  and  ^3. 

For  the  matrix: 


Here,  ^0 
1 


m 


[II] 


(po  =  EeTo  AmQ2m+l(9)'P2m+l(p) 


m=0 


<PZ  =  EeTo  BmQ2m{q)P2m{p) 

m=0 

(po^EeTo  /  ^i(A) Jo(^^)sinh A2  dA 


(20) 


(21) 


roo 

<pz  =  EeTo  /  AV>2(A)Jo(Ar)cosh  Az  dX 

Jo 

For  the  inclusion: 

Po  =  E^Tq  ^  A„P2n+l(?)-P2n+l(p) 

”5'  ^  (22) 

<P3  =  -EeTo  FnP2n{q)F2n(p) 
n=l 

where, Am  ,  Bm  ,  [m-  0, 1,  •  •  •)  ,  An  ,  Bn  ,  (71  = 

1, 2,  ‘  •  •)  are  unknown  constants  and  (A)  ,  ^2 (A) 
are  unknown  functions  of  A,  which  are  determined 
from  the  boundary  conditions.  The  above  displace¬ 
ment  potentials  satisfy  the  boundary  conditions 
(iii)  automatically. 

First,  to  satisfy  the  boundary  conditions  of  the 
surfaces  of  the  thick  plate  (i),  we  use  the  relation 
(9)  and  transform  the  displacement  potentials  [I]  in 
the  cylindrical  coordinates  and  satisfy  the  bound¬ 
ary  conditions.  And  the  unknown  functions  V'i(^) 
and  are  found  as  follows: 

00 

^l(A)  =  y  ]  c{Ayn72m+l(Ac)/i  (A) 

mssO 

+  Bmhm{Xc)f2{X)  +  Y'~~  Pm  ^2m+ 1  ( Ac)^i  ( A)  } 


1  {dJ,[\d)  \ 

QO 

^2(A)  =  ^  c{A„,i2m+l(Ac)/3(A) 

m=0 

+  Bm^2m(Ac)/4(A)  +  ^  ^'j  Bm?’2m+l(Ac) 

X  52(A)} 

2(1  —  i/)A2  }  sinh  A 


(23) 


Here, 

/i(A)  = 


(24) 


3  —  4z/  -  2A  —  e 


-2A 


sinh  2A  —  2A 
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/2(A) 


_  4(1  -  t/)(l  -  2u)  -  2A^ 


/3(A)  =  :r 


A(sinh2A  —  2  A) 

2 


sinh  2A  —  2A 
3-4i/  +  2A  +  e-^^ 

A(sinh2A  —  2A) 
(l-i/)(l-2A-e-^^)  +  A^ 
A2(sinh2A  —  2A) 

1  _  2A  -  e-2^ 


hW  =  (25) 

51(A)  = 

52(A)  =  A2(sjj,h2A-2A) 

Next,  to  satisfy  the  boundary  conditions  of  the  in¬ 
terface  of  the  inclusion  (ii),  we  use  the  Equation 
(11)  and  rewrite  [II] 

00 

^0  =  EsTq  ^  Q:n-P2n+l(^)^2n+l(p) 


[II]^ 


where 


n=l 

00 


ipz  =  EeTo  0nP2n[q)P2n[p) 


(26) 


n=l 

/*oo 


poo 

a„  =  (4n  +  3)  /  ^i(A)i2n+i(Ac)  dA 

Jo 

/?„  =  (4n  +  l)  /  AV-2(A)f2„(Ac)dA  (27) 

•'0 

Deriving  the  stresses  and  displacements  from 
p],  [II]*,  [III]  ,  and  satisfying  the  boundary  condi¬ 
tions  on  the  surface  of  the  inclusion,  we  get 

00 

'^^[{k^lAn  -f  ksiBn  -I-  ksoBn+l  +  ^alO^n 


n=0 


+  +  k  021^71+ 1} 

—  p{^Al-^n  -f  ksiBn  -h  kB2Bni-l}]P2n+l{p) 


(28) 


+  ^A2-^n  +  5^3-^n+l 


n=0 


H-  ^BlBfi^l  +  SjB2Bn  +  ^BS^n+l  +  5B4'^n+2 
+  ScclOin-1  +  Scc20Cn  +  ^a3<^n+l  + 

+  +  S030n^l  +  5/?4^n+2} 

“*  +  5^2-^n  +  ^AS-^n+l 

-f  +  5B2-^n 

+  +  5B45n+2}]^2n+l  (P) 

=  <T* 


(29) 


4-tA2-^n  +^^3-^n+l 

n=l 

+  +  ^B2Bn  +  tBzBn^l 

+  ^B4^n+2  +  tcciO^n^l  +  tct20Cn  +  ^aS^^n+l 

+  ^0lPn-l  +  ipzfin  +  ipZpn+l  +  i/3A^n+2} 

CO 

+f>l2-^n  +  iAzAn+l 

71  =  1 

-i-  +  ^B2‘^n 

+  iszBn^l  +  <54^71+2  }f2n+l(p) 


(30) 


(31) 


Here,  the  sample  coefficients  are 
kAl  =  02n+i(^o) 


^>11  =  “ 


2n 


-1(50) 


(4n  —  l)(4n  -h  1) 

+  ?oQ2n-i(^o)  -  (2n  -  l)Q27i-i(9o)}  (32) 


-r=o.5 


Fig.2  Variation  of  <70  with  4>  on  the  surface  of  the 
inclusion  ,  s=0.5,  d=1.0  k/k  =  1.0  SL 

Here,  FisF  :=  G/G  .  F  =  0  represents  void,  and 
F  =  oo  is  perfectly  rigid.  Equating  the  coefficients 
of  P2n+i  (p)  and  p2„+i(p),  in  the  left  and  right  sides 
of  equations  (28)-(31),  we  obtain  an  infinite  system 
of  algebraic  equations  for  An, Bn,  An  and  Bn- 

3.  Numerical  results 
Numerical  calculations  were  carried  out  for  heat 
and  cool  regions  radius  d  =0.5, 1.0,  2.0  changing  , 
values  of  the  semi-axis  b  ,  the  shape  ratio  s  a/ b 

,  stiffness  ratio  F  =  G/G  and  ratio  of  the  thermal 
expansion  coefficients  eo  =  e/s. 

The  v2iriation  of  (T0  with  ^  on  the  surface  of  the 
inclusion  for  s=0.5,  d=1.0  is  shown  in  Fig.2- 
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An  Extension  of  the  Cowin  &  Nunziato’s 
Domain  in  Initially  Stressed  Bodies  with  Voids 


Marin  Marin 

Math.  Dtp.,  Univ.  of  Brasov,  Str.  1.  Maniu,  50,  2200  Brasov,  Romania 

We  prove  that  for  a  finite  time  t  >  0,  the  displacem^t  field  «£,  the 
dipolar  displacement  field  (pjk^  the  temperature  6  and  the  change  in 
volume  fraction  <r  generate  no  disturbance  outside  a  bounded  domain. 

Key  Words:  Domain  of  influence,  Initially  stressed  body,  voids 


1.  Introduction 

It  is  remeu-kaUe  to  note  that  the  theory 
of  materials  with  voids  or  vacuous  pores  was 
first  proposed  by  Nunziato  and  Cowin  [8].  In 
this  theory  the  authors  introduce  an  addi¬ 
tional  degree  of  freedom  in  order  to  develope 
the  mechanical  behavior  of  a  body  in  which 
the  skeletal  material  is  elastic  and  interstices 
are  voids  of  material.  The  intended  appli¬ 
cations  of  the  theory  are  to  geological  mate¬ 
rials  like  rocks  and  soil  and  to  manufactured 
porous  materials.  The  linear  theory  of  elastic 
materials  with  voids  was  developed  by  Cowin 
and  Nunziato  in  [3].  Here  the  uniqueness  and 
weak  stalnlity  of  solutions  are  also  derived, 
lesan  in  [4]  has  established  the  equations  of 
thermoelasticity  of  materials  with  vrads.  An 
^endbn  of  these  results  to  cover  the  theory 
of  micropolar  materials  with  vends  was  been 
made  in  our  study  [6].  In  the  present  paper 
we  first  consider  the  baac  equations  and  con¬ 
ditions  of  the  mixed  initial-boundary  value 
problem  in  the  context  of  thermoelasticity  of 
initial  stressed  bodies  with  voids.  Next  we 


define  the  domain  of  infiu^ce  Bt  of  the  data 
at  time  t  associated  with  the  proUem.  We 
adopt  the  method  used  in  [1]  and  [5]  to  estab¬ 
lish  a  domain  of  influence  theorem.  The  main 
result  asserts  that  in  the  context  of  consid¬ 
ered  theory,  the  solutions  of  the  mixed  initial- 
boimdaiy  value  problem  vanishes  outside  Bt, 
for  a  finite  time  t  >  0. 

2.  Basic  equations 

The  basic  equations  from  thermoelasticity 
of  initial  stressed  bodi^  with  voids  are,  [7] 

im  +  +  eii  =  ffik, 

Mi3k,i  +  Vih  +  ^3,iQik  +  iPjtfQy*  “ 

-  <Pkr,iNijr  -j-  QMjk  =  /fcriPy,,  (l) 

bi,i  +  9  +  el'  =  QKOi  (2) 
efoi?  =  qi,i  -I-  gr.  (3) 

The  equations  (1)  axe  the  motion  equa- 
tionS)  (2)  is  the  balance  of  the  equilibrated 
forces  and  (3)  is  the  energy  equation.  We 
complete  the  above  equations  with 
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-  the  constitutive  equations 

"i*  ^ijtrm^mn  ^  ^mnij'ymn  "t" 

"H-^ranrtjXtnfir  "1*  OyO"  4" 

Vij  =  -¥>ikQik  +  <Pjk,TNrik  + 
^^ijmn^ran  “f"  "t"  "1“ 

'i'^ijfnnTXmn.T  +  ~ 

Mijk  =  ^j^^irk  +  ^ijkm'nfimn  +  ^mnijklfmn  + 
■i'-^j'fcnnrXTOnr  "f"  Cijk^  "i"  fijkm^,m  ^ijk^y 
^  ~~  ^^mni^mn  *)"  ^mni'imn  H" 
fmnriXmtiT  “H  0»^  + 

9  ~  ~  ~  ^jkXijk  ~ 

-  diC^i  +  mS, 

S  =  oiij-eij  +  +  SijkXijk  + 

+m(T  +  oio^i  +  aSy 

?«  =  (4) 

-  the  kinetic  relations 

Sy  =  |(«ij  +  'Kj  =  «i,i  -  (Pijy 

Xijk  —  'Pjkfi)  6  =  T  —  To,  ff  —  <p—  <po.  (5) 

In  the  above  equations  we  have  used  the 
following  notations;  g  -the  constant  magg 
density;  5'-the  specific  entropy;  7o*the  con¬ 
stant  absolute  temperature  of  the  body  in  its 
reference  state;  lij-coeffidents  of  merti^^  «- 
the  equilibrated  inertia;  u^-the  components 
of  displacement  vector;  ^^^-the  components 
of  dipolar  displacement  tensor;  ^the  volume 
distribution  function  which  in  the  reference 
state  is  (go;  a-tbe  change  in  volume  fraction 
measured  from  the  ref^ence  state;  ^the  tem¬ 
perature  variation  measured  from  the  refer¬ 
ence  temperature  To;  Ciy,  Xyfc-lonematic 
characteristics  of  the  strain;  7.;,^y,/ii/;t-the 
compcuients  of  the  stress  tensors;  fij-the  com¬ 
ponents  of  the  equlibrated  stress  vector;  qt- 
the  components  of  the  heat  flux  vector;  Fi~ 
the  compcments  of  the  body  forces;  Mjk-the 


components  of  the  dipolar  body  forces;  r- 
ihe  heat  supply  per  unit  time;  ^the  intrin- 
ric  equilibrated  force;  X-the  extrinsic  equi¬ 
librated  My  force;  Ci/mn, •••,  %-the 
characteristic  functions  of  the  material^  and 
they  obey  the  symmetry  retaiions 

^ijmn  ““  Gfnnij  “•  ^ijmn  ^  ^mnij 

=  <^iiy  <kjk  =  djiky  gij  =  gji 
Aijkmnf  =  Amnrijky  Fijkmn  =  Fijknm 
^ijmn  “  ^jii  ~  Pji*  {6) 

In  (1)  and  (3)  PijyQij  and  Nijk  are  pre- 
scnbed  functions  which  satisfy  the  following 
equations 

{Ptj  +  Qij)j  =  Oj  Nijkfi  +  Qjk  “  0* 

The  entropy  inequality  implies 

>0*  (7) 

To  the  system  of  field  equations  (l)-(5)  we 
adjoin  the  following  initial  conditions 

Ui(x,  0)  =  u^(x),  Ui(s,  0)  =  uf(z), 

0)  =  ¥>%(!<:),  4>}k(z,  0)  =  (p}jlx), 

6{x,^)^i^{x),c{x,Q)  =  c\x), 

cF{x,ii)  =  c\x),  x  B,  (8) 

and  the  following  prescribed  boundary  con¬ 
ditions 

Ui  =  Ui  on  dBx  X  I,ti  —  ii  on  dB^  x  I, 
¥>jk  =  Vjk  on  dBz  X  /,  fijk  =  fijk  on  dB^  x  I, 
a  —  a  on  dBz  x  J,  h  =  h  on  dB^  x  /, 

$=:  San  dBi  x  I,  q^q  on  dBl  x  /,  (9) 

where  t;  =  7}ij)nj,  fijk  =  fUjuni,  h  s 
hin,  q  =  qim,  dBi,  dB2,  dB^  and  dB4  with 
respective  comjdements  dBfydB^ydBl 
dB^  are  subsets  of  dB,  I  =  [0,fo),  n;  are 
the  components  of  the  unit  outward  normal 
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to  dBy  to  is  some  instant  that  may  be  infi- 
nite,  uj,  <p%,_  <p)^,  <r°,  <r^  0^,  %  (pjk, 

Jijic,  cr,  0,  g  and  h  are  prescribed  functions  in 
their  domains. 

Intioducing  (5)  and  (4)  into  equations  (1), 
(2)  and  (3),  we  obtain  the  following  system 
of  equations 

gUi  -  [uj,kPki  -  fPjkQik  +  fP}k,rNrik  + 
“H(^iyT7in 

+(Jinnftj  +  Dijmw)Xmnr  +  (oijf  +  6y)cr  + 
+(<^ik  +  -  (O^a  +  +  Q^iy 

IktVjt  ~  H“  Pijkmn^rnn 

4“  ^^jkmnrXfnnr  “4*  CijkO'  “(“ 

““  VjiQki 

“I"  ^jhmn^  mi»  "I"  Bjkmnlfmn 
+i);*mnrX»i«M>  +  ^}k(f  +  eyjfciO’.t  — 
—Pjk0  +  QMjki 

QKX7  —  (dtfatiSmn  "t"  ^mni^Ymn  *1* 

+/mnTiXmnT  +  diff  +  gijOj  -  ai8),i  + 

'^QJ'  OxjCij  hij'iij  CijkXijk 

— —  diCT^i  +  m0y 

(10) 

““v70'  “  ^ijkXiik  -mer-  oi&^i.  (11) 

By  a  solution  of  the  mixed  initial  boundary 
value  problem  of  the  theory  of  thermoelastic¬ 
ity  of  initial  stressed  bodies  with  vdids  in  the 
cylinder  Slo  =  .1?  [0,  to)  we  mean  an  ordered 

array  (u{,  ^jk,  8,  <t)  which  satisfies  the  system 
(11)  for  all  (s,t)  €  flo>  the  boundary  condi¬ 
tions  (9)  and  the  intial  conditions  (8). 

3.  Main  result 

We  begin  this  section  with  the  definition 
of  the  domain  of  influence.  Next,  we  estab¬ 
lish  a  domain  of  influence  inequality,  which 


is  a  conterpart  of  the  inequality  estaUished 
in  [5].  Finally,  we  shall  prove  a  domain  in¬ 
fluence  theorem  in  the  context  of  thermoe¬ 
lasticity  of  initial  stressed  bodies  with  voids. 
In  all  what  fdlows  we  shall  use  the  fcfllowing 
assumptions  on  the  material  properties 

0  ?  >  0,  iij  >  0,  «  >  0,  To  >  0,  a  >  0; 

*0  ^ijtnn^ij^fnn  "f"  2GTOn»y®t/Jfri»n.”l" 

"I" ^^ijmnryij^^nT  d"  -^ijkmnr^ijk^^nT^ 

+PkiXjkXji  —  2QikXjiyjk  +  lfTikXjiZjkT+ 

2ctijXijUf  ^  ^  ^Cxjk^ijkU^^ 

+2dijkXijWk  +  2eijkyi3VJk  +  2fijkmZi}kV^m+ 

+2diWno  -H  -I-  gijtOiWj  > 

>  a(xijxij  +  yij-yij  -f  ZijkZijk  +  u>.ty;  +  bP), 

V  Xij  —  Xjif  yij)  Zijk}  Ufiy  b)\ 

•«■)  feiSfe  >  TfiS,  V6. 

Hiese  assumptions  are  in  agreement  with 
the  usual  restrictions  imposed  in  the  mechan¬ 
ics  of  continua.  The  assumption  m)  repre¬ 
sent  a  considerable  strenghtening  of  the  con¬ 
sequence  (7)  of  the  entropy  production  in¬ 
equality. 

Let  V {x,  s)  be  the  function  defined  as 
^  (®> «)  =  +  hrViTVjk  +  + 

■\-a£i^  -h  Cijmn^ij^  mn  ^  2Gijfnn.Zij'fmn  ^ 

"I” Pijmn^j'fma  "I"  2FmfiTijSijXmnT  "t" 
*l"2Ll»jfmfir7»yXmnr  4"  ■AijkmnrXijkXmnT  4“ 
PkiUjj,Uj^  -  2QikUj,i(pjk  4-  2aijceij  4- 
-t-2JV,ifcti,-,fy>ife.r  4-  2bij<T%i  4-  2c^kOXiik  4- 
+2dijk(T^ij  4-  2eijktr^'txi  4-  2diaa^i  4- 
4-  2fijkmC,mXi3k  +  (12) 

We  also  define  the  function  K{xy  s) 

«)  =  4-  IhtVjtVjk  4- 

•^QKff  -|-  oS  SijBij  4"  'fij'fi}  4" 

4-  XijkXijk  +  a^  +  «)•  (13) 
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Talcmg  into  account  tbe  assumptions  i) 
and  it),  from  (12)  and  (13)  we  deduce 

K{x^s)  <  U(Xys).  (3'4) 

The  next  theorem  is  a  necessary  step  to 
prove  the  main  result. 

Theorem  1,  Let  (u,-,  G,  o)  he  a  solution 
to  the  system  of  equations  (11)  with  the  ini¬ 
tial  conditions  (8)  and  the  boundavy  condi¬ 
tions  (9),  Then  for  any  12  >  0,t  >  0  and 
Xo  €  By  we  have  that 


(8)  X  6  dBz  3r  €  [0,t]  such  that  ^  5^  0, 

(9)  z  €  dBl  3r  €  [0,  t]  such  that  f  ^  0. 

The  domain  of  influence  of  the  data  at  in¬ 
stant  t  is  defined  as 

Bt  =  {zo^Bx  B{t)  n  5(a:o,  ct)  #  0},  (16) 
where  0  is  the  empty  set. 

Theorem  2.  Let  (tt^,  9,  o)  be  a  solution 

to  the  system  of  equations  (11)  with  the  ini¬ 
tial  conditions  (8)  and  the  boundary  condi¬ 
tions  (9).  Then  we  have 


f  U{xy t)dV t  f  kijO^ejdV 

JDlxotSl  To  Jq  Jjj 

^  /  f  Q  +  Lcf)  dVds  -f 

Jo  s/fl 

+  /  /  ^r0dVds+  f  U{xyQ)dV  + 

Jq  Jq.  J-o 

uL  (tiiii  +  ftjkPjk  +  7ia)dSds 

+  /V  ^mdSdSyilh) 

Jo  Jest  -^0 


Ui—Oy  <Pjk  —  Oy  &=:0y  <7  =  0, 

on  {B\Bt}  X  [0,t]. 
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Effects  of  Specimen  Sizes  and  Cooling  Media  on  tiie  Thermal  Fatigue  Crack  Growfli 
Behavior  due  to  Improved  Quench  Tests. 
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In  this  study,  an  inqsroved  quench  testing  method  for  a  thermal  shock  lesistanoe  has  been  proposed 
Bq)eated  diermal  shock  tests  T^eie  pedonned  on  cemented  caibides  to  show  the  advantages  of  the  neiv  pn^x>sed 
metlKxl  that  enable  us  to  estimate  an  intrinsic  relationship  betv^een  crack  purgation  rate  and  stress  intensi^ 
&ctQr,  and  the  values  of  fiacture  toughness  under  the  fq)eated  thermal  shocks.  It  was  successfully  drown  that  tlie 
c^c  thermal  Mgue  crack  propagation  behavior  and  fracture  toughness  values  were  mdqpendent  of  the  speciinen 
lieights  and  the  cooling  media  enplqyed 


Key  Words:  Fatigue,  Thermal  Shock,  Crack  Propagation,  Size  Effect,  Quenching  Media,  Cemented  Carbides, 
Microstructure 


1.  Introduction 

The  quench  tests  [lJ-[2]  have  been  err^lqyed  to 
evaluate  the  thermal  shock  resistance  d  the  materials.  In 
these  tests,  the  criticai  temperatures  Tc  at  \duch  balding 
strengths  after  thermal  ^ock  drop  atoptly  due  to 
initiations  of  thermal  cracks  is  used  as  a  scale  of  thermal 
shock  resistance.  The  quench  test  has  an  advantage  of 
being  easi]^  conducted  at  everywhere,  but  has  a  disadvantage 
of  absence  of  the  physical  meaning  in  the  parameter  Tc. 
For  exanples,  changes  in  the  ^secimen  sizes,  specimen 
sh2^  and  cooling  media  yield  the  diftent  values  of  Tc, 
even  if  the  same  material  would  be  tested  Therefore,  it  is 
impossible  to  obtain  idM)le  Tc  values,  and  also  the 
quantitath^  relationship  b^ween  subcritical  crack  growth 
rate  and  stress  intensity  foctor  under  the  repeated  thermal 
shock  tests. 

^  In  this  stucty,  an  in^roved  quench  method  for  thermal 
shock  e?q)eriinen!5  has  been  proposed  Rq^eated  thermal 
dKxk  tests  by  the  nevi  riiethod  were  performed  on  cernerited 
carbides  to  confinn  that  the  cyclic  thermal  Mgue  aack 
propagation  behavior  and  fiactuie  tcHighness  values  are 
indq^endent  of  the  specimen  heights  and  cooling  media  with 
nvo  different  coefficient  of  kinematic  viscosity. 


2.  Specimen  and  e]qierimentai  procedures 
2.1  SPECIMEN 

The  material  tested  was  cemented  caibides  wtli  8.5 
p  m  WC  grain  size.  Tlieir  chemical  compositions  are 
listed  in  Table  1.  As  seen  from  this  table,  tlie  main 
oonpositions  are  WC  TiC  and  TaC.  The  final  qjecimen 


shape  and  dimensions  are  shofwn  in  Fig  1.  Two  kinds  of 
specimen,  8x4x25,  16x4x25  were  piqared  fcwr  the  tests. 
All  q^ecimens  were  polished  with  diamond  paste  to  the 
minor'like  finish  prior  to  the  tests.  The  mecd^cal 
prq)e]fies  after  siiitering  are  listed  in  Table  2.  The  values 
ci  fracture  tou^mess  are  estimated  as  12.7  MPa/* m  by 
bridge  indentation  method 

Table  1  Chemical  oonpositioiis  of  the  material  used 
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Figl  The  shqjes  and  dimensions  of  the  speciinens. 


Table  2  Mechanical  properties  of  material. 


Coefficient  of  linear  expansion 

5.34xl0‘‘ 

Young’s  modulus  (GPa) 

527.24 

Poisson'modulus 

0.222 

K,c  (MPam’") 

12.7 
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2.2  EXFERIMENTALMETHODS 

2.2.1.  Measurement  of  temperature  (Sstributions.  All 

smfeoes  of  tlie  spedmen  but  the  bottoms  were  ccated  wWi  a 

silicon  resin  to  provide  than  with  adiabatic  boundaiy 
condiUcHis.  The  sui&ce  without  coating  was  planned  to 
contact  with  the  cooling  media  The  qpedmens  were 
healed  in  the  fiimaoe  at  any  tenq»ratures  for  20  mimitPc 

Then  the  qjecimens  were  dro|^  down  to  cortact  with  the 
cooling  media  of  293  K.  and  left  at  tliis  condition  for  5 
minutes.  Wata  and  siliocm  oil  were  used  fi>r  the  fivtlhig 
media  in  the  present  stiKfy.  Their  coefficient  nf  Idnemarir 
viscosity  arc0.89xl0'®mVs  and  SxlO^m^ys,  respective^. 

The  iqjeated  thermal  shock  tests  were  cMiducted  using 
a  dma-controlled  motor  that  can  lift  or  dcnvn  the  spedmen 
between  the  fiimaoe  and  the  coding  media,  as  diown  in 
Rg.2.  From  the  preliminaiy  eiqieriments,  tenperature 
variations  in  die  longitudinal  and  wide  direction  of  fire 
^jedmen  were  confirmed  as  a  little.  So,  we  can  assume 

that  (Hiiy  one  dimensional  tenqieiature  gradient  is  yielding  in 
the  ^ecimen  hd^t  h^asuremoits  of  ten^wature 

gradient  along  the  spedmen  height  were  ttaie  by  using  the 
five  Ahund-Chirauel  thermocouples  with  02  mm  diameter. 
These  were  attadied  to  the  ^peciinen  side  at  the  distances  0. 
1, 2, 4and8inmfi>rlhe8mmhdghtq)ecimens,and0, 1,2, 

4  and  16  mm  ftjr  tlie  16  mm  hd^  spedmens  fiom  the 
cooled  aufooe  (bottom  of  the  qiecunen).  Figure  3  incficates 
ftiese  situations.  The  fon^perature  measuremsits  were  done 
five  times  at  the  constant  healing  tempenniim  The 
averaged  tenqierature  distributions  were  used  fiir  the 


foe  thermal  shock  test 


Hg.2  A  sdiematic  illustration  ofthe  thermal  shock  testing 
equipment 


Fig.3  The  locaticHis  of  theimocoiqiies  attached  to  the 
qjecimen  to  measure  the  tenqieiature  distribution  in  the 
gjecimen  hdglit  during  the  tliomal  sltock. 


2.2.2  Amfy^s  of  Oiermal  stresses.  When  the 

tenqnature  gradient  does  not  occur  in  the  lor^itudinal  and 
tiansveise  directions  ofthe  spedmen  but  on^  in  the  dnection 
of  the  specimai  hdght  thermal  stresses  can  be  evaluated  by 
thefidlowinge?qnession  {3], 


y)dy 


where,  a,  E,  v  denote  ooefficaent  of  linear  expanskm. 
Young's  modulus  and  Foisscm's  ratio  of  tire  material, 
mspectivdy.  In  addition,  2c  indicates  the  specimen  hdght, 
and  rdantes  the  lenqteiature  gradient  In  this  calculation 
the  variations  of  the  theimal  and  mechanical  pnperties  with 

tengieiature  were  erqiected  as  a  litfle,  so  the  averaged  values 
in  the  tenpeiature's  range  were  anployed  fijr  the  calcu¬ 
lations.  The  numerical  initial  method  was  used  for  ftie 
calculation  of  the  above  eequession 


2.2.3  grcwfft  behavior  durir^  the  repeated  diermal 

shocktest  Precrack  was  introduced  at  file  center  of  foe 

specimen  ly  file  bti(^  indentation  method  IheiT  lengths 
wereiangedfiomlOOtolSO  n  m.  The^iecimensuifoces 
containing  the  indentatkm  were  polished  and  riimingtprf 
about  40  ri  m  to  remove  the  eflect  of  residual  stresses 
induced  by  the  bridging  indentation  Crack  length  during 
Mgue  process  was  measured  by  an  optical  microscape  at 
magnificatim  of  400~1000  by  intenuptiiig  the  test  at  the 
specified  nuinber  of  cycles.  The  relationfo^  between 
deUdN’-Km  was  obtained  fiom  the  observed  crack  growth 
curve  2a-N.  Newmann-Raju  eiqiression  [4]  for  surfoce 
crack  in  bending  was  em^doyed  in  the  calculation  of 
The  crack  foapes  fiir  the  surfiioe  ctadks  were  investigated  to 
be  b/a=  0. 74,  where  i  and  a  denote  a  oadc  dqjtli  and  a  lialf 
crack  length,  respectively. 


3.  Experimental  Results 

3.1  TEMPERATURE  DISTRIBUTION  IN  THE 
SPEOMENDUE  TO  THERMAL  SHOCK 

Figure  4  show  the  tenpeiature  distribution  in  file 
direction  of  the  specimen  height  at  the  ekpscd  time  of  0.5 
sec.  The  data  was  obtained  fiir  the  case  of  brnting 
tengieratnre  of  523  K  From  Figure  4,  a  small 
can  be  seen  between  8  and  16  nun  hei^  qiecimens  in  the 
temperature  distributions,  though  sudden  tengietatute 
changes  near  file  cocked  specimen  suifooe  due  to  thermal 
shock  are  commonbi' seen  for  both  spechnens.  Ontheother 
hand,  the  tempaature  in  silicon  oil  changes  more  dowly  in 
the  directkui  of  ^ledinen  height  and  vvith  time  than  in  \vater. 

3.2  DYNAMIC  THERMAL  STRESSES 

The  esqieiimaitally  obtained  tengierature  distrilxrtions 
were  suibstituted  into  Equation  (1)  to  calculate  the  dynamic 
thermal  stresses  induced  in  the  qredmen  at  the  instance  irf 
the  thomal  shock. 
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Figure  5  shows  the  vadalions  of  the  thermal  stresses 
witli  the  distaiKe  fiom  the  cx)oled  sur&ce  for  several 
times.  Hus  figure  indicates  the  data  for  heating 
tenqjerature  of  523  IC  specimen  size  8x4x25  mm.  As  a 
cooling  media  water  was  eiiQ)!oyed.  We  can  see  that  the 
maximum  thermal  stresses  always  yield  at  the  cooled 
specimen  suifooe,  and  th^  are  in  tension.  These 
teiidencies  am  oonimon  to  oth^  e^q^erimental  ooiiditions. 

Figure  6  show  the  changes  of  the  thermal  stresses, 
^  that  yidd  at  the  cooled  ^)ecimen  suifixe  as  a  fimction 
time  for  the  case  of  the  heating  temperature  of  513  K. 
We  can  see  that  the  maximum  thermal  stresses  yield  at  the 
elapsed  time  of  0.5  second  for  both  8  and  16  mm  liei^ 
specimens,  but  the  absolute  \'aiues  of  the  thermal  stresses 
di^  ^vith  the  spedinenhei^it  that  is,  the  value  for  the  16 
mm  height  spedmen  is  1.3  times  larger  than  that  fin*  the  8 
mm  hei^  specimea  In  addition,  we  can  see  a  different 
beliavior  between  water  and  silicon  oil  in  the  variations  of 
the  thermal  stresses.  Tlie  maximum  stresses  a  ^ 
water  yidd  at  0.5  sec,  and  the  value  is  470  MPa,  while  fin* 
silicon  oil  it  occurs  at  6  sec  and  tire  value  is  160  MPa.  So, 
Tvenotioethat  <7  induced  at  thermal  shock  for  silicon  oil 
is  onfy  0.34  times  of  those  for  water,  and  change  very  slowfy 
as  con^iaied  witli  tliat  for  water. 

Figure  7  diows  the  variaticms  d*  the  maximum  thermal 
stresses  <7  as  a  function  of  tlie  heating  terr^perature 
oftlie^)ecimea  As  seen  fiom  this  figure,  die  positive 
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Fig4  The  effects  of  specimen  hdghts  and  the  cooling 
niedia  on  the  teriqimture  distributions  m  die  direction  of  the 
^ledmenhei^ 


finear  rdationships  can  be  seen  between  a  and 
At  a  constant  fMors  die  maximum  diernial  stress^ 
hdght  specimen  are  larger  than  those  for  die  8  mm  height 
specimen,  though  the  slopes  for  both  relations  are  almost 
same.  On  the  other  hand,  the  slope  of  die  linear 
relationship  in  silicon  ofl  is  somewiiat  lower  than  in  water. 

3.3  CVaiC  CRACK  GROWTH  BEHAVIOR  IN  THE 
REPEATED  THERMAL  SHOCK  TESTS 

Figure  8  dxiws  the  idationship  between  cradc  growth 
rate,  da/dN  and  stress  intensir^  foctor.  Kmr  plotted  on 
iQgaiidiinic  psper  under  die  r^ted  diermal  shock  tests  for 
both  8  and  16  mm  hd^  qpedmens.  In  die  tests,  water 
^vas  as  a  cooling  media  As  seen  fiom  this  figure, 
there  is  linear  relationships  between 
specimens,  and  no  dii^reiKes  exist  between  theia  As 
stated  above,  since  there  is  IK)  spedinen  size  dqiendence  on 
the  relationships  between  da/dt^  and  we  can  realize  the 

effectiveness  cf  the  present  method  to  get  tlie  cradc  growth 
behavior  under  the  repeated  thermal  diock. 

Figure  9  shows  the  of  the  cooling  media  on  the 
rdationships  between  da/i^  and  Kma  under  the  r^Deated 
thermal  shock  In  the  tests,  the  specimens  with  size  of 
16x4x25  mm  were  used  As  seen  fixim  diis  figure,  tiiere  is 
a  linear  relationship  between  da/dN  and  on  the  log-log 
plot  In  addition,  the  relationships  are  indq)endent  of  the 
cooling  media  aiployed  Hiis  feet  indicates  that  even  if 
the  diernial  bcxind^  conditions  between  die  ^ledmen 


Fig6  Variations  of  the  thermal  stresses  cr  ^  at  the 
oex^  ^)ecimen's  surfece  with  d^psed  tiine. 


Fig.5  Distnhutionsofdiediennal  stresses  in  the  ^)ecimen 
induced  Iw  die  thermal  shock  near  the  cooled  surl^  with 
time. 


Fig7  Changes  of  die  maximum  dynamic  diemial  stresses 
during  die  thomal  shock  as  a  function  of  die  heating 
toipeiatures  of  the  ^jecimens. 
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sinfeoe  and  cooling  media  ^vouId  be  unexpected,  we  can 
evaluate  the  exact  thermal  stresses  tliat  yield  along  the  cooled 
specimen  suifeoe  by  using  the  presem  method. 

By  flying  the  least  square  method  to  Fig.  8  and  Fig.  9, 
we  get  the  following  intrinsic  relationship  between  da/dM 
and  Kjtac  that  is  iixiependent  of  tlie  ^^edmen  size  and  the 
cooling  media. 

(2) 

3.4  ESTIMATOnTOFTHERN^ 
lj^ml^HERMAL^lXKCIMra3^^ 

The  heated  tenqieratutes  of  tlie  ^ledmen  at  whidi  the 
precracks  b^jn  to  propagate  more  than  100  ii  mbyasingle 
thermal  dKx:k  were  inv'estigated.  By  substituting  these 
temperatures  into  Fig.7,  wie  can  calculate  the  dynamic 
thermal  stresses  and  evaluate  thermal  j&acture  toughness 
A'alues  Kfc  using  Newmann-Raju  e?q)iBSsicMi  for  surfeoe 
crack  in  balding.  The  values  of  Aic  are  listed  in  Table  3. 
As  seen  j&om  tliis  Tdile,  the  average  fiacture  toughness 
values  are  estimated  as  10.7  MPam^^  for  the 


Fig8  Eflfect  of  spsdxnsii  heiglits  on  the  relationdiip 
da/dN-K^  for  the  tqieated  thennal  shock  tests. 


Fig.9  Efitoofquenchingnwdiaontherelationship^a/^P^^- 
A^for  the  rgieatedtliemial  sliock  tests. 


spedmens  of  8  nun  height,  and  9.8  MPam’^  for  the 
qjedmens  of  16  nun.  Though  the  \'alue  for  the  former  is 
somewhat  hl^ier  than  for  the  latter,  they  are  considered  to  be 
almost  same.  But  these  estimated  values  are  smaller  than 
those  l^Vickers-indenlation  method  listed  in  T^^^  One 
of  the  reason  for  this  difference  is  expected  to  come  from 
oxidizatiOT  of  the  spedmen  undo-  high  tenq^erature,  but  the 
details  of  the  medianistiis  are  unclear  at  the  present. 

Table  3  The  values  of  fracture  toughness  obtained  by  the 
present  method 


(a)  Specimen  height  8mm 

T,(K) 

<7  ^  (MPa) 

2a  {fx  m) 

Krc  (MPam^'") 

586 

479.14 

836 

10.98 

607 

526.39 

358.175 

7.83 

613 

539.89 

538.175 

9.86 

685 

701.89 

710 

14.77 

699 

733.393 

306.35 

10.1 

(b)  Specimen  height  16mm 

Aver.  10,71 

T,(K) 

a  ^  (MPa) 

2a  (/£  m) 

I<,C  (MPam*'-") 

586 

705.2 

r  321,3 

i  9.97 

633 

861.05 

162.8 

8.66 

648 

910.76 

230.45 

10.9 

1 

Aver.  9.84 

4.  GmcluMons 

The  Mowing  results  were  reached  from  the  pesent 
stu^. 

(1)  The  tdaiionships  between  da/dN  and  stress  intensity 
foctor  and  the  values  of  fracture  toughness  imckr  the 
rqpeated  thermal  shocks  were  studied  using  the  new  testing 
method  We  confirmed  that  the  reladonships  are 
mdqiendent  of  specinien  sizes  and  the  cooling  media 
employed  The  following  intrinsic  expiessioa 
efo/d^2.02xlO'\A^— 3.3)*^,  was  obtained  for  cemented 
carbides. 

(2) The  values  of  fiacture  tougjuiess  im’estigated  by  the 
ixesent  method  are  indqiendent  qieciinen  bixt  are 
lower  as  oonqiaied  with  tliose  estimated  by  bridging 
indouation  method  One  of  the  reason  for  this,  an 
oxidization  of  the  specimen  under  high  tenyerature 
environmetU  is  expected 
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Crack  Propagation  in  a  Functionally  Graded  Material  Plate 
under  Thermal  Loading 
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Functionally  graded  materials  (FGMs)  have  been  developed  as  uhrahigh  heat  resisting  materials  in 
aircraft,  space  engineering,  and  nuclear  fields.  The  formation  and  propagation  of  cracks  in  the  FGM 
under  severe  thermal  loading  is  often  unavoidable.  The  crack  path  in  an  FGM  plate  under  thermal  load¬ 
ing  tends  to  be  straight  or  curvilinear.  It  is  important  to  predict  how  the  crack  propagates  on  various 
conditions.  In  this  paper,  by  use  of  mode  I,  modell  stress  intensity  factors  and  the  maximum  stress 
criterion,  two-dimensional  crack  propagation  in  the  FGM  plate  under  thermal  loading  is  studied  by 
means  of  FEM. 

Words  :  Functionally  graded  materials^  Mode  land  mode  II  stress  intensity  factors,  Kinded  crack, 
Curviliner  crack  path.  Finite  element  method 


1.  Introduction 

Fumctionally  graded  materials  (FGMs)  have  been 
developed  as  uhrahigh  heat  resisting  materials  in  air¬ 
craft,  space  engineering ,  and  nuclear  fields.  The  appli¬ 
cation  of  FGMs  in  an  extreme  environment  requires 
strength  against  thermal  and  mechanical  loading.  FGMs 
are  composed  of  two  quite  different  materials;  engineer¬ 
ing  ceramics  and  light  metal.  The  former  is  to  resist  se¬ 
vere  thermal  loading  in  a  high  temperature  environment, 
and  the  latter  is  to  maintain  the  structural  rigidity.  Ther¬ 
mal  stress  may  produce  cracks  in  FGMs  which  are  sub¬ 
jected  to  extremely  high  thermal  loading.  Thermal 
stresses  in  the  FGMs  are  deeply  dependent  on  a  compo¬ 
sition  rate  of  ceramics/metal  and  the  thermal  conditions. 
Asuhable  composition  rate  may  prevent  fractures.  There¬ 
fore,  it’s  important  to  study  the  FGMs  fiom  a  view  point 
of  the  fracture  mechanics. 

Thermal  cracking  problems  have  been  investigated 
by  many  authors.  Jin  and  Noda  [1]  investigated  the  steady 
thermal  stress  intensity  factor  of  the  functionally  graded 
semi-infinite  space  with  an  edge  crack  subjected  to  ther¬ 
mal  loading.  Jin  and  Batra  [2]  studied  the  transient  ther¬ 
mal  stress  intensity  factor  of  functionally  graded  plate 
with  an  edge  crack  sul^ected  to  thermal  shock.  Thermal 
stresses  may  produce  the  straight  or  curvilinear  crack. 
Bahr  and  Weiss  et  al.  [3, 4]  studied  morphological  tran¬ 
sitions  between  single  and  multiple  straight  and  oscilla¬ 
tory  crack  propagation  in  the  homogeneous  material. 
Hexrmaim  et  al.  [5, 6]  investigated  curvilinear  thermal 
cracks  in  bimaterials  or  fibrous  composites.  Hibino  et 
al.  [7]  experimentally  observed  the  straight  and 
curveliuear  crack  in  functionally  graded  disk  under  ther¬ 
mal  loading.  Gu  and  Asaro  [8]  studied  kink  directions 
for  several  specimens  which  may  be  used  to  experimen¬ 
tally  study  focture  behavior  of  functionally  graded  ma¬ 
terials. 


In  this  investigation,  we  study  the  crack  path  in 
the  FGM  plate  how  to  depend  on  an  initial  crack  and 
thermal  conditions.  The  crack  propagation  in  the  FGM 
plate  under  thermal  loading  is  simulated  to  predict  the 
crack  path.  Mode  I  and  mode  U  thermal  stress  intensity 
factors  and  a  fracture  angle  near  a  crack  tip  in  the  FGM 
plate  are  considered.  Mode  I  and  mode  n  stress  inten¬ 
sity  factors  are  obtained  by  solving  the  thennoelastic 
problem  for  plane  strain  case  by  means  of  the  FEM.  The 
crack  propagation  is  investigated  by  use  of  the  maxi¬ 
mum  stress  criteiion  [9] .  The  straight  and  curviliner  crack 
paths  are  simulated. 


2.  Analysis 

We  consider  crack  propagation  in  an  FGM  plate 
as  shown  in  Figure  1.  The  FGM  plate  is  composed  of 
the  ceramics  (PSZ)  and  the  metal  (^-6A1-4V).  The  FGM 
plate  has  an  initial  crack  on  the  ceramics  boundary  which 
is  subjected  to  thermal  loading.  The  initial  crack  is  com¬ 
posed  of  a  main  crack  of  length  a^  and  a  kinked  crack  of 
length  After  the  main  crack  propagates  directly  per- 
pendicul^  to  the  surface  of  FGM  plate,  the  kinked  crack 
occurs  with  an  angle  of  Oq  due  to  including  impurities, 
particles,  or  any  other  reasons. 

The  FGM  plate  is  suddenfy  heated  fiom  the  inhia] 
temperature  to  the  boundary  temperature  on  the 
ceramics  surface  and  to  the  boundary  temperature  on 
the  metal  surface.  After  the  steady  state  is  achieved,  the 
FGM  plate  is  suddenly  cooled  to  the  initial  temperature 
Tg  on  the  both  ceramics  and  metal  surface,  or  is  cooled 
by  heat  transfer  which  is  chracterized  by  the  heat  trans¬ 
fer  coefficient  k  and  the  exterior  temperature  on  the 
ceramics  surface. 

The  FGM  plate  with  porosity  is  made  by  the  con¬ 
tinuously  graded  profile  of  the  composition  with  change 
fiom  the  ceramics  (PSZ)  to  the  metal  (Ti-6A1-4V).  The 
volumetric  ratio  of  the  metal  and  the  porosity  P  are 
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Vo  =  V„y„  +  VcK 


Pa-Pm^m+ficK 


100%*^  PSZ-^ - 0% 


0% -3-Ti-6Al-4V-^100% 

_ I 


Figure  1  Model  of  functionally  graded  material  plate 
with  an  initial  crack 


taken  as: 

where 

and  m,  n,  k  are  arbitrary  constants,  b  denotes  a  thickness 
of  the  FGM  plate.  For  the  material  properties  of  the  ce¬ 
ramics  and  the  metal,  those  of  experimental  data  [10, 
11]  are  used.  We  apply  the  material  properties  of  the 
FGM  which  expressed  [12, 13]  as  : 

£ _ m-p) _ 

1  +  P(5  +  voX37  -  8vo)  /  8(1  +  voX23  +  8vo) 


C  —  ^"'P"^’’'  ^cPePe  .  . 

“■  PmK,  +  PcK 

in  which  subscr^ts  m,  c,  and  a  represent  the  metal,  the 
ceramics,  and  the  air,  respectively.  We  assume  that  the 
material  properties  are  independent  of  temperature. 

Coordinate  system  near  the  crack  tip  is  given  in 
Figure  2.  The  angle  represents  the  initial  kink  angle. 
The  firacture  direction  makes  the  angle  with  the  axis 
X"  representing  a  normal  direction  on  the  crack  tip.  The 
crack  tends  to  propagate  in  curves  with  the  j&acture  angle 
being  taken  the  positive.  It  tends  to  arrange  itself  to 
propagate  perpendiculer  to  the  plate. 


Figure  2  Coordinate  systems  near  the  crack  tip  and  the 
fracture  angle 

We  use  the  following  criterion  [9]  for  the  crack 
propagation.  On  the  X'-Y"  plane,  the  criteiia  can  be  writ¬ 
ten  as  follows: 

(a)  The  crack  propagates  perpendiculer  to  the  direction 
of  greatest  tension. 

Kfiine  +  Ki^Scose- 1)^0  (4) 


a-ao  v=vo  p=po(l-P)  +  p^ 

^  =  {QpoCl  -  (2) 


where  A,£,  a,  v,  p,  and  C  stand  for  the  thermal  conduc¬ 
tivity,  the  Young’s  modulus,  the  linear  thermal  expan¬ 
sion  coefficient,  the  Poisson’s  ratio,  the  mass  density, 
and  the  specific  heat,  respectively,  and 


;io=Ac{i  + 


<3A,  +  (^-A,X1  -fj>j 


a  /  Cl  -  V..)  ojjl  •  K)EJ(l  •  V.) 


(b)  The  crack  propagates  when  the  mixed  mode  (mode 
I  and  mode  II)  stress  intensity  factor  K  exceeds  the 
firacture  touglmess  Kj^. 

K[=cos^KjCOS^^.^KjjSine,]j^j,  (5) 

where  the  angle  0^  stands  for  the  direction  along  which 
the  hoop  stress  ,  is  maximum  and  the  shear  stress 

,  is  zero  on  the  X'-Y'  plane.  The  firacture  toughness 
of  the  FGM  plate  is  dependent  on  the  position  as  fol¬ 
lows  : 


^Jc  -  ^m^cm  +  (l  -  ^m)^cc  (6) 

where  and  represent  the  firacture  toughness  of 
metal  and  ceramics,  respectively.  The  angle  0^  is  found 
from  the  mode  I  and  mode  II  stress  intensity  factors  (fiy 
equation  (4).  The  mixed  mode  stress  intensity 
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factoriSTcan  be  obtained  firomJsTpfr^  and  0^  by  equation 

(5). 

Nonnalized  stress  intensity  factors  and 
can  be  defined  as  stress  intensity  factors  K,  Kp  and 
which  are  nonnalized  by  the  fracture  toughness  re> 
spectively.  Figure  3  shows  typical  relations  among  nor¬ 
malized  stress  intensity  factors  (K*,  K*,  and  K^*),  the 
angle  dg  and  cooling  time.  Ihe  variation  ofK*  is  larger 
than  that  olK^  with  the  cooling  time.  When  is  in  the 

negative,  the  crack  is  closed  by  a  compressive  stress. 
The  time  when  K*  takes  into  the  positive  is  later  than 
that  of  K*.  The  normalized  stress  intensity  factor  of 
mixed  mode  and  the  angle  are  solved  from  K*  and 
Kp  by  equations  (3)  and  (4).  It  is  found  by  equations  (3) 
and  (4)  that  the  angle  6^  is  decided  by  a  ratio  of  K*  to 
Kp;  the  angle  takes  the  positive  when  Kp  is  in  the 
negative,  denotes  the  time  when  IT  has  reached  the 
fracture  toughness  K^^.  When  the  cooling  time  has 
reached  the  crack  propagates  at  the  angle  6^  on  the 
X'-Y'  plane.  Ihe  angle  can  thus  be  defined  as  a  frac¬ 
ture  angle  at  that  time.  One  of  the  most  important 
point  to  note  is  that  K*  is  in  the  negative  for  a  while 
after  the  cooling.  Since  Kp  is  in  the  negative  at  tp  the 
fracture  angle  takes  the  positive  in  Figure  3.  There¬ 
fore,  when  K  has  reached  the  fracture  toughness  with 

Kp  being  taken  the  negative,  the  crack  tends  to  propa¬ 
gate  in  curves  because  the  angle  takes  the  positive. 


Figure  3  Typical  relations  between  normalized  stress 
intensity  factors,  the  angle  0^  and  cooling  time 


The  procedure  for  the  simulation  of  crack  propa¬ 
gation  is  shown  in  Figure  4.  The  crack  extends  incre¬ 
mentally  as  follows.  The  simulation  of  crack  propaga¬ 
tion  starts  from  the  initial  crack  which  diaracterized  by 
the  main  crack  length  the  kinked  crack  length  and 
the  kink  angle  Ihe  time  when  the  mixed  mode 
stress  intensity  factor  K  reaches  the  fracture  toughness 
Kj^  and  the  fracture  angle  0^  are  obtained  from  the  stress 
inteisity  factors  K^  and  Kp  by  the  criterion.  The  current 
time  when  X  reaches  is  compared  with  the  pre¬ 
vious  one.  If  the  current  time  is  later  than  the 
prevous  time  f  the  crack  propagation  is  stable; 


thus  file  crack  propagates  along  the  fracture  direction.  If 
the  current  time  is  earlier  than  the  prevous  time 
fprwems^  the  ofack  propagation  is  unstable.  Therefore,  the 
crack  propagates  along  the  normal  direction  on  the  crack 
tip;  the  fracture  angle  6^^=0  is  taken. 


Figure  4  Procedure  for  the  simulation  of  crack  propa¬ 
gation 


3*  Numerical  results 

We  simulate  the  crack  propagation  to  predict  the 
crack  path  which  depends  on  the  initial  crack,  thermal 
condition,  and  mechanical  condition.  Ihe  material  prop¬ 
erties  of  the  ceramics  and  the  metal  are  applied  as  fol¬ 
lows  : 

m=1.0  ^  =  0.0 

=  Z036  [W/mK]  A„  =  18.1  [W/mK] 

=  117  [GPa]  =  66.2  [GPa] 

0.711  X 10-*  [1/K]  =  0.103  x  lO'^  [1/K] 

v^  =  0333  v„  =  0321 

=  5.60  X 10^  P^m3]  =  4.42  x  10^  [kg/m^] 

=  615.6  [J/kgiq  C„  =  808.3  [J/kgiq 

The  initial  temperature  r^=300K  is  taken.  The  heating 
temperature  on  the  ceramics  boundary  r^=1300K  is  de¬ 
cide  according  to  the  result  [7]  that  the  crack  occured 
at  the  cooling  process  if  the  ceramics  surface  was  heated 
to  over  around  1300K.  The  heating  temperature  on  the 
metal  boundary  is  kept  at  the  initial  temperature.  Ihe 
ratio  of  kinked  crack  and  main  crack  length 
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4.  Conclusion 


is  taken. 

The  crack  path  as  shown  in  Figure  5  is  simulated 
on  condition  that  the  crack  increment  takes  from  0.05mm 
to  O.lmm.  We  selected  the  fracture  toughness  of  ceram- 
ics  A’^=4.0MPaVm  and  that  of  metal  Ji:^=64.0MPaVm 
which  are  widely  used.  The  ceramics  boimdaiy  is  coold 
to  the  initial  temperature  T^.  The  fracture  angle 
changes  from  the  positive  to  the  negative  whOe  tiie  oack 
is  propagating.  Because  the  crack  will  still  propagate 
and  the  fracture  angle  will  take  the  negative,  it  can  be 
predicted  that  the  crack  may  arrange  itself  to  propagate 
perpendicoler  to  the  FGM  plate. 


Figure  5  Simulation  of  crack  propagation 

(a2^.2^nm,a2=0.0^nm,  a^sS.Odeg) 


Figure  6  shows  a  crack  path  simulated  on  the  con¬ 
dition  which  differs  from  that  of  the  previous  simula¬ 
tion.  The  fracture  toughness  of  ceramics  2iL^=1.0MPa^ 
and  that  of  metal  lsr^=1.0MPa^  are  used!  Hie  surface 
of  ceramics  is  coold  by  heat  transfer  (A=1.0xl0*W/tai*K, 
r^sSOOIQ.  The  crack  propagates  in  curves  quite  sharply. 
After  the  stable  crack  propagation,  the  unstable  crack 
propagation  occured.  The  crack  will  still  grow  in  around 
the  Y  direction  by  the  unstable  crack  propagation. 


Figure  6  Simulation  of  crack  propagation 

(8j=0.1mm,Uj=0.01mm,  a9=5.0deg) 


In  the  FGM  plate,  straight  and  curvilinear  crack 
paths  under  thermal  loading  are  simulated  by  EEM  in¬ 
cluding  fracture  mecahnics.  The  crack  path  dqiends  on 
the  initial  crack,  thermal  condition,  or  meciiaTiirai  con¬ 
dition.  When  the  mixed  mode  stress  intensity  factor 
reaches  the  fracture  toughness  with  the  mode  11  stress 
intensity  fector  being  taken  the  negative,  the  crack  tends 
to  propagates  in  curves.  On  the  other  hand,  when  the 
mixed  mode  stress  intensity  factor  reaches  the  fracture 
toughness  with  the  mode  n  stress  intensity  factor  being 
taken  the  positive,  the  crack  tends  to  arrange  itself  to 
propagate  perpendicular  to  the  FGM  plate. 


References 

[1]  Jin,  Z.  and  Noda,  N.,  “Edge  crack  in  a  nonhomoge- 
neons  half  plane  under  tiiermal  loading”,  J.  Thermal 
Stresses,  vol.  17,  no.  4,  pp.  591-599  (1994) 

[2]  Jin,  Z.  and  Batia,  R.  C,  “Stress  intensity  relaxation 
at  the  tip  of  and  edgecrack  in  a  functionally  graded  ma¬ 
terials  subjected  to  a  thermal  shock”,  J.  Thermal  Stresses, 
vol.  19,  no.  4,  pp.  317-339  (1996) 

[3]  Bahr,  H.  -A.,  Gerbatsch,  A.,  Bahr,  U.,  and  Weiss,  H. 
-J.,  “Pattern  selection  in  thermal  cracking”,  Proc.  1st  InL 
Sympo.  Thermal  Stress  ’95,  pp.  143-146  (1995) 

[4]  Bahr,  H.  -A.,  Weiss,  H.  -J.,  Maschke,  H.  G.,  and 
Meissner,  F.,  “Multiple  crack  propagation  in  a  strip 
caused  by  thermal  shock”,  Theot.  i«^l.  Fracture  Mec. 
10,1^.219-226(1988) 

[5]  Herrmann,  K.  P.  and  Dong,  M.,  “Thermal  crack 
growth  in  self-stressed  two-  and  three-dimensional 
bimaterials”  Proc.  1st  Int.  Sympo.  Thermal  Stress  ’95, 
pp.  131-134  (1995) 

[6]  Ferber,  F.  and  Herrmann,  K.  P.,  “Modelling  of 
elmentary  failnre  mechanisms  arising  in  thermome- 
chanically  loaded  matmial  models”,  Proc.  1st  frjt  Sympo. 
Thermal  Stress  ’95,  pp.  135-138  (1995) 

[7]  Hibino,  A,  Kawasaki,  A,  and  Watanabe,  R.,  “Evalu¬ 
ation  of  thermal  barrier  property  of  FGM  by  burner  heat¬ 
ing  test”,  4th  FGM  Sympo.,  pp.  311-314  (1991) 

[8]  Gu,  P.  and  Asaro,  R.  J.,  “Grade  deflection  in  Func¬ 
tionally  graded  materials”  (1996) 

[9]  Erdogan,  F.  and  Sih,  G.  C.,  “On  the  crack  extension 
in  plates  rmder  plane  loading  and  transverse  shear”, 
Trans.  ASME,  J.  Basic  Eng.,  85,  pp.  519-527  (1963) 

[10]  Cubberly,  W.  R,  “Metals  Handbook”,  vol.  3, 9th 
Ed.,  ASM  (1989) 

[11]  Touloukian,  Y.  S.,  “Thermophysical  properties  of 
matter”,  vol.  1,  no.  2,  IFI/Plenum  (1973) 

[12]  Kingery,  W.  D.,  Bowen,  H.  H.,  and  Uhlmarm,  D. 
R.,  “Introduction  of  ceramics”,  John  Wley  &  Sons,  New 
York  (1976) 

[13]  Kondo,  R.,  “Porous  materials”,  Gihoudo,  Tokyo 
(1986) 


150 


Interface  Thermal  Fracture  of  Ceramic  Coatings 
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The  effect  of  stress  relaxation  on  interface  crack  formation  in  a  single  layer  zirconia  thermal 
barrier  coating  subjected  to  a  high  heat  flux  laser  heating,  followed  by  cooling  is  presented.  Two 
coating  thicknesses,  0.66  mm  and  1.02  mm,  were  tested  and  modeled.  A  laser  power  of  200  Watts 
was  used  to  heat  the  specimen  surface  for  four  seconds.  The  heating  was  followed  by  ambient  air 
cooling.  It  was  found  that  stress  relaxation  of  the  zirconia  layer  increased  the  strain  energy  release 
rate  of  an  interface  crack  in  the  presence  of  a  surface  crack.  Also,  the  resulting  strain  energy  release 
rate  was  189%  higher  in  the  1.02  mm  coating  than  the  0.66  mm  coating. 

Key  Words:  TBC,  Interface  Crack,  High  Heat  Flux,  Stress  Relaxation,  Surface  Crack 


1*  Introduction 

Ceramic  coatings  are  being  developed  as  a 
thermal  barrier  to  high  temperature  environments 
such  diesel  engines,  gas  turbines  and  aircraft  engines 

[1] .  Potential  benefits  include  increased  power 
output,  improved  efficiency  and  prolonged  life  of  the 
metallic  substrates.  A  limitation  is  that  ceramic 
thermal  barrier  coatings  experience  thermal  fracture 
which  leads  to  coating  spallation  and  delamination 

[2] -[4]. 

Lx>wer  heat  fluxes  and  temperatures  in  diesel 
engines  allow  thick  multilayer  coatings  to  be  used. 
These  coatings  made  of  partially  stabilized  zirconia 
(Y203-Zr02)  were  found  to  experience  stress 
relaxation.  This  resulted  in  reduction  of  compressive 
stresses  at  high  temperature  so  that  subsequent 
cooling  resulted  in  tensile  stresses  leading  to  surface 
cracks  [5].  The  high  heat  fluxes  and  temperatures  in 
gas  turbines  and  aircraft  engines  require  thin  single 
layer  coatings.  In  the  current  investigation  a  1.5  kW 
CO2  laser  is  used  to  provide  a  controUed  high  heat 
flux  transient  loading  to  single  layer  plasma  sprayed 
partially  stabilized  zirconia  coatings  with  thicknesses 
varying  from  0.66  -  1.2  mm.  In  this  paper,  the  effect 
of  stress  relaxation  on  an  interface  crack  in  the 
presence  of  a  surface  crack  while  subjected  to  a  high 
heat  flux  environment  is  presented. 


2*  Problem  Formulation 

Steel  beam  samples  coated  with  plasma  sprayed 
partially  stabilized  zirconia  were  heated  with  a  1.5 
kW  CO2  laser  for  4  seconds.  The  samples  were  then 
allowed  to  cool  to  room  temperature.  During  the 
ambient  air  cooling  process  surface  and  interface 
cracks  were  formed.  A  schematic  of  the  specimen  and 
experiment  is  shown  in  Figure  1.  Coatings  with  two 
thicknesses  were  tested  (t^  =  0.66  mm  and  1.02  mm). 
The  bond  coat  thickness  (tj,)  was  0.127  mm,  the 
substrate  thickness  was  1.27  cm  and  the  specimen 
length  (L)  was  3.2  cm.  Experiments  were  performed 
with  a  laser  power  of  200  Watts.  The  laser  beam 
diameter  was  10  mm  and  the  distribution  is 
approximately  Gaussian.  Surface  temperatures 
during  the  4  seconds  of  laser  heating,  for  the  cases 
considered  in  this  paper  are  shown  in  Figure  2.  They 
approach  lOOO-lSOO^C.  The  substrate  temperature 
remains  near  room  temperature.  Surface  and  interface 
cracks  were  initiated  in  the  1.02  nun  thick  coating 
during  cooling  after  laser  heating  as  shown  in  Figure 
3.  When  the  0.66  mm  thick  coating  was  subjected  to 
the  same  laser  heating  and  cooling  conditions  only  a 
surface  crack  was  initiated. 

This  experiment  is  modeled  as  a  quasi-steady 
state,  uncoupled  thermoelastic  problem.  The  finite 
element  method  is  used  to  solve  for  the  transient 
temperature  distributions.  The  maximum  heat  flux  of 
the  laser  at  200  W  of  power  is  2.3  W/mm^.  The 
ambient  cooling  conditions  are  b=9  W/m^K  at  the 
surface  and  h=5  W/m^K  along  the  sides  and  bottom. 
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The  crack  faces  are  assumed  to  be  insulated.  The 
temperature  distribution  is  then  used  to  calculate 
deformations  and  thermal  stresses  in  the  body  under 
plane  stress  conditions. 

Partially  stabilized  zirconia  has  been  found  to 
experience  time  dependent  behavior  at  high 
temperatures  [5].  This  time  dependent  behavior  may 
be  stress  relaxation,  sintering,  and  or  phase  changes. 
For  simplicity,  the  time  dependent  behavior  can  be 
modeled  using  the  following  power  creep  law: 

(1) 

where 

8^  --  strain  due  to  stress  relaxation 
<y-Von  Mises  equivalent  stress 
T- temperature 
r-time 

Ai^-activation  energy=277.3  x  10^(KJ/Kmol) 

R  -  universal  gas  constant==8.3143  (KJ/Kmol  K) 

A  -  experimental  constant=1.89  x  10^(Pa"”/s) 
n  -  experimental  constant=1.59 

Ihe  interface  crack  analyzed  in  the  study  is  250 
pm  in  length.  The  strain  energy  release  rate  (G)  of  the 
interface  crack  is  calculated  using  the  crack  flank 
displacement  method  [6].  Hie  crack  flank 
displacements,  (du-shearing  and  dv-opening),  are 
calculated  at  a  radius  of  1  pm  from  the  crack  tip.  The 
temperatures  near  the  inter&ce  crack  are  low  enough 
that  the  material  does  not  undergo  stress  relaxation  in 
this  region  and  the  linear  fracture  parameter  G  may 
be  used. 


Figure  1.  Schematic  of  specimen  and  experiment 


Fi^e  3.  Surface  and  interface  crack  in  1.02  mm 
thick  coating  as  a  result  of  200  W  laser  heating 


3*  Results  and  Discussion 

The  effect  of  stress  relaxation  on  the  surface 
stresses  during  laser  heating  and  subsequent  cooling 
was  determined  in  the  0.66  mm  thick  coating  without 
a  surface  crack.  The  comparison  of  the  stresses  when 
stress  relaxation  (S.  R.)  is  or  not  included  in  the 
analysis  is  shown  in  Figure  4.  When  stress  relaxation 
is  not  included,  the  surface  stress  remains 
compressive  during  the  entire  thermal  cycle. 
However,  when  stress  relaxation  is  included,  the 
surface  stress  after  heating  is  less  compressive  and 
becomes  tensile  upon  cooling. 
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Figure  4.  Center  surface  stress  of  0.66  mm  coating 
during  laser  heating  without  surface  crack 

In  the  case  of  the  0.66  mm  thick  specimen  with 
a  surface  crack  that  extends  to  the  interface  crack,  the 
comparison  of  the  strain  energy  release  rate  (G)  with 
and  without  stress  relaxation  is  shown  in  Figure  5.  As 
a  result  of  stress  relaxation,  G  of  the  interface  crack  is 
approximately  1.9  J/m^  while  it  is  approximately  zero 
at  7  seconds.  The  corresponding  crack  flank 
displacements  are  presented  in  Figures  6  and  7.  Stress 
relaxation  increased  du  during  cooling  only  0.005 
pm,  whereas  dv  increased  0.018  pm.  The  tension  in 
the  coating  resulting  from  stress  relaxation  facilitates 
the  opening  of  the  surface  crack  and  the  subsequent 
opening  of  the  interface  crack  during  cooling. 


Figure  5.  G  of  interface  crack  of  0.66  mm  coating 
during  laser  heating  with  surface  crack 


Figure  6.  du  of  interface  crack  of  0.66  mm  coating 
during  laser  heating  with  surface  crack 


Figure  7.  dv  of  interface  crack  of  0.66  mm.  coating 
during  laser  heating  with  surface  crack 

The  strain  energy  release  rate  for  the  1.02  mm 
thick  coating  and  the  corresponding  crack  flank 
displacements  are  presented  in  Figures  8-10.  The 
thicker  coating  results  in  increased  coating 
temperatures  and  stresses  which  increases  the  amount 
of  stress  relaxation.  Thus,  G  of  the  interface  crack 
increases  from  0  J/m^  to  5.5  J/m^  at  7  seconds.  This  is 
caused  by  the  increased  opening  and  shearing  at  the 
interface  crack  tip.  The  interface  crack  of  the  1.02 
mm  coating  is  subjected  to  a  greater  value  of  G  (5.5  J/ 
m^)  than  the  0,66  mm  coating  (1.9  J/m^).  This  may 
explain  why  in  the  experiment,  the  surface  and 
interface  cracks  initiated  in  the  1.02  mm  coating  and 
only  surface  cracks  initiated  in  the  0.66  mm  coating. 
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Figure  8.  G  of  interface  crack  of  1.02  mm  coating 
during  laser  heating  with  surface  crack 


Figure  10.  dv  of  interface  crack  of  1.02  mm  coating 
during  laser  heating  with  surface  crack 
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Figure  9.  du  of  interface  crack  of  1.02  mm  coating 
during  laser  heating  with  surface  crack 

4.  Conclusions  and  Discussion 

This  analysis  and  the  experiments  lead  to  the 
following  hypothesis:  stress  relaxadon  and  surface 
cracking  cause  interface  cracking  in  zirconia  coatings 
subjected  to  a  high  heat  flux  thermal  cycle.  The 
present  results  are  preliminary,  and  further 
experiments  coupled  with  analysis  are  being 
performed  in  order  to  confirm  this  mechanism  of 
interface  cracking. 
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Rough  size  estimation  has  been  analytically  made  of  a  thermally  fractured  zone  which  is  induced 
aroimd  the  borehde  bottom  by  injecting  cold  water  into  a  hot  rock  mass  throu|^  an  insulated  inner 
pipe  of  the  double  pipe  downhole  syst^.  The  analysis  has  been  done  under  spherical  symmetty  and 
steady  state  assun^tions  for  three  extreme  thermal  andmechanical  conditions  and  brought  tiie  conclusion 
that  ie  fractured  zone  size  is  about  ten  times  the  borehole  radius  and  more  if  the  convection  qspears 
witiiin  the  fractured  zone. 


Key  Words:  Thermally  Fractured  Zone,  Hot  Rock  Mass,  Water  Injection,  Geothermal  Energy 


1.  IntroducticHi 

Moiita  et  al.  [1]  proposed  a  dosed-system 
coaxial  downhole  heat  exchanger  with  a  thermally 
insulated  inner  pipe  to  extract  geothermal  energy  from 
a  deqp  thermal  reservoir.  This  simple  system  has  various 
merits:  Among  others,  it  has  rather  good  efficiency  in 
heat  extraction  from  the  rode  masses  because  it  has  a 
coaxial  double  pipe  system  who'e  iiyected  cold  water 
goes  down  the  annulus  and  heated  water  through 
the  thermally  insulated  inner  pipe  (reverse  circulation). 

It  is  known  that,  for  the  deeper  fonnation,  the 
permeability  is  smaller  and  the  heat  conduction  is 
predominant  over  the  heat  convection  [2].  For  the  larger 
heat  extraction  effidency,  Morita  [3]  proposed  a 
concept  of  making  a  fractured  or  failured  zone  around 
the  bordiole  by  tiiermal  stresses:  that  is,  by  injecting 
cold  wate  through  the  inner  pipe  before  starting 
operation  of  this  heat  extraction  system.  We  can  expect 
strong  convective  heat  transfer  within  the  zone. 

However,  only  a  few  researchers  [4][5]  dealt 
witii  a  feasibility  of  the  fracturing  due  to  thermal  stresses 
in  the  hot  dry  rock  masses  cooled  by  injecting  cold 
water  into  a  well.  One  of  them  [4]  analyzed  die  tiiennal 
stresses  induced  around  the  borehole  to  make  clear  the 
fracturing  mechanism.  This  analysis  adopted  the  steady- 
state  cylindiically  symmetric  "^one-dimensional  (that 
is,  as  a  function  of  the  radial  coordinate  onlyT’ 
temperature  field,  which  depended  on  the  finite  radius 
of  outer  boundary  used  instead  of  infinity  inits  analytical 
solution.  This  unacceptable  dependence  can  be  avoided 
by  adc^ting  a  sfdierically  symmetric  or  non-one- 
dimensional  field  in  an  infinite  rock  mass.  (In  this 
cormection,  we  shall  deal  with  the  spherically 
symmetric  case.)  The  other  [5]  calculated  the  tangential 
component  of  thermal  stresses  aroimd  the  borehole  and 
compared  this  stress  with  the  tensile  strength  of  rock; 


they  concluded  that  the  fracture  induced  reaches  to  a 
distance  of  several  times  tiie  borehole  radius  or  more. 
They  considered  only  a  single  fracture  in  the  hot 
fonnation  but  not  the  fractured  zone  induced  in  it 

To  the  best  of  our  knowledge,  there  seems  to 
be  no  rq>ort  on  estimation  of  the  extort  or  size  of  the 
fractured  zone  induced  by  thermal  stresses.  Before 
calculating  the  precis  e  size  and  slu^  of  it  und^  v  aiious 
circumstances,  it  may  be  necessary  to  obtain  some 
roug^  estimates  of  than  under  some  ""audacious*’ 
assumptions  for  smq)licity. 

In  the  present  p^>er,  we  have  sought  rough 
estimates  of  only  a  si^e  of  the  fractured  zone  induced 
by  thamal  stresses.  We  have  used  a  spherical  cavity 
ingtftad  of  a  semi-infinite  cylindrical  borehole  and 
assumed  complete  spherical  symmetry  of  the  fields  in 
most  part  of  this  paapet.  The  tectonic  stresses  are  also 
taken  as  hydrostatic  or  si^erically  symmetric. 
Excq>tionally,  an  dfect  of  the  difference  of  the 
overburden  stress  from  the  horizontal  tectonic  stresses 
has  been  studied.  Furthermore,  we  have  considered 
only  die  steady  state,  which  may  induce  the  largest 
extent  of  the  fractured  zone. 

In  estimating  the  fractured  zone  extent,  we 
have  considered  three  extreme  cases  for  thermal  and 
mechanical  conditions  (Sections  6  to  8). 

2.  Temperature  Fidk) 

Let  us  consider  a  spherically  symmetric 
tonperatuie  field  in  an  infinite  rock  mass  with  a 
spherical  cavity  having  radius  r  *  a .  The  cavity  wall 
is  cooled  by  the  injected  water.  The  semi-infinite  region 
r^  a  is  divided  into  two  regions:  r<  R  and 

R^r<oo  with  R  remaining  to  determine  later;  die 
former  is  the  thermally  fractured  zone  with  thermal 
conductivity  ic^ ,  while  the  latter  the  non-fiactured  zone 
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of  canductivity  k,  Newton’s  law  of  cooling  is  applied 
to  the  boundary  r  =  a  ;  die  relative  heat  transfer 
coeffident  is  denoted  by  h.  T  denotes  a  difference  in 
rock  temperature  from  die  undisturbed  rock  temperature 
with  Tw  denoting  the  tenqierature 
of  water  in  the  cavity.  Note  that  T  and  Tq  are  negative. 

Forthese  boundary  conditions,  the  temperature 
field  is  easily  obtained  in  the  fcnm  of 


wh^e  Y  is  the  specific  wei^t  of  die  rode  and  H  the 
distance  of  the  cavity  from  the  eardi  surface  or  the 
bordiole  depth. 


T  =  A2;  j  for  a^r<  R,  (1-1) 

r  =  A3;(l+ forRsr<co^  (1-2) 

widi 

(2) 

Aju  «=!  + l/(afe),  Ak-k^/k  -I, 

where  Ax*  =  0  implies  that  die  fracturing  has  no 
influence  on  the  diermai  conductivity,  and  o/i  is  the 
assodated  Biot  numb^. 


3.  Th^mal  Stresses 


It  is  easy  to  obtain  the  thermal  stresses  induced 
by  the  temperature  change  (1).  The  thermal  stresses 
which  vanish  at  infinity  and  are  accompanied  with  no 
tractions  at  the  cavity  wall  surface  are  as  follows:  For 
the  fractured  zone  (Osr<i!): 


and  for  die  non-fractured zone  (Ssr  <«>'): 


(3) 


(4) 

where  £*,  v,  a  are  Young’s  modulus,PQisson’sratio, 
and  the  linear  thermal  expansion  coeffident  of  the  rock, 
respectively.  For  the  case  wh^e  the  fracturing  never 
influCTces  on  die  diermal  conductivity,  the  thermal 
stresses  can  be  reduced  from  £qs.(3)  or  (4). 


4.  Stresses  due  to  Cavity  Pressure 
and  Tectonic  Stresses 

The  pressure  of  injected  water  acting  on  die 
cavity  wall,  ,  and  the  tectonic  stresses,  yff,  causes 
die  stresses  in  the  rock,  which  are  given  by 


5.  Non-Hydrostatic  Tectonic  Stresses 
and  Criterion  of  Failure 

There  are  many  cases  that  the  overburden 
stress  is  different  from  the  horizontal  tectonic  stresses, 
even  though  the  borehole  is  very  deep.  We  shall  assume 
that  die  aU-round  horizontal  stress  is  n  times  the 
overburden  stress  in  their  magnitu^.  For  sudi  a  case, 
the  last  tmus  in  Eqs.(5)  must  be  rqdaced  by  the 
solutions  borrowed  from  Lur’e. 

For  the  sake  of  simphdty,  the  Mohr-Coulomb 
aitoion  shall  be  used  to  estimate  the  fracturing  zone 
size;  in  additimi,  we  will  apply  the  tensile  strengdi  of 
rock  to  the  region  of  tensile  stress  which  may  be 
expected  to  ^ipear  near  the  downhole. 


d.  EstimatioB  of  Fractured  Zone  Size 
-  Full  Loading  Capacity  Case  - 

In  estimating  the  fractured  zone  extent,  we 
have  first  considered  die  simplest  case  under  the 
assumption  that  die  fracturing  affects  neither  on  the 
loading  cq)acity  of  a  fractured  rode  formation  nor  on 
the  temperature  distribution  within  the  farmation;  that 
is,  the  rock  keeps  die  same  elastidty  and  thermal 
conductivity  as  before  fracturing  and  is  never  invaded 
into  by  die  water  injected 

Indus  case,  A  x*  =  0 ,  whichmakes  thesymbol 
R  expressing  the  fractured  zone  extent  in  £qs.(l),  (3) 
and  (4)  vanish,  so  diat  Eq.(l-l)  and  Eqs.(3)  become 
identical  to  Eq.(l-2)  and  Eqs.(4),  respectivdy,  as 
expected  Summing  Eqs.(3)  with  Ak-0  for  die 
thermal  stresses  and  £qs.(5)  for  the  downhole  pressure 
induced  stresses  and  tectonic  stresses  yidds  a  total, 
stress  fidd  in  die  infinite  rock  mass  widi  the  spherical 
cavity.  Applying  them  to  the  failure  criteria  yidds  an 
equation  to  determine  die  fractured  zone  extent  r  -  R: 

To  study  an  ^ect  of  the  difference  of  die 
overburden  stress  from  the  all-aiound  horizontal 
tectonic  stress  on  the  fractured  zone  size  or  sh^,  we 
here  teutatively  abandon  the  assumption  of  spherical 
symmetry  in  die  stress  fidd  For  that  case,  £qs.(5) 
should  be  replaced  by  the  Lur’e  sdutions  so  th^  the 
total  stress  field  depends  on  the  meridian  angle 
Consequently,  so  does  the  fractured  zone  extent,  that 
is.  R:^R((py 


156 


7.  Estimatioii  of  Fractured  Zone  Size 
-  Null  Loading  Capacity  Case - 


Next,  as  an  extreme  case,  we  have  studied 
the  case  where  the  fiactured  zone  completely  loses  its 
loading  c^)acity  and  is  fully  invaded  into  by  the 
borehole  water;  besides  borehole  pressure  acting 
directly  on  the  boundary  between  die  fractured  and 
yet'fractured  zones,  no  more  tractions  act  on  diat  The 
fracturing  never  makes  any  difference  in  the 
temperature  also  in  this  case,  that  is,  Ak  =  0. 

For  this  case,  the  cavity  radius  a  must  be 
rqplaced  by  the  fractured  zone  extent  R  in  Eqs.(5) 
and  (3)  widi  Ak  ~  0  only  when  the  radius  rdates  to 
the  stress  boundary  conditions  but  must  not  for  the 
temperature  fidd,  since  the  stress  boundary  conditions 
are  specified  at  the  spherical  surface  r=  R,  Thus,  we 
obtain  the  following  total  stress  field: 


where  ATq  should  be  read  as  Tq  I  Afx  since  Ak  =  0 
now.  The  procedure  similar  to  diat  in  the  previous 
section  may  be  applied  to  detennine  the  fractured  zone 
extent  r  - 


S.  Estimation  of  Fractured  Zone  Size 
-  Enhanced  Conduction  Case  - 

Last,  to  discuss  effects  of  an  expected 
occurrence  of  heat  convection  within  the  fractured  zone 
on  the  tenperatuie  and  stress  distributions  and  the 
change  in  a  fiactured  zone  size,  we  have  introduced  a 
“venturesome”  assumption;  we  have  introduced  an 
^propriate  increase  in  conductivity  instead  of  the  heat 
transfer  enhancement  caused  by  the  convection  within 
the  fractured  zone.  In  other  words,  we  have  employed 
an  equivalent  thermal  conductivity  ,ic^ ,  which 

embodies  the  heat  transfer  enhancement  by  the 
convection  within  the  fiactured  zone  in  terms  of  die 
enhanced  conduction.  We  now  have  no  knowledge  of 
the  equivaloLt  conductivity  and  die  equivalence 
relations  remain  to  study  in  future.  Here,  we  have  used 
it  as  a  parameter  for  a  parameter  survey;  it  may  be 
reasonable  since  we  know  that  the  convection  enhances 
the  heat  transfer  so  that  the  equivalent  conductivity 
should  be  larger  than  the  rock  conductivity  itself. 

The  procedure  for  seeking  the  fractured  zone 
extoit  r  =  /?  for  this  case  is  similar  to  that  mentioned 
in  the  above. 


9.  Numerical  Calculations  and  Discussion 


We  have  carried  out  some  numerical 
calculations  to  scrutinize  the  stress  distributions  around 
the  cavity  and  the  fractured  zone  sizes  for  each  case. 
To  obtain  the  radii  of  the  zone  /?,  theNewton'R^hsQn 
scheme  is  ^lied  to  the  failure  condition. 

We  have  kq}t  the  Biot  number  ah  =  100  for 
most  cases.  Furthermore,  we  have  taken  die  cavity 
radius  a  =0.125  m,  die  bordide  depth  H=2000  m,  the 
undisturbed  rock  temperature  Tj^=300®C,  and  the  water 
tenperature  T^15^C  for  almost  all  cases.  The  Young 
modulus,  Poisson’s  ratio,  linear  thermal  e^iansion 
coefficient  and  the  doisity  of  the  rock  have  been 
assumed  to  be  E=24.1  MPa,  v=0.3,  a  =  3  x  lOT^  1/K 
and  y=25J  kNW.  The  shear  strength  and  the 
coefficient  of  internal  friction  for  the  failure  criterion 
have  been  spediiedas  =24.1  MPa  and  f£=1an(66.5®), 
respectively; 

Tangential  stress  distributions  togdher  with 
the  fractured  zones  are  shown  in  Figures  1  and  2  for 
the  full  loading  c^dty  case  and  die  null  loading 
c^iadty  case,  respectively.  Brom  Rgure  1  for  the  full 
loading  capacity  case,  we  can  see  that  the  thermal 
stress  contributions  predominate  ov^  die  tectonic 
stresses;  the  stresses  due  to  the  borehde  pressure  is 
very  small.  In  contrast,  for  the  null  loading  capacity 
case  (Hgure  2),  the  thormal  stresses  are  comparable  to 
the  others  or  a  litde  smaller  than  the  tectonic  stresses. 
The  latter  case  assumes  tibat  the  ^actured  zone  never 
carries  any  internal  forces  but  that  die  temperature  is 
notaffectedby  diefracturing,  so  thatthe  thCTial  stresses 
are  very  much  relaxed.  Note  that  all  stresses  vamsh  in 
the  fractured  region  in  the  figure. 

The  fractured  zxmc  sizes  R  versus  the  Biot 
number  ah  are  drawn  in  Hgure  3  for  the  above 
mentioned  cases  for  die  two  well  conditions  of  H=2000 
m,  T^^OCrC  and  H=6000  m,  T,j,=50(fC  The  size 
increases  as  die  Biot  number  does  ai^  becomes  constant 
for  the  large  Biot  number,  as  justifies  that  we  have 
kqit  the  Biot  number  ah  =  100  for  almost  all  cases. 
Althoii^  the  rode  temperature  is  lower  for  the  less 
deep  well,  the  size  of  the  fractured  zone  is  larger  for 
the  shallower  weU  because  of  die  smaller  tectonic  s  lies  s . 
Furthermore,  we  can  see  from  the  figure  diat  the  full 
loading  espadty  case  gives  the  larger  size  d*  die 
fractured  zone  than  die  null  loading  capacity  case.  This 
is  understood  from  the  thermal  stress  relaxation 
explained  in  the  above.  Our  rough  estimates  of  the 
fractured  zone  size  are  from  1.0  m  to  1.3  m  for  the 
well  with  H=2000  m  and  a  =0. 125  dl  In  otber  words, 
the  fractured  zone  radius  is  sibout  ten  or  more  times 
the  bordiole  radius. 

For  the  above  two  cases,  we  have  assumed 
that  the  temperature  field  reedves  no  influence  from 
the  fracturing.  It  can  be,  however,  expected  that  the 
convection  is  induced  within  the  fractured  zone  if  die 
ipected  water  invades  into  it  and  that  this  ccmvection 
enhances  the  heat  transfer  so  that  the  temperature  may 
lower  very  much. 
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It  may  be  difficult  to  take  tins  convection  into 
account  in  the  theoretical  analysis.  To  avoid  dhs 
difficulty,  we  have  made  a  ^Venturesome*’  assumption; 
we  have  introduced  an  appropriate  increase  in 
conductivity  instead  of  the  heat  transfer  enhancemoit 
caused  by  the  convecdon  widiin  the  fractured  zone,  so 
that  we  have  studied  the  case  of  Aic^O. 

Hgure  4  describes  the  enlargement  of  the 
fractured  zone  size  due  to  the  Petitions  improvement 
of  the  heat  transfer  within  the  fractured  zone;  the  size 
increases  almost  linearly  with  the  ratio  ( 

- 1  +  Air}  of  heat  conductivity  in  the  fractured  zone 
to  that  ci  die  yet>fractured  zone.  The  convection  within 
the  fractured  zone  seems  to  acederate  the  heat  transfer 
and  hactured  zone  extension  to  a  great  extent 


10.  Condusions 

(1)  For  die  2000  m  or  more  deep  diermal 
reservoir,  the  thmial  stresses  predominate  over  the 
tectonic  stresses  and  those  due  to  the  hydrostatic 
pressure  in  the  borehole,  if  the  fracturing  affects  ndther 
on  die  loading  capacity  of  a  fractured  rock  formation 
noron  the  te[xq)eiatu!:e  distribution  within  thefonnatiQn. 

(2)  The  fractured  zone  size  is  estimated  from 
1,0  m  to  13  m  for  the  well  with  the  depth  H=:2000  m 
and  die  bordiole  radius  <2=0.125  m.  In  oth^  words, 
the  fractured  zone  size  is  about  ten  tunes  the  borehole 
radius. 

(3)  We  can  expect  that  the  zone  size  is  larg^ 
than  ten  times  the  borehole  radius,  if  the  fractured 
zone  is  framed  by  water  injection  and  the  convection 
^ears  within  it 
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On  Some  Mixed  Problems  for  a  Compound  Space,  Containing  a  Crack,  with 
the  Existence  of  a  Stationary  Temperature  Field. 

V.N.Hakobian 
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A  plane  strain  state  of  compound  elastic  space,  situated  in  a  stationary  temperature  field,  which 
consists  of  two  homogeneous  h^f-spaces,  on  the  joining  plane  of  which  the  space  is  weakened  by  one 
or  several  finite  cracks,  or  by  a  system  of  periodical  cracks,  is  considered.  It  is  assumed  that  on  one 
of  the  banks  of  all  the  cracks  the  components  of  die  elastic  displacements  and  temperatures  are  given 
and  on  the  rest  of  the  banks  the  components  of  stresses  and  the  heat  flow  are  given. 

The  problems  are  finally,  formulated  in  the  fonn  of  a  system  of  two  singular  integral  equation  of 
the  second  kind  and  their  closed  solutions  are  built. 


Words:  Elasticity,  Mixed  Boundary  Problem,  Crack,  Thermal  Stress 


Let  an  elastic  compound  plane  situated  in  a 
stationaiy  temperature  field  and  consisting  of  two 
homogeneous  half-planes  with  different  modules  of 
shears  Poisson’s  coefficient  and  the 

coefficients  of  heat  extension  ttj ,  ,  along  the  line 

of  the  joining  line  of  the  half-planes  on  the  intervals 
ia^,b^)  (k=lA  •di)  be  weakened  by  cracks  on  the 
upper  bank  of  which  the  stresses  components 
X,(x)  =  a^*^(x,0)-n^^(x,0)  and  the  values  of  heat 
flows  -a,  dT^{x,0)/dy  =  ^,(x)  are  given,  and  on  the 
lower  banks  the  components  of  displacements 
(x)  =  u^  (x,0)  +  rvj  (x,0)  and  temperature  values 
=  q^(x)  3s  well  as  the  resultants 
(k=l,2, ....«)  of  the  contact  stresses  acting  there  ,  are 
given  (Pic.  1). 


Pic.  1 


It  is  supposed  to  determine  the  opening  of  the 
crack,  the  contact  stresses  acting  on  the  lower  banks 
of  the  cracks  and  out  of  the  cracks  on  the  joining  line 
of  two  half-planes,  as  well  as  the  intensities  flictors  of 
these  stresses  at  the  end  points  of  the  cracks 
depending  on  efforts  (k=],2,,...n\  displacements 
W^(x)  and  the  temperature  field. 


At  first  we  shall  cite  the  solution  of  the 
temperature  problem.  With  this  aim  let’s  introduce  the 
functions 


7ta:)  =  r.(3c,0)-r(x,0) 

/2(x)  =  -aj57^(x,0)  /  ^ +a2^(x,0)  /  dy , 

[xeL;  i  =  y(‘'*A)) 

describing  the  jump  of  the  temperature  and  die 
temperature  flow  on  the  banks  of  the  cracks  for  the 
consideration.  Then  from  die  conditions  on  the  banks 
of  the  cracks  for  determining  these  functions  we  shall 
have  the  following  system  of  singular  integral 
equations  of  the  second  kind 


(1) 


where 

/•,(x)  =  a,r(x);  r,{x)  =  if(x); 

/,(x)  =  -(a.  +a,)^j(x) ;  v'  =  a,  /a. 

In  this  case  the  system  of  integral  equations  (1) 
should  be  considered  together  with  the  conations 


j[r,(x)<fe  =  0.  (rU) 


(2) 


In  order  to  build  a  closed  solution  of  the  system 
of  integral  equations  (1),  we  shall  multiply  the  second 

of  them  in  ±  ^[^  and  sum  with  the  first  one. 

As  a  result,  for  determining  the  functions 
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we  shall  get  the  following  two  separate  singular 
integral  equations 

(3) 

0=1^;  xei) 

W  = /.  W  -  (- 4 

In  this  case  the  conditions  (2)  will  have  the  form 
Jv;,(x)dt  =  0;a=lA  k=i;2..n)  (4) 

We  shall  notice  diat  after  having  determined  the 
functions  v|/^(x)  (pi, 2),  it  is  easy  to  find  the 
fimctions  7(x)  and  i?(x)  by  the  formulae 

^^)  =  ^J[v.W  +  V2W)&;  (a*  <*<a*) 


and  determine  the  distribution  of  the  temperature  over 
die  whole  surface. 

The  general  solution  of  the  equations  (3)  is  given 
by  the  formulae  [1] 

Rjix)  (-ly^f^X;ix) 

- FTT - - 

j  1  I  R.U)ds  J 

y=iA>«i) 

where  X*[x)  (pi ,2)  is  the  value  of  the  piece-wise 
analytic  functions 


0<Yy=— arg - ] — '  —  <1 

2jt 


on  the  upper  bank  of  the  crack,  and  is  the 

polynomial  of  flie  degree  (n-1)  widi  die  unknown 
coefficients,  which  are  determined  from  the  condition 
(4). 

Now  we  shall  pass  to  the  solution  of  a 
thennoelastic  problem  and  we  shall  consider,  that  die 
temperature  field  is  well-known  and  is  equal  to 
7’.(*,y)when  y>0  and  T,(x,y)  when  >/<O.Then 
introducing  the  functions 


Xix)  =  [of  (j:,0)  -  rtf  (x,0)]  -  [of  (x,0)  -  rtf  (x,0)] 
»'(x)/ef  =[«‘'>(x,0)+rw‘‘’(x,0)]-[a'^’(x,0)+iv<"'(x,0)] 

describing,  correspondingly,  the  opening  of  the  cracks 
and  the  jump  of  the  stresses  acting  on  different  banks 
of  the  cracks,  we  come  to  the  following  system  of 
determining  integral  equations: 

%  I s-x  %  (s-x 

n  I  s-x  n  is-x 

(xel) 

which  should  be  considered  together  with  the 
conditions 


jx(x)dx  =  T,;w(a,)  =  w{b,)  =  0{k  =  1,2 . n)  (?) 

where 

f;{x)  =  f.{x)+f;{x);  (rl,2) 

o(2) 

= -^[(ef  -  ef  )x,(x)-4ir,<x)} 

f.W- 1  [7X,W*(ef’((6S“)‘  -(9!“)‘)- 
-9<»((9«)’-(e“)’j)  »;<,)]; 

efef  efef 

e  ’  20  ’ 

,  2((0<'>)^-(e<‘>)')  ,  0<')0f 

i.= - e - ; 

0f=^^;  0f=(l+a.)0f; 
a,  =  l/(l-2v,);  tfo=}(ef-ef): 

/.=0W(0f+0f))-9f(0f-0f)); 

A* 

Ft  =  \xM)ek-p,. 

For  the  solution  of  the  system  of  determining 
integral  equations  (6)  a  quadratic  equation  is 
considered 
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a,X^-(a,-6,)X+£»,=0  (8) 

Discriminant  of  this  equation 


4p[li 

<v.-v,)'-4{l-v,Xl-v,)(3- 

-4Vj) 

[p(l-2v.)(l-2v,)+2(l-2v,); 

2 

depending  on  the  elastic  constants  of  half-planes  can 
be  a  zero  or  different  from  zero.  In  Table  1  for  various 
values  of  Poissons’  coefficients  (/=1,2)  some 
numerical  values  of  the  parameter  p ,  in  case  of  which 
D=0,  are  reduced: 

Table  1. 


0.1 

0.2 

0.3 

0.4 

0.1 

633.6 

113.4 

33.6 

02 

748.8 

ss 

403.2 

672 

0.3 

163.8 

492.8 

2322 

0.4 

62.4 

105.6 

302.4 

In  case,  when  the  discriminant  D  of  this  equation 
is  different  from  zero, the  solution  of  the  system  of 
determining  integral  equations  is  reduced  to  the 
solution  of  two  separate  singular  integral  equations  of 
the  second  kind  with  respect  to  the  functions 
(p,.(x)  =  x(*)  +  ^yl'i^'(^)  (j=i;2),  where  X.  are  the 
roots  of  die  equation  (8).  These  equations  have  the 
following  form 

q)  (ac)--^  =  (x€Z,;y=U)  (9) 

^  m  I  s-x 

with  this  the  conditions  (7)  obtain  the  form: 

}9/x)(&  =  7;,  (j=lA  k=U,...n)  (10) 

here 


1  Uxjix)  f  Q;is)ds 

^  (11) 
+  Qjix)  +  P^(.x)Xjix)  I 
{xeL;  j  =  l^) 

where  Xj{x)  is  the  value  of  the  piecewise  analytical 
function 


Ingj 

A 

271/ 

2ti^ 

0<e^  =arg(g^)<27t. 


1-?/ 

On  the  upper  bank  of  the  section  L,  and 
is  the  polynomial  of  (n-1)  the  power  with  tiie 
unknown  coefficients,  which  are  determined  from  the 
condition  (10). 

After  the  determination  of  die  functions  <p^.  {x) 
it  is  easy  to  determine  the  rest  of  the  important 
mechanical  characteristics. 

We  shall  notice  that  when  D>0 

but  in  case  of  D<0 

Y,  =a-/p; 

Yj  =l-a-/p;  (a  =  e, /27i;  P  =  ]n|g,|/2jt). 

We  shall  reduce  the  values  of  contact  stresses, 
acting  outside  the  cracks,  on  the  line  of  the  joinii^ 
line  of  the  half-planes  and  intensity  factor  of  the 
stresses  at  the  end  points  of  die  cracks  with  n=J 
{a^  =  -a;bi  =  a) ,  when  D<0: 
ay>(x,0)-/T^>(:c,0)  = 

L 


a-x 


a  +  x 

-Ti 

J 

a  +  x 

-Ti  ’ 

a-x 

-44 

a-x 

(o,^b,)-(-iyVc 

2 

.  i 


0=U2) 


and  the  solutions  of  die  equations  (9)  are  given  by  the 
formula  [1] 


a-x 


Aq, 


a+jc 


>  Q:(x)ds^ 


Q;(s)ds 


Ml 

flr+x 

a-x 

i(l-^j^)sm( 

h 


{|x|>a) 
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iXa)  -  iXa)  =  (-  ly*'  4 


9/ 

°f  Q'j(s)ds 

Isin 

ny.) 

where 


®yW=(^+^r'(' 

Ji{x,  -k,)A  ’ 


'-xy^-';  A,=A,  =  A 
/j=e«0f>+e<‘>e<*> ; 


+(0<‘>-0f>)(eS‘>0f>-efef>)] 

A  =  (0W+0W)'_(0(<)_0W)\ 


In  case,  when  D=0,  fte  equation  (8)  has  two 
similar  roots,  X,  =  X,  =  (c,  -  )  /  2flj .  Then  we  only 
can  obtain  the  first  of  the  equations  (4),  where,  this 
time,  q,  =(a,+I»,)/2>l.  The  solution  of  this 
equation  is  obtained  by  the  first  of  formulae  (1 1),  with 
this  y,  =  1/2- /p.  Later,  substituting  the  value  of  the 
functions  x(*)  =  <Pi(*)  +  K^’{x)  into  the  first  of  the 
equations  (1)  for  detennining  the  function  ir'(x),we 
shall  have  exactly  the  same  integral  equation,  as  for 
the  function  ,  with  the  only  difference  that  the 
right  part  of  this  equation  will  be  the  following: 
«2«P, (*)/?, 

Building  the  solution  of  diis  equation  in  the 
same  way,  we  shall  find  the  function  W\x) ,  after 
which  the  function  x(^)  will  be  found.  The  unknown 


constants,  entering  the  found  functions  are  discovered 
with  the  help  of  the  condition  (7). 

We  shall  reduce  the  fonnulae,  obtained  for  the 
function  W*[x)  in  case  of  one  crack: 


re;(^) 


m  _{ 

,er(s)in 


(a-x)(a  +  s) 
(a  +  xXa  -  s) 


u'(l-^f)j;  G>^is){s-x) 


ds  + 


It  is  obvious  from  the  obtained  expressions  that 
when  D=0  the  contact  stresses  have  also  a  logarithmic 
singularity  besides  the  power  singularity  at  die  points 
x  =  ±a. 

At  die  end  we  shall  mention,  that  during  the 
solution  of  the  problem  for  a  compound  plane, 
containing  a  periodical  system  of  collinear  ciacl^,  the 
obtained  system  of  determining  integral  equations  is 
identical  with  the  system  (6)  and  differs  from  it  with 
Hilbert’s  kernel,  figuring  eveiywhere  instead  of 
Cauchy’s  kernel.  Its  solution  is  built  in  the  same  way. 
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Accurate  three  dimensional  interlaminar  thermal  stresses  of  unsymmetric  laimnated  plates  and  shells 
due  to  uniform  temperature  rise  are  presented.  Second  order  layerwise  theory  of  R^dy  is  considered 
and  applied  to  the  plate  while  fist  order  layerwise  theory  is  used  in  shell  formulation  and  the  finite 
element  method  is  used  at  inplane  coordinates.  Principle  of  virtual  displacement  is  applied  to  denve 
finite  element  equations.  Numerical  examples  are  presented  to  show  influence  of  layerwise  theory  to 
find  interlaminar  thermal  stresses. 

Key  Words:ThermaJ  Stresses,  Layerwise,  Finite  Element,  Plates  and  Shells 


1.  Introduction 

In  recent  years,  increasing  need  for  high  streng¬ 
th  to  weight  ratios  in  structural  components  has 
led  to  the  use  of  fiber- reinforced  multilayered  struc¬ 
tures.  High-performance  composite  materials  can 
be  used  in  the  form  of  laminated  plates  and  shells. 
The  problem  of  interlaminar  stresses  in  laminated 
plates  and  shell  structures  continues  to  be  a  popu¬ 
lar  topic  for  intensive  research.  Temperature  chang¬ 
es  often  represent  a  significant  factor, and  some¬ 
times  the  predominant  cause  of  failure  of  compos¬ 
ite  structures  subjected  to  harsh  working  condi¬ 
tions.  Delamination  and  longitudinal  cracks  in  the 
matrix  are  typical  failure  mechanisms  in  composite 
thin-walled  members  due  to  excessive  stress  lev¬ 
els  caused  by  thermal  stresses.  Various  first  and 
higher  order  plates  and  shell  theory  are  used  to  de¬ 
termine  the  interlaminar  thermal  stresses  in  lami¬ 
nated  plates  and  shells  subjected  to  thermal  load¬ 
ings  [1-4].  These  theories  are  often  incapable  of 
determining  the  three  dimensional  thermal  stress 
field  at  ply-level.  Thus  analysis  of  thermal  stresses 
n^ay  require  the  use  of  three  dimensional  elastic¬ 
ity  theory  or  Layerwise  laminate  theory.  In  con¬ 
trast  to  the  single-layer  theories, the  Layerwise  the¬ 
ory  is  developed  by  assuming  that  the  displace¬ 
ment  field  is  only  continuous  through  the  lam¬ 
inate  thickness.  Owing  to  the  mathematical  dif¬ 
ficulties  encountered  in  the  analytical  treatment 
of  three  dimensional  thermoelasticity  analysis  of 
laminated  plates  and  shells,  the  exact  solutions 
are  scarce  [5-7].  The  layerwise  theories  can  be 
extended  to  find  three  dimensional  thermal  stress 
field  at  layer  interfaces  [8].  In  the  present  paper 
three  dimensional  thermal  stresses  in  laminated 
plates  and  shells  based  on  second  order  layerwise 
theory  of  Reddy[9]  due  to  uniform  temperature 
rise  are  found.  . 


The  objective  of  this  study  is  to  investigate  the 
interlaminar  thermal  stresses  within  unsymmetric 
laminated  plates  and  shells.  The  Lagrangian  in¬ 
terpolation  function  is  used  through  the  laminate 
thickness,  and  the  finite  element  method  is  used 
at  in  plane  coordinates. 

2.  Theoretical  Formulation 

Consider  an  N-layer  orthotropic  laminated  com¬ 
posite,  each  being  oriented  arbitrarily  writh  respect 
to  the  principal  coordinates  (01,02).  The  dis¬ 
placements  {v,v,w)  at  a  generic  point  (01,03,-)  in 
the  laminate  are  assumed  to  be  the  form. 

•  n 

u(0i.02.2)  =  • 

i=i 

v(ai,02,2)=  (1) 

i=i 

n 

where  )  denotes  the  nodal  values  of  dis¬ 

placement  field  (ti.tjtt;)  ,  n  is  the  number  of  nodes 
through  the  thickness,  ^  and  are  global  in¬ 
terpolation  functions  for  discretization  of  the  in¬ 
plane  displacements  through  the  thickness.  For 
quadratic  variation  through  each  numerical  layer 
these  functions  are  given  below: 

^>1(2)  =  a' ''(Z)  2l<i<Z3 

=  A2^^(2)  22/-1  <  2  <  22J+1 

Aj^'‘’^^(2)  22/+1  <  2  <  Z2I+Z 

=  A^^’*\2)  2^_2  <Z<ZJ, 
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(2) 


4*'  =  -f  (1  -  r)  (2) 

«jk  «it 

where  (7  =  1,2,3,..,,  A^e)  ,  is  the  thickness  of 
the  k-th  layer,  z  =  z  --  z^,  and  z^  denotes  the 
2-coordinate  of  bottom  of  Ar  —  i/i  numerical  layer. 
The  stresses  in  the  k-th  layer  may  be  computed 
from  the  three  dimensional  stress-strain  relation. 
For  a  k-th  (orthotropic)  lamina  we  have: 

<rii  Cii  Ci2  Ci3  0 

<T22  Ci2  C22  C23  0 

^22  _  Ci3  C23  Czz  0 

T22  0  0  0  C44 

000  C45 

Ti2  C16  Cs2  Csz  0 


i=i  i=i 

,dv^  ^ 

Nodal  displacements  (U^  ,W^)  in  the  finite  el¬ 

ement  method  solution  are  approximated  by 


W  =f^U^'Ni(x,y) 

t=l 

n 

='^W^Ni{x,y) 

*=1 

n 

=  ^W*Ni(x,y) 


wheieNi  is  the  linear  shape  function  through  the 
triangular  elements. 


where  [Cij]k  and  [0i]k  are  trasformed  stiffness  and 
thermoelastic  matrixes,respectively.  The  finite  el¬ 
ement  model  corresponding  to  this  theory  is  devel¬ 
oped  by  applying  the  principal  of  virtual  displace¬ 
ments  in  absence  of  body  forces  to  a  representative 
physical  element  of  the  plate  or  shell.  From  the 
principle  of  vitual  work: 

f  dv=  I  ds  (4) 

Jv*  J s* 

where  are  the  components  of  the  stress  tensor, 
€ij  are  the  components  of  the  strain  tensor,  Ti  are 
the  components  of  the  surface  traction.  Formula¬ 
tions  of  plate  and  shell  are  completed  in  following 
sections. 


2.1  PLATE  FORMULATION 

In  plate  coordinate  (x,  y,  2)  the  linear  strains 
associated  with  the  displacement  field  in  equation 
(1)  are: 

_  -fv  dW  • 

i=i 


M 


2.2  SHELL  FORMULATION 

In  curvilinear  coordinate  {a\,a2,z),  the  linear 
strains  associated  with  the  displacement  field  in 
equation  (1)  for  a  cylidrical  shell  are: 


1  ^ 


=  E»"X 


i=i 

§  5x  r(l  +  i)  de  ^ 

1  ^  dWi 

“  »-(i  +  i)  de  ^ 

jz:l  J=1 

In  order  to  complete  the  finite  element  formu¬ 
lation, the  displacement(i7J,  are  approxi¬ 

mated  on  the  jth  plane  of  the  shell  by: 

3 

»=1 

3 

yJ(ai,a2,2)  =  ^W‘JVi(ai,a2)  (8) 
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3 

I0(oi.a2,-)  =  W^W\(Qi,a2) 

1=1 

where  and  are  the  displacement  com¬ 

ponents  u,v.w  at  the  jth  node  of  the  two-dime¬ 
nsional  finite  element  representation  the  jth  plane 
of  physical  shell  element.  The  functions  Ni{oci,Ck2) 
are  two-dimensional  Lagrangian  interpolation  poly¬ 
nomials  associated  with  the  ith  node  of  two  dimen¬ 
sional  finite  elements. 

3.  Numerical  Results 

To  illustrate  some  of  the  thermal  effects  that 
occure  in  layered  composite  plates  and  shells,  the 
numerical  results  will  be  presented.  Typical  prop¬ 
erties  for  a  graphite  fiber/epoxy  would  be: 

£n  =  ISOGpu,  E22  =  =  lOGpa,  G13  = 

7.lGpa.G23  =  Gi2  =  T.lGpa,  v\z  =  0.3, 1/12  =<^23  = 
0.27,  Qn  =  0.02  *  IQ-^m/^c,  022  =  ^33  =  22.5  ♦ 
10-®m/°c 

Consider  a  crossply(0/90)  graphite/epoxy  rect¬ 
angular  plate.  The  boundary  conditions  are  as¬ 
sumed  simply  supported  (u’(2:,0)  =  u;(x,l)  =  0 
,z;(r,0)  =  0)  .  the  plate  is  divided  to  ten  elements 
in  X  and  y  directions  and  for  observing  the  edge 
effects,  the  element  sizes  near  the  edges  are  cho¬ 
sen  small.  In  thickness  direction  eight  numerical 
layers  (or  seventeen  nodes  )  are  assumed.  Figure 
(1)  illustrates  the  deflection  of  the  plate  for  lO^'^C 
tempeature  increasing.  Figure  (2)  shows  the  trans¬ 
verse  normal  interlaminar  stresses.  It  can  be  seen 
that  the  magnitude  of  trnsverse  stresses  become 
to  maximum  vzJues  near  the  edges.  These  high 
stresses  could  be  cause  the  delamiation.  Figures(3) 
and  (4)  illustrate  the  transverse  shear  stresses.  The 
magnitude  of  these  stresses  are  increased  near  the 
edges  of  plate.  - 


y  0  0  X 


Fig.l.The  deflection  of  crossply  (0/90) 
graphite/epoxy  plate. 

Considering  now  a  stacking  sequence  of  crossply 
(0/90/0/90)  graphite/epoxy  cylindrical  shell.  The 
inner  diameter  and  thickness  of  each  layer  areas- 
sumed  12.7  mm  and  0.127  mm  ,  respectively.  Fig¬ 
ure  (5)and  (6)  show  the  axial,  circomfrential  and 


radial  stresses  in  thickness  direction.  It  can  be 
seen,  the  interface  between  the  outer  0^  and  90^ 
layers  experiances  a  tensile  radial  stress.  . 


Fig.2.The  transverse  normal  stresses  in  crossply 
(0/90)  graphite/epoxy  plate. 


Fig.S.The  transverse  shear  stresses  in  crossply 
(0/90)  graphite/epoxy  plate. 


Fig.4.The  transverse  shear  stresses  in  crossply 
(0/90)  graphite/epoxy  plate. 
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Fig.S.The  axial  and  circnmfrentiai  stresses  in 
crossply  (0/90/90/0)  cylinder. 
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Three-Dimensional  Transient  Thermal  Stresses  of  a  Cross-Ply  Laminated 
Rectangular  Plate  due  to  Partial  Heating 
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In  this  study,  the  theoretical  analysis  of  a  three-dimensional  thermal  stress  problem  is  developed 
for  a  multilayered  anisotropic  laminated  plate  due  to  partially  heat  supply  in  a  transient  state.  As  an 
analytical  model,  we  consider  a  laminated  rectangular  plate  consisting  of  an  orthogonal  pile  of  layers 
having  orthotropic  material  properties,  i.  e.  a  cross-ply  laminate.  We  obtain  the  exact  solutions  for  the 
three-dimensional  temperature  in  a  transient  state  and  three-dimensional  transient  thermal  stresses  of 
a  simple  supported  plate.  As  an  example,  numerical  calculations  are  carried  out  for  a  3-layered 
cross-ply  laminate,  and  some  numerical  results  for  the  temperature  change,  the  displacement  and  the 
stress  distributions  are  shown  in  figures. 

Key  Words  :Elasticity,  Thermal  Stress,  Composite  Material,  Cross^Ply  Laminate,  Rectangular  Plate, 
Three-Dimensional  Problem,  Transient  State 


1.  Introduction 

Metal  matrix  composites  have  excellent  material 
properties  for  heat  resistance.  They  have  been 
developed  as  new  material  that  is  adaptable  for  a  high- 
temperature  environment,  for  example,  the  structural 
components  of  a  space-plane  or  a  fusion  reactor.  It  is 
necessary  to  take  into  account  not  only  the  effect  of 
steady  thermal  stress  but  also  effect  of  unsteady  thermal 
stress.  As  one  of  the  analytical  modeling  of  the 
composite  materials,  the  so-called  laminated  plate  can 
be  taken  into  account.  Therefore,  we  can  recognize 
that  study  of  the  thermal  stress  problems  of  these 
laminated  plates  becomes  to  be  important  and  there 
are  several  analytical  papers  [1]“[4]  concerned  with 
these  problems.  However  these  papers  restrict  to  the 
steady  thermal  bending  problems  using  plate  theory. 
On  the  other  hand,  one  of  cause  of  damage  in  these 
laminated  plates  includes  delamination.  In  order  to 
elucidate  this  phenomenon,  the  thermal  stress  analysis 
that  considered  the  transverse  shearing  stress  and  the 
normal  stress  in  the  thickness  direction  are  necessary. 
However,  the  study  considered  these  effects  are  few. 
So  far  as  we  know,  Tungikar  and  Koganti  presented 
the  three-dimensional  exact  solutions  for  thermal  stress 
problem  of  simply  supported  rectangular  orthotropic 
laminate  [5].  However  this  paper  restrict  to  the  steady 
thermal  stress  problem.  In  our  earlier  paper  [6],  we 
analyzed  the  transient  thermal  stress  problem  of  simply 
supported  cross-ply  laminate  using  the  classical  plate 
theory  based  on  Kirchhoff-Love’s  hypothesis.  However 
this  paper  didn’t  take  into  account  the  transverse 
shearing  stress  and  the  normal  stress  in  the  thickness 
direction. 

From  the  viewpoint  of  above  mentioned,  we 


analyzed  the  three-dimensional  thermal  stress  problem 
involving  a  cross-ply  laminated  rectangular  plate  due 
to  partially  heat  supply  in  the  transient  state. 

Z  Analysis 

2.1  HEAT  CONDUCTION  PROBLEM 

We  consider  that  the  laminated  rectangular  plate 
made  of  n  layeies  as  shown  in  Fig.l,  the  lengths  of  the 
sides  and  thickness  of  which  are  denoted  by  2L^,  2L^ 
,and  B,  respectively.  We  assume  that  each  layer  is 
composed  of  dissimilar  plate  with  orthotropic  material 
properties.  And  we  consider  an  cross-ply  laminate  in 
which  principal  axis  for  each  layer  is  parallel  to  the  x 

or  y  axis.  Throughout  the  paper,  the  indices  i  {=1,2,* * ' 
/i)  are  associated  with  /-th  layer  of  laminated  plate 


CD 


/Tbfb(x)gb(y) 


Lx.Ly 

Tafa(x)ga(y) 

LxiLy 

Fig.l  Analytical  model  and  coordinate  systems 
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from  the  lower  side.  Let  b.  be  the  thickness  of  the  i-th 
layer,  and  the  origin  of  a  local  coordinate  z.is  taken  at 
the  bottom  side  of  irth  layer.  We  assume  that  the 
laminated  rectangular  plate  is  initially  at  zero 
temperature  and  is  suddenly  heated  partially  from  the 
lower  and  upper  surfaces  by  surrounding  media  with 
relative  heat  transfer  coefficients  h  and  h,.  We  denote 

a  tf 

the  temperature  of  the  surrounding  media  by  the 
functions  and  TJJx)gJy),  and  assume 

that  the  end  surfaces  of  the  laminated  plate  are  held  at 
zero  temperature.  The  transient  heat  conduction 
equation  for  the  i-th  layer  in  dimensionless  form  is 
shown  as 

af  «  a'f  «  a'f  « 

and  the  initial  and  thermal  boundary  conditions  in 
dimensionless  form  are  taken  in  the  following  forms: 
t  =  0;  f  =  0  ;  (2) 

=  (3) 

?  =  ^ -  2;.._=  0 ;  f  =  (4) 

:r  37"  -  dT  . 


•  ^  1  _i±L. 

-  af 


=  af  (6) 

J  =  ±r_;^=0  (7) 

y=±Ly-,f.=0  (8) 

In  expressions  (l)-(8),  we  have  introduced  the  following 
dimensionless  values; 

, - ,  (x,y.z,z,)  _  K,  , 

(x,y,z,z^)  = - K,  =-^  ■■,k=^,yi 

where  7)  is  temperature  change,  {k=^,y^)  is  thermal 
diffusivity,  is  thermal  conductivity,  t  is  time,  and 
7J,,  Kp ,  and  are  typical  values  of  temperature,  thermal 
diffusivity,  and  thermal  conductivity,  respectively.  For 
the  sake  of  brevity,  we  introduce  the  following 
symmetric  conditions  for  the  temperature  functions 
fjx),  fi,(x),  gjy)  and  gjy)  without  loss  of 
generaliry: 

fj-x)=fjx), 

gj-y)=8jy),  gj-y)=gjy)  (lO) 

Introducing  the  finite  cosine  transformation  and  Laplace 
transformation,  the  solution  of  equation  (1)  can  be 
obtained  so  as  to  satisfy  the  conditions  (2)-(8). 


^cosq^xcossiy 


s:  4  r  1 

Sinhp^z,) 

.A  2exp(-u.^x)  _  _ 

+X  iiA'(ii')  +  A 

A  2exp(-n^T:)  _  _  _ 


AndinEqs.(ll)and(12),  s,,p^,,  p..,and  Y,y  are 
as  follows; 

(2k-l)n  (2l-l)n 

“  2l  ’  ■*'  “  24 

zi 

and  represents  the  >th  positive  roots  of  the  following 

transcendental  equation: 

=  0  (14) 

and  the  condition  for  the  eigenvalue  is  given  as 

P.  <  n,  < ...  <  P„  <  -i-K/-  <  < ...  (15) 

For  the  sake  of  brevity,  the  detail  of  the  temperature 
solution  is  ommited  here. 

2.2  THERMAL  STRESS  PROBLEM 

In  the  associated  thermoelastic  freld,  we  now 
develop  the  three-dimensional  analysis  for  transient 
thermal  stresses  in  simply  supported  cros-ply  lamineted 
rectangular  plate.  We  introduce  the  following 
dimensionless  values. 

=  cr„,  - - ,  (u„v.,w.) 

(16) 

“0  ^0 

where  c  ^  is  the  stress  components,  v.,  w.)  are  the 
displacement  components,  is  the  coefficient  of 
linear  thermal  expansion,  is  the  stiffness  constant 
of  elasticity,  and  and  are  the  typical  values  of 
the  coefficientt  of  linear  thermal  expansion  and  Young’s 
modulus  of  elasticity,  respectively. 

Substiruting  the  stress-strain  relations  and 
displacement-strain  relations  into  the  equilibrium 
equations,  the  displacement  equations  of  equilibrium 
are  written  as 

+(C,3,  +  =  -( C„,a^.  +  C;,,a^.  + 


q^sinq^xco5S,y 


( ^06i  +  ^,21 M  •*■6^66/’'.’  s  +6^2, ''f  ^ .= 

+( C^,.  +  =  -( +  C^,a^  + 


170 


cosqjcsins^y 


(18) 


(^13,  “*"(^44i 

+^33.^.^=:  =  +  ^23/S  +  ^33,«o> 


(19) 


If  the  lower  and  upper  surfaces  are  traction  free,  the 
the  boundary  conditions  of  lower  and  upper  surfaces 
and  the  conditions  of  continuity  at  the  interfaces  can 
be  represented  as 

z,  =0;  a^,  =0,  5^,  =0,  =0 

®=„=0,^a„=0, 

z>  =  f>n  0;  <y=.  =f 

««  =  ^  =“/..>  ^  =  ’^.>1  <20) 
We  now  consider  the  case  of  a  simply  supported  plate. 
The  mechanical  boundary  conditions  are  given  as 
follows: 

x  =  ±L/,  0„.  =0,  V.  =0,  iv.  =0 

y  =  ±r,;c^.  =0,  «;=0,  w,  =0  (21) 

The  boundary  conditions  (21)  are  satisfied 
automatically  if  the  displacement  components  are  given 
the  following  forms: 

«;  =  '^^{u^(z,)+V^(l.)}sinq^xcoss,y 
*-1  /=! 

V  =  ££{'4Brz,>  + 

i=l  /=! 

w.  =  '^'^{w^Jz,)+W^Jz,)}cosg,xcoss,y  (22) 

*=1  /=! 

In  expressions  (22),  the  first  term  of  right  side  shows 
the  homogeneous  solution  of  Eqs.(17)-(19)  and  the 
second  term  of  right  side  shows  the  particular  solution 
of  Eqs.{17)-(19).  Then  U^Jz^j.  VJzJ.  and 
)  are  given  by  the  following  expressions: 

j=i 
3 


/*1 

^cikl  S  ^ktU  {^UJ ^’^^klU^klU^aU  (^^^ 


where 

^kiu(V  =  coshim^z.),  S^J%)  =  sinhimjz,) 


+  ^  >«*./=  1  if 


nfi) 


=  cos(m^z,),  S^JzJ  =  sinim.J..) 

I 

m,  =  I 

i 


gn 


^f») 

,  a„^  =  -l  if  '•^,+^<0 
(24) 


< 

■<t).+2(J'-l)3t' 

l-jcos 

3 

;.fcl,2,3 


“COS 

f>=- 


-/V27‘ 

.2M,r. 

’  < 

2(B"’f+9A'‘’B’‘'C“+27D'“(A'‘'y 

27(A'"/ 


^(^23i  )~2C^,Cjj,C^,  +2C„,.Cj3,.C^; 

<,5,X5.+2cy+^3p,,^ci,^+2cj}_ 

{^Ul  (^2/^33i  “  )■*■  ^«i  "2^23, )} 

+QXc^,c«-2c.2r^)}+^:c22r,,Q,  (25) 

Substituting  Eqs.(22)  and  (23)  into  the  displacement- 
strain  relations  and  the  stress-strain  relations,  the  stress 
components  are  obtained.  In  Eq.(23),  F^j  and 
(i=l'^n,  i=l  A3)  are  unknown  constants,  which  should 
be  determined  from  mechanical  conditions  (20). 


3.  Numerical  results 

As  an  illustration  of  numerical  calculations,  we 
assume  that  each  layer  of  laminated  plate  consists  of 
the  same  orthotropic  plate,  and  consider  the  three¬ 
layered  (O”  /90‘’  /0“  )  cross-ply  laminated  plate 
composed  from  alumina  (AljOj)  fiber  reinforced 
aluminum  composite.  And,  numerical  results  are 
presented  for  the  following  values.  ^  ^ 

H  =5.0,  ^  =  0,  ^  =  1.0,  4  =  =  3.0 

f^(x)  =  H(l.O  -  l3f|) .  gjy)  =  H(l.O  -  lyD  (26) 
where  Mix)  is  Heaviside’s  function.  The  material 
constants  are  shown  in  Table  1 .  In  Table  1 ,  the  subscript 
L  denotes  the  longitudinal  direction  of  fiber  and  the 
subscript  T  denotes  the  transverse  direction  of  fiber. 
The  typical  values  of  material  properties  such  as  k^, 
A.^,  and  used  to  normalize  the  numerical  data, 
are  based  on  those  in  fibre  direction. 

The  variations  of  the  temperature,  the  thermal 


Table  1  Material  Properties 


Thermal  diffusivxty 

[m^/s)| 

#Cj.=29.5X10’® 

Coefficient  of  thermal 
exoansion 

(i/Kl 

a  ^=7.6X10"® 

aj^M.OXlO"® 

Thermal  conductivity 

[W/(mK)l 

Ai=l.O5X102 

Aj*O.75X102 

Young’s  modulus 
ofdasddtv 

[GPa] 

^1.5X10^ 

Et-^I.IXIO^ 

Shear  modulus 
ofelasticitv 

IGPa] 

G^j-=0.35Xld^ 

077=0.41X10^ 

1  Poisson's  ratio 

Vx,r=^.33  V  77.=0.33  Vji_^U,zA2\ 
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Fig.2  Variation  of  the  temperature  on  the  heated 
surface  (j=0,  z=0.5) 


0  0.5  1  1.5  2  _  as  3 

X 

Fig.3  Variation  of  the  thermal  displacement  w  on  the 
heated  surface  (>=0,  z=0.5) 


Fig.4  Variation  of  the  thermal  stress  on  the 
heated  surface  (j=0,  z=0.5) 
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y 

Fig.5  Variation  of  the  thermal  stress  on  the 
interface  between  the  second  layer  and  the 
third  layer  (jc=0,  z  =  l/6) 


Fig.6  Distribution  of  the  stress  in  a  steady  state 

on  the  interface  between  the  second  layer 
and  the  third  layer  (f =1/6,  X  =  oo) 


0  0.5  1  1.5  2  3 


y 

Fig.7  Variation  of  the  thermal  stress  c  on  the 

yz 

interface  between  the  second  layer  and  the 
third  layer  (x=0,  z=l/6) 

displacement  w  and  the  thermal  stress  G  on  the 
heated  surface  (y=0,  2=0.5)  are  shown  in  Figures 
2  to  4.  Figures  5  to  7  show  the  variations  of  the  thermal 
stresses  on  the  interface  (2=1/6)  between  the  second 
layer  and  the  third  layer.  The  variations  of  the  normal 
stress  and  the  transverse  shear  stress  a  along  the 
y  axis  (x=0)  are  shown  in  Figures  5  and  7.  The 
distribution  of  the  transverse  shear  stress  in  a  steady 
state  is  shown  in  Figure  6. 
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Application  of  a  Simplified  Method  Expressing  Effects  of  Anisotropic  Ply  to 
Thermal  Stress  Analysis  of  CFRP  Cross-Ply  Laminates. 
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We  have  investigated  the  failure  behavior  of  CFRP  cross-ply  laminates  under  thermal  loading, 
by  the  use  of  a  simplified  method  which  could  express  effects  of  an  anisotropic  ply.  In  this  report,  the 
finite  element  method  analysis  is  applied  to  the  extension  of  a  transverse  crack  in  the  outer  ply  of  CFRP 
cross-ply  laminates  under  uniform  thermal  loading.  Making  a  comparison  between  the  result  of  FEM 
analysis  and  that  of  our  simplified  method,  we  discuss  the  practical  application  of  our  simplified  method 
to  the  transverse  ply  cracking  in  CFRP  cross-ply  laminates  for  various  values  of  elastic  constants  of  plies 
and  configurations  of  laminates. 

Key  Words:  CFRP  Cross-Ply  Laminates,  Ply  Cracking,  FEM  Analysis,  Anisotropic  Ply, 


Application  of  Simplified  Method. 


1.  Introduction 

Recently,  with  the  increasing  use  of  fibre  rein¬ 
forced  composite  materials  as  space  structure  compo¬ 
nents,  the  study  of  thermal  fatigue  strength  of  compos¬ 
ite  matmals  has  received  wide  attention.  The  fracture 
process  of  composite  materials,  especially  CFRP  cross- 
ply  laminates,  is  very  complicated  and  the  thermal  fa¬ 
tigue  strength  is  affected  considerably  by  the  laminate 
structure  and  the  micro  ffacture  [1  ]. 

When  a  laminates,  consisting  of  a  stack  of  lami¬ 
nae  bonded  together,  is  subjected  to  a  thermal  load,  the 
response  depends  on  the  properties  of  the  individual 
laminae  and  the  way  they  interact  with  each  other  [2]. 
It  is  well  known  that  the  properties  of  laminae  are  not 
isotropic.  An  orthotropic  laminae  has  three  mutually 
perpendicular  planes  of  material  symmetry  and  the 
properties  at  any  point  are  different  in  three  mutually 
perpendicular  directions.  Therefore,  it  is  necessary  to 
discuss  the  fracture  of  composite  materials  from  the 
viewpoint  of  the  elasticity  of  an  anisotropic  bodies. 
However,  it  is  very  difficult  to  have  the  analytical  solu¬ 
tion  for  the  anisotropic  bodies. 

In  the  previous  papers  [3, 4],  we  have  investigated 
the  failure  behavior  of  CFRP  cross-ply  laminates  under 
thermal  loading.  We  proposed  a  new  model  of  aniso¬ 
tropic  plies  in  the  theoretical  analysis  of  the  transverse 
ply-cracking  in  the  cross-ply  laminates.  A  simplified 
method  with  this  model  could  express  the  effects  of 
elastic  constants  of  anisotropic  plies  and  their  configu¬ 
rations.  By  using  the  simplified  method,  we  discussed 
the  extension  of  the  transv^se  cracks  [3]  and  their  mul¬ 
tiplication  [4]  in  the  plies  of  laminates  under  thermal 
loading  and  the  thermal  stresses  around  them.  This 
method  could  reduce  mathematical  intricacies  of  the 
problem. 


In  this  report,  the  finite  element  method  analysis 
(FEM  analysis)  is  applied  to  the  problem  of  transverse 
ply  cracking  in  the  outer  ply  of  CFRP  cross-ply  lami¬ 
nates  under  uniform  thermal  loading.  FEM  program 
MARC  K5.2  and  Pre/Post-processor  MENTAT  II 
ver.l  .2  are  used  in  this  study.  Making  a  comparison 
between  the  result  of  FEM  analysis  and  that  of  our  sim¬ 
plified  method,  we  discuss  the  application  of  our  sim¬ 
plified  method  to  the  transverse  ply  cracking  in  the 
laminates  in  the  case  that  the  laminates  have  various 
values  of  elastic  constants  of  plies  and  various  configu¬ 
rations.  By  considering  the  assumption  of  our  model  of 
anisotropic  plies,  we  clarify  the  application  limit  of  our 
simplified  method  to  the  transverse  ply  cracking  in  the 
laminates. 


Fig.  1.  CFRP  cross-ply  laminates  and  three  mutually 
perpendicular  planes  of  material  symmetry. 
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Fig.  2.  A  transverve  crack  from  the  surface  of  an 
outer  ply  and  coordinate  system. 


2.  Formulatioii  of  the  Problem  and 
Boundary  Conditions 

Consider  the  thermal  stresses  around  an  edge 
crack  parallel  to  the  fibres  in  the  outer  transverse  ply  of 
the  laminate  [90®/0®/90®]5  under  uniform  thermal  load¬ 
ing  (Fig.  2).  The  transverse  plies  I  and  II  treated  here 
are  assumed  to  be  homogeneous  and  transverse  isotro¬ 
pic  and  to  obey  the  Duhamel-Neumann  relation.  The 
longitudinal  ply  *  is  homogeneous  and  orthotropic. 
The  transverse  plies  are  perfectly  bonded  to  the  longitu¬ 
dinal  ply.  The  crack  of  length  a  is  perpendicular  to  the  ^ 
fibres  in  longitudinal  ply.  In  the  analysis,  a  rectangular 
coordinate  system  is  employed  as  shown  in  Fig.  2.  The 
symmetry  condition  of  the  problem  will  be  used. 

The  boundary  conditions  of  this  problem  can  be 
written  as  follows: 

(i)  From  the  condition  for  stresses  on  the  surface 
of  the  edge  crack  C, 

+  (^  =  0.  -a<><0). 

In  what  follows,  the  subscripts  I  and  11  refer  to  quanti¬ 
ties  associated  with  the  transverse  plies  I  and  H,  respec¬ 
tively. 

(ii)  Since  the  edge  surface  of  the  outer  transverse 
ply  I  is  free  from  tractions,  this  condition  gives 

(y-0). 

(iii)  Considering  the  symmetry  condition  of  the 
problem,  we  obtain 

V  =0’  ^  ^h+d)). 

(iv)  From  the  continuity  condition  for  stresses  and 
displacements  on  the  interface  between  the  ply  I  and  the 
longitudinal  ply  we  obtain 

(4) 

+/  V*,,  (y  = 

The  asterisk  will  refer  to  quantities  associated  with  the 
longitudinal  ply. 
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Fig.3.  An  example  of  finite  element  model . 


Table  1.  Mechanical  Properties  of  (3FRP  Laminates  [5]. 


Longitudinal  modulus,  Ejj  138  GPa 

Transverse  modulus,  1 1 .7  GPa 

In-plane  shear  modulus,  Gj^  4.56  GPa 

Transverse  shear  modulus,  G23  4.18  GPa 

In-plane  Poisson’s  ratio,  Vj^  0.29 

Out-plane  Poisson's  ratio,  0.4 

Coefficient  of  thermal  expansion,  0.09x  1 0^ 
Coefficient  of  thermal  expansion,  cl  28.8x  10^  K'^ 


(v)  On  the  interface  between  the  ply  II  and  the 
longitudinal  ply  *, 

^ylJ  *  '^xyn  “  *  '^xy 

(vi)  When  the  composite  is  subject  to  a  constant 
increment  of  temperature  AT,  we  have 

r(x,y)  =  0  (r  =  0)  ... 

T{x,y)^AT  (/>0) 

In  this  case,  there  is  no  difference  in  temperature  be¬ 
tween  two  points  on  the  different  crack  surfaces. 


3.  Finite  Element  Analysis 

In  the  plane  strain  condition,  the  FEM  analysis  is 
applied  to  the  problem  of  transverse  ply  cracking  in  the 
outer  ply  of  CFRP  cross-ply  laminates  under  uniform 
thermal  loading.  Considering  the  symmetry  condition 
of  the  problem,  we  set  up  the  finite  element  model  for 
the  region  (x  ^  0)  in  Fig.  2.  The  plate  of  CFRP  lami¬ 
nate  is  divided  into  513  eight-node  quadrilateral  ele¬ 
ments.  Fig.  3  shows  an  example  of  finite  element 
model  of  the  CFRP  laminate.  The  total  number  of  the 
nodes  is  1800.  This  analysis  is  performed  by  the  FEM 
program  MARC  K5.2  and  Pre/Post-processor 
MENTATII  ver.  1.2. 

The  unsteady  heat  conduction  analysis  is  carried 
out  under  the  temperature  condition  as  follows: 

7;=0  (r  =  0) 

r(x,o)=Ar,  r(x,-(f+/r-hj))=Ar  (r>0) 

(7) 

Viewing  the  reference  [5],  the  mechanical  proper¬ 
ties  of  the  laminate  are  assumed  as  shown  in  Table  1. 
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4.  A  Simplified  Method 


We  have  investigated  the  failure  behavior  of 
CFRP  cross-ply  laminates  under  thermal  loading  by 
using  a  new  model  of  anisotropic  plies  [3,  4].  This 
model  could  express  the  effects  of  elastic  constants  of 
anisotropic  plies  and  their  configurations.  By  using  the 
simplified  method,  we  discussed  the  extension  of  the 
transverse  cracks  and  their  multiplication  in  the  plies  of 
laminates  under  thermal  loading  and  the  thermal 
stresses  around  them.  Here  we  will  show  a  summary  of 
this  simplified  method. 

Let  us  consider  the  continuity  conditions  for 
stresses  and  displacements  on  the  interfaces  between 
the  transverse  plies  and  the  longitudinal  ply.  The 
component  of  the  displacement  in  the  longitudinal 
ply  is  supposed  to  be  uniform  through  the  thickness, 
when  the  constant  thickness  of  the  longitudinal  ply  h  is 
small.  Therefore,  the  continuity  conditions  for 
displacements  on  the  interface  between  the  transverse 
plies  and  the  longitudinal  ply  give 

duj  _  du^  _  dujj  dVf  _  dvjj 

3x  dx  Bx  dx  dx 

Moreover,  firom  the  continuity  condition  for 
stresses  on  the  interface,  we  obtain 


^yl  ^ya 

The  equilibrium  of  the  force  due  to  0^.  and  the 
tangential  force  acting  on  the  interface  of  the  thin 
reinforced  phase  yields 


'^xyl  ”  '^xyU 


ax 


(10) 


Let  us  try  to  transform  Equations  (10)  in  the  plain 
strain  condition,  the  constitutive  equations  for  the 
orthotropic  longitudinal  ply  are  given  by 


Bx 


+  c 


Bv* 
^  By 


(11) 

Here  c.  are  elastic  constants  of  the  longitudinal  ply. 
From  the  constitutive  equations  for  the  transverse  plies, 
we  obtain 


v(l  -h  v) 
E 


(12) 


where  E  is  Young's  modulus  in  the  transverse  ply  and  ^ 
V  Poisson's  ratio. 

In  view  of  Equations  (8), (9)  and  (12),  eliminating 
Bv^l  By  from  (11)  ajod  substituting  it  into  (10),  it  follows 
that 

Bg^  Bo  j 

=  0  (13) 


where 


Px  =  c, 


1-v" 

E 


v(l  +  v) 
E 


(14) 


Consequently,  the  continuity  conditions  for 
displacements  and  stresses  on  the  interface  of  the  thin 
longitudinal  ply  give  Equations  (8),  (9)  and  (13)  instead 
of  Equations  (4)  and  (5).  Here  it  should  be  noted  that 
the  problem  reduces  to  the  two  phases  problem  of  the 
regions  of  the  plies  I  and  H. 

Following  Muskhelishvili  [6],  the  stresses  and  the 
displacement  gradients  can  be  expressed,  in  the  absence 
of  body  forces,  in  terms  of  the  temperature  potential 
functions  0(z)  and  the  elastic  potential  function  d>(2) 
and'F(z): 

^x,+ff»=2{«>y(z)  +  57^} 

(k;  .X  +*Vj  ,x )  =  (3  -  4v)4>j  (z)  -  (z)  -  z4>;  (z) 

-'^)+E(xe,{z)  0=i,n) 

where  a  is  the  coefficient  of  thermal  expansion. 

To  find  the  solution,  the  edge  dislocation  will  be 
distributed  continuously  along  the  cracks  C.  By  paying 
attention  to  the  behavior  of  the  temperature  potential 
function  at  infinity,  we  have  the  potential  functions 
e,(z),  %{z)  and  'Fj(z)  of  the  ply  I  [3]. 


e,(2)=Ar 

^  r _ L- 

2(1 +  v)^  4?r(l-v)^o 


z+is 


-£*  {a(ot)  exp[jm(z  +  w)]  +  B(m)exp[-  im(z  -  is)]}<im 

^ 


'P(z)= — fLe+ 

1  +  v  Aic{\-v) 


[z  +  W  (z  +  i5)' 


m)  -  fmM(m)]exp[im(z  +  is)] 
h  [D(m)  +  imzB{m)]  exp[-im(z  -  is)]}dm]dy 


(16) 


where 

/yAT _ g  ^  ^ 

l  +  ’  (1  +V)(1  -2v)  ^  ^  2(1  +  v) 

h  Cjj 

(17) 

where  £  is  the  elastic  strain  in  the  transverse  ply  I  when 
the  composite  is  subject  to  a  constant  increment  of  tem¬ 
perature  AT.  Oj(z)  and  'Fj(z)  include  the  terms  of  a 
density  function  of  edge  dislocation  b(s)  distributed 
along  C.  Substituting  the  potential  functions  into  the 
boundary  condition  (1),  we  obtain  a  set  of  singular  inte¬ 
gral  equations  for  the  dislocation  density  function. 

The  density  function  b{s)  is  assumed  in  the  form 
of  the  product  of  an  unknown  function  g{s/a)  and  the 
weight  function  of  Jacobi  polynomials  [3, 7] .  Once  the 
unknown  g(s/a)  has  been  determined  from  the  singular 
integral  equation,  the  stress  intensity  factor  and  the 
stresses  along  the  interface  and  in  the  transverse  ply  are 
obtained  in  terms  of  g(s/a)  by  substituting  Equation 
(16)  into  (15), 

The  stress  intensity  factor  for  the  opening  mode  at 
the  tip  of  the  transverse  crack  C  is  expressed  in  the  form 


K,{-a)  =  oc^T^g(l)  (18) 
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5.  Numerical  Calculations  and  Results 

The  FEM  analysis  is  applied  to  the  problem  of 
transverse  ply  cracking  in  the  outer  ply  of  CFRP  cross- 
ply  laminates  under  uniform  thermal  loading. 
Numerical  calculations  are  performed  for  the  stress 
intensity  factor  of  the  transverse  crack  in  the  outer 
transverse  ply.  In  this  case  we  introduce  the  following 
non-dimensional  parameter  T  relating  to  the  stiffness 
of  the  longitudinal  ply: 

r.ii 

The  results  are  plotted  in  terms  of  the  geometrical  pa¬ 
rameters  and  the  r .  The  ratio  of  the  thickness  of  the 
transverse  ply  11  to  that  of  the  ply  I  a//  is  1 .0. 

Making  a  comparison  between  the  results  of  FEM 
analysis  and  that  of  our  simplified  method,  we  will 
discuss  the  application  of  our  sin^)lified  method  to  the 
transverse  ply  cracking  in  the  laminates . 

The  values  of  stress  intensity  factor  at  the  crack 
tip  are  shown  in  Table  2.  It  is  found  that  the  stress 
intensity  factors  Kj  of  the  smq)lified  method  are  in  good 
agreement  with  the  Kj  of  FEM  analysis  when  the 
adjacent  longitudinal  ply  is  thin,  and  die  ratio  of  the 
elastic  constant  in  die  fibre  direction  of  the  longitudinal 


ply  to  the  Lam6  constant  of  die  outer  ply  c„4l  is  large. 
In  tha  case  that  the  longitudinal  ply  is  somewhat  thick 
and  the  ratio  of  the  elastic  constant  is  small,  the 
quantitative  agreement  between  two  methods  is  not 
good. 

Let  us  consider  the  assumption  of  the  model  of 
anisotropic  plies.  We  made  the  assumption  that  the 
component  of  the  displacement  w*  in  the  longitudinal 
ply  is  supposed  to  be  uniform  through  the  thickness 
when  the  constant  thickness  of  the  longitudinal  ply  h  is 
small.  Therefore,  our  simplified  method  is  applicable 
to  the  transverse  ply  cracking  in  the  laminates  in  the 
case  that  the  adjacent  longitudinal  ply  is  thin,  and  the 
rado  Cjj/p  is  large. 

From  the  numerical  calculations  by  the  sin5)lified 
method,  the  variation  of  the  stress  intensity  faaor  at 
the  tip  of  the  transverse  crack  C  is  shown  versus  the 
ratio  of  crack  length  a/£  for  T-  10  in  Fig.  4.  As  die 
value  of  cJi  increases,  the  stress  intensity  factor 
increases  gradually,  taking  the  extreme  value,  and  then 
tends  to  zero  at  a/i  =  1.  The  short-dashed  line  indi¬ 
cates  the  when  the  longitudinal  ply  is  isotropic.  It 
can  be  recognized  from  this  figure  that  the  takes 
larger  values  than  that  in  the  case  of  the  orthotropic  ply. 
We  understand  from  another  calculation  that  the  factor 
increases  as  F  increases. 


Table  2.  Stress  intensity  factors  (F  =  1 6  and  u//  =  0.8). 


h// 

FEM 

Simplified  Method 

0.1 

100 

0.41 

0.412 

0.3 

33 

0.41 

0.412 

0.5 

20 

0.39 

0,412 

1.0 

10 

0.35 

0.412 
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Thermomechanical  Fatigue  of  Metal  Matrix  Composites 
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The  damage  of  metal  matrix  composites  under  a  general  thermomechanical  fatigue  is 
considered.  A  criterion  to  determine  the  stiffness  reduction  is  established.  It  is  shown  that  the 
characteristic  damage  state  of  the  materials  is  related  directly  to  the  most  damaging  loading 
level  at  which  the  combined  load  and  temperature  yield  the  maximum  stress-strength  ratio 
during  cycling.  Stiffness  reduction  of  metal  matrix  composite  materials  are  predicted  for  room 
temperature  as  well  as  in-phase  and  out-of-phase  fatigue. 


Key  Words:  Damage,  stiffness  reduction,  thermomechanical  fatigue,  metal  matrix  composites 


Stiffness  Reduction 

Today,  metal  matrix  composites  are  being 
considered  for  a  variety  of  applications  in  high 
temperature  and  aggressive  environmental 
conditions.  In  this  paper,  an  analytical  model  is 
presented  for  predicting  fatigue  damage  of  metal 
matrix  composite  laminates  in  terms  of  stiffness 
reduction  under  a  general  nonisothermal  fatigue. 

The  damage  accumulation  and  stress  re¬ 
distribution  of  a  laminate  depend  on 
micromechanical  properties,  including  properties  of 
fibers,  matrix,  interface,  etc.  Johnson  et  al.  [1] 
studied  the  stiffness  reduction  for  [0/9012^  lay-ups 
of  a  SCS-6/Ti-15-3  laminate,  and  showed  the 
elastic  modulus  dropped  about  78%  during  the  first 
few  cycles,  then  remained  almost  constant  until  just 
before  the  final  failure.  Reifsnider  [2]  investigated 
the  spacing  between  cracks  in  the  -45  plies  of  a 
[0/90/i45]g  AS-3501-5  graphite  epoxy  laminate 
as  a  function  of  quasi-static  load  level  and  cycles  of 
loading.  He  found  that  matrix  cracks  developed 
quite  early  in  the  life  and  quickly  stabilized  to  a 
very  nearly  constant  level  with  a  fixed  spacing  for 
both  quasi-static  and  cyclic  loading.  The  crack 
patterns  for  both  quasi-static  and  cyclic  loading 
were  essentially  identical,  regardless  of  load 
history.  This  indicates  that  the  load  re-distribution 
for  such  a  laminate  occurs  only  during  the  first  part 
of  the  loading  cycles.  After  these  cycles,  the 
damage  in  the  laminate  reaches  a  stable  level, 
called  characteristic  damage  state  (CDS) 
(Reifsnider,  [2]).  Reifsnider  [2]  pointed  out  that  the 
CDS  is  completely  defined  by  the  properties  of 
fiber,  matrix,  interface  and  fiber  orientations,  etc., 
and  is  independent  of  loading  history.  A  scrutiny  by 
the  current  authors  on  the  numerous  data  from  Neu 


[3]  on  stiffness  change  for  titanium  matrix 
composite  laminates  ([0]^,  [0/90]  and 

[0/±45/90]  )  at  different  mermomecnanical 
fatigue  loamng  also  suggests  that  the  existence  of 
CDS. 


Room  Temperature  Fatigue 

Since  the  stiffness  of  the  laminate  at  the 
CDS  level  is  a  characteristic  material  property  of 
the  laminate,  and  independent  of  loading  history,  it 
is  to  our  advantage  to  determine  the  stiffness 
reduction  under  a  static  loading  condition. 

After  the  damage  initiation,  the  transverse 
normal  stress  in  the  90  plies,  022  (of  90  )  in  a 
cross-ply  laminate,  is  not  completely  relaxed. 
Instead,  it  is  necessary  that  this  stress  remains  at  a 
level  equal  to  transverse  strength  Y  so  that 
additional  damage  can  be  accumulated  up  to  the 
CDS  level.  Thus,  the  reduced  modulus  E2  in  the 
90  plies  can  be  approximately  obtained  by  solving 
the  equation 

022  (of  90°)  =  Y.  (1) 


The  algorithm  is  as  follows: 

(1)  For  an  applied  static  load  exceeds  the 
level  at  which  damage  in  the  90  plies  begins  to 
initiate,  let  all  the  elastic  parameters  of  the  0  plies 
be  the  initial  values.  The  current  stiffness,  E2,  of 
the  90  plies  is  reduced  by  an  amount  of 
dE2=0.001E2.  Other  parameters,  Ej,  G^2’  ^12 
remain  their  initial  values.  Stress  distributions  in 
each  ply  are  obtained  through  a  laminate  analysis. 

(2)  If  the  stress  022  (of  90°)  is  larger  than 
Y,  repeat  the  first  step  until  the  Eqn.  (1)  is  satisfied. 
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(3)  The  final  reduced  value  of  £«  of  the 

o  .  .  Z 

90  plies  is  then  used  to  obtain  the  extensional 
stiffness  of  the  laminate. 

When  the  static  applied  load  is  equal  to  the 
value  of  the  ultimate  tensile  strength  (UTS)  of  the 
laminate,  the  maximum  possible  stiffness  reduction 
is  reached  since  any  load  level  above  UTS  causes 
immediate  fracture  of  the  laminate.  Therefore,  the 
characteristic  stiffness  are  found  from  the  above 
scheme  at  the  static  load  level  equal  to  UTS. 

Figure  4  shows  the  stiffness  reduction 
analysis  using  the  above  procedure  for  a  SCS-6/Ti- 
15-3  laminate  with  [0/90]2g  lay-ups  at  room 
temperature.  Before  the  load  reaches  the  level  of 
500  MPa,  E2  of  the  90^  plies  and  therefore,  the 
axial  stiffness  of  the  laminate  remain  unchanged, 
and  the  stress-strength  ratio,  (of  0°)  /X,  of  the 
0  plies  increases  linearly.  Then  with  further 
increase  of  the  applied  load,  the  stiffness  of  the 

o  ^ 

90  plies  is  sharply  reduced  and  results  in  the 
reduction  of  the  axi^  stiffness  of  the  laminate. 
When  the  load  approaches  the  ultimate  tensile 
strength  (UTS)  level,  the  stress-strength  ratio,  o 

00  X 

(of  0  )  /X,  of  the  0  plies  approaches  1,  indicating 
the  0  plies  are  about  to  fracture.  The  axial 
stiffriess  of  the  laminate  approaches  a  characteristic 
value,  E^=E^^. 

The  characteristic  stiffness,  E^^,  can  be 
approximately  obtained  as  the  stiffness  value 
corresponding  to  applied  load  equal  to  the  ultimate 
tensile  strength,  which  is  944  MPa  for  the  laminate. 
The  predicted  value  of  E^^  is  equal  to  76%  of  the 
initial  axial  stiffness.  The  prediction  agrees  with 
experimental  data  of  Johnson  et  al.  [1].  The  lamina 
material  properties  used  in  the  calculations  of  Fig.  4 
are  given  in  [4].  Similar  procedure  can  be 
established  for  [02/±45]g  and  [0/90/ ±45]^ 
laminates  [4]. 

In-phase  Fatigue 

During  the  in-phase  fatigue,  the 
temperature  changes  from  150  to  650  at  the 
same  frequency  with  the  applied  mechanical  load. 
The  maximum  mechanical  load  occurs  at  maximum 
temperature,  650  ^C.  The  equation  to  determine  the 
stiffness  reduction  of  the  90  plies  in  the  cross-ply 
laminate,  Eqn.  (1),  is  written  as 

<T2(of90°)  =  Y(I^)  (2) 


where  =  227  MPa,  is  the  strength  of  the 

90  plies  in  die  transverse  direction  at  T  =  = 

650  ^C.  The  reduced  axial  stiffness  after  initial 
damage  is  predicted  to  be  107.2  GPa  using  Eqn.  (2) 
with  UTS  =  637  MPa  at  650  °C. 

Out-of-Phase  Fatigue 

The  maximum  and  minimum  temperatures 
for  the  out-of-phase  fatigue,  Fig.  2,  remain  the 
same  as  those  of  the  in-phase  fatigue,  i.e.,  T  = 
650  and  =  150  ^C.  For  the  out-of-phase 
fatigue,  since  the  maximum  load  occurs  at  the 
minimum  temperature,  T^^^^  =  150  ^C,  the  stiffness 
reduction  is  determined  from  the  equation 

<722(ot90’)  =  Y(T,„i.)  (3) 

where  =  380  MPa  is  the  transverse  tensile 

strength  of  the  unidirectional  laminates  at  150  ^C. 
The  reduced  axial  stiffness  after  initial  damage  is 
predicted  to  be  141.26  GPa. 

General  Thermomechanical  Fatigue 

In  a  general  thermomechanical  loading  for 
which  both  temperature  and  applied  load  change 
periodically,  but  not  obeying  in-phase  or  out-of¬ 
phase  pattern,  the  temperature  and  load  levels 
suitable  for  the  determination  of  stiffness  reduction 
are  not  that  obvious.  In  general,  the  stiffness 
reduction  is  directly  related  to  the  most  damaging 
state  of  stress  at  which  the  stress-strength  ratio  is 
maximum.  The  stress-strength  ratio  indicates  how 
close  the  materials  is  to  failure.  A  value  of  the 
stress-strength  ratio  closer  to  1  suggests  a  more 
severe  damage  than  that  of  much  less  than  1.  When 
the  ratio  is  equal  to  1,  complete  fracture  occurs. 
Examining  the  equations  used  in  stif&iess  reduction 
for  room  temperature  as  well  as  in-phase  and  out- 
of-phase  fatigue,  it  is  clear  that  in  each  case,  the 
load  and  temperature  level  used  give  the  maximum 
stress-strength  ratio  in  the  cycles.  For  room 
temperature  (or  isothermal  fatigue)  the  strength  of 
the  material  is  constant,  and  therefore,  the 
maximum  stress  to  stiffness  ratios  occurs  at 
maximum  applied  load.  For  in-phase  fatigue,  the 
strength  of  the  material  decreases  as  temperature 
increases.  Therefore,  the  maximum  stress-strength 
ratio  is  obtained  at  the  maximum  applied  load  at 
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which  the  temperature  is  the  highest  and  the 
strength  is  the  lowest.  For  an  out-phase  fatigue.  Fig. 
2,  however,  when  the  applied  load  reaches  its 
maximum  value,  the  temperature  is  lowest,  and  the 
strength  is  also  maximum.  It  is  not  clear  whether 
the  maximum  stress-strength  ratio  occurs  at  the 
maximum  applied  load.  This  needs  to  be  verified 
from  calculation  of  the  stress-strength  ratio  in  the 
entire  cycle.  As  shown  in  Fig.  3,  as  the  stress  in  the 
90  plies  increases  from  0  to  its  maximum,  the 
transverse  strength  of  the  composite  also  increases 
as  a  result  of  the  temperature  drop.  Although  Fig.  4 
show  the  maximum  stress-strength  ratio  also  occurs 
at  the  maximum  applied  load  for  the  metal  matrix 
composite  considered,  this  should  be  taken  with 
caution.  It  is  quite  possible  that  for  a  different 
material,  the  strength  curve  in  Fig.  3  is  more  steep 
so  that  the  maximum  stress-strength  ratio  occurs  at 
a  location  where  the  applied  stress  is  not  maximum. 
In  a  general  thermomechanical  fatigue,  the  stiffness 
reduction  should  be  determined  by 

O 

^22  ^  maximum  stress- 

strength  ratio 

=  Y  at  the  temperature  corresponding  to  the  load 
level  of  maximum  stress-strength  ratio  (4) 

The  maximum  applied  stress,  together 
with  the  associated  temperature,  represents  a 
critical  state  of  loading,  of  the  fatigue  process.  This 
critical  state  of  loading  dictates  a  unique  state  of 
damage  represented  by  stiffness  reduction  of  the 
off-axis  plies  of  the  total  laminate. 

Concluding  Remarks 

An  analytical  model  has  been  presented  to 
predict  fatigue  damage  of  metal  matrix  laminates 
containing  off-axis  plies  under  general  isothermal 
and  nonisothermal  fatigue  loading.  For  the  room 
temperature  fatigue,  in-phase  and  out-of-phase 
fatigue  considered,  the  maximum  applied  stress, 
together  with  the  associated  temperature,  represents 
the  most  “damaging”  thermomechanical  loading, 
called  the  critical  state  of  loading,  during  fatigue. 
This  state  of  loading  dictates  a  unique  state  of 
damage  represented  by  stiffness  reduction  of  the 
off-axis  plies  of  the  total  laminate.  After  first  few 
cycles,  further  damage  is  dominated  by  the  0  plies 
of  the  laminate.  In  a  general  nonisothermal  fatigue. 


the  stiffness  reduction  is  determined  by  the  load 
and  temperature  levels  which  give  the  maximum 
stress-strength  ratio  as  shown  in  Eqn.  (4),  The 
stiffness  reduction  formulations,  Eqns.  (1)  -  (3)  for 
room  temperature,  in-phase  and  out-of-phase 
fatigue  can  be  considered  as  special  cases  of  Eqn. 
(4). 

The  new  concept  of  the  critical  state  of 
loading  suggests  that  what  matters  most  is  the 
maximum  applied  stress  and  related  temperature, 
which  is  the  most  damaging  state  of  loading.  From 
this  point  of  view,  the  differences  between  in-phase 
and  out-of-phase  fatigue  reported  are  not  the  results 
of  phase  lags  between  the  thermal  and  mechanical 
loading,  but  rather  the  consequences  of  temperature 
difference  at  the  maximum  applied  stress.  For 
instance,  the  damage  mechanism  of  the  out-of- 
phase  fatigue  with  T^.  =150  should  be 
basically  the  same  as  the  isothermal  fatigue  at  150 
^C.  At  the  temperature  of  150  ^C,  the  matrix 
material  is  relatively  brittle,  and  the  yield  stress  of 
the  matrix  is  higher  than  that  needed  for  the 
formation  of  matrix  cracks.  The  damage 
mechanisms  for  both  out-of-phase  and  isothermal 
fatigue  are  matrix  cracking.  On  the  other  hand.  If 
the  minimum  temperature  for  the  out-of-phase 
fatigue,  is  relatively  high,  (e.g., 

^C,  damage  will  be  fiber 

dominated  similar  to  the  in-phase  fatigue  with  the 
same  temperature  range.  This  is  because  at  550  ®C, 
the  matrix  material  is  relatively  ductile  with  a 
relatively  lower  yield  strength.  Matrix  yielding 
occurs  before  matrix  cracks  are  formed.  The  fiber 
strain  in  this  case  is  much  higher  to  keep  up  with 
the  viscoplastic  deformation  in  the  matrix  material, 
which  causes  fiber  fracture. 

The  above  observation  is  very  important 
for  engineering  applications  where  the  loading 
pattern  in  general  is  neither  in-phase  nor  out-of¬ 
phase.  However,  the  criticd  state  of  loading,  which 
may  or  may  not  occur  at  the  maximum  applied 
stress,  will  play  an  important  role  in  determining 
the  dominated  damage  modes  and  fatigue  life  of  the 
composite  laminates. 
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Fig.  3,  Stress  and  strength  of  the  90  **  plies  in  the  out- 
of-phase  fatigue. 


Fig.  4.  Stress-strength  ratio  of  the  90  plies  in  the 
out-of-phase  fatigue. 
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Deformation  of  Structural  Elements  from  Anisotropic  Composite  Materials  under  Thermal 

Loading. 
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A  problem  of  the  stress-strain  ^te  of  structural  elements  of  anisotropic  composite  materials 
(CM's)  was  solved  considering  distribution  of  physical  and  mechanical  characteristics  obtained  on  a 
unique  equipment  designed  and  manufectured  for  the  purpose  at  the  Institute  for  Problems  of 
Strength;  it  allows  us  to  simulate  real  woridng  conditions  for  an  object  of  study.  Computations  of  the 
stress-strain  state  of  high  temperature  structural  elements  involve  some  data  on  properties  of 
materials  not  only  in  relation  to  the  temperature  but  also  in  duration  of  thermal  load  application,  a 
character  of  heat  conveyance,  material  anisotropy,  chemical  composition,  and  nature  of  a  gas 
medium.  We  obtained  some  distributions  of  tangential  (r^d,  r^r)  stresses  in  length  and  in  width  of  a 
cylindrical  heat-proof  coating  made  of  a  carbon-filled  reinforced  plastic  (CFRP);  the  coating  is 
designed  to  meet  conditions  of  re-entry  of  aircraft. 

Key  Words:  Thermal  Stress,  Composite  Material,  Heat  Deformation,  Anisotropy,  Heat-Proof  Coatings 


1.  Introduction 

A  specific  feature  in  the  behavior  of  heat- 
protective  polymeric  composite  materials  (CMs)  at 
high  temperatures  is  a  considerable  dependence  of 
their  physical  and  mechanical  properties  on  duration 
of  exposure  to  heat,  and  a  character  of  heat 
conveyance.  This  dependence,  related  to  thermal 
destruction  of  the  CM  binders,  has  to  be  considered 
when  defining  functional  relationships  between 
stresses  and  strains  generated  in  the  materials  in 
heating. 

Deformation  and  fiacture  behavior  of  carbon 
CM’s  is  characterized  by  an  appreciable  instability, 
particularly  if  thq^  are  exposed  to  a  repetitive  thermal 
loading  (this  is  despite  the  fact  ^t  destructive 
processes  in  such  materials  are  completed  at  the  stage 
of  fabrication). 

Here  we  consider  some  aspects  associated  with 
determination  of  thermal  stress  state  for  laminated 
anisotropic  hollow  elastic  bodies;  we  assume  that  they 
have  a  cylinder  shape,  nonuniform  in  thickness,  and 
exposed  to  a  uniform  temperature  field,  A  solution  of 
such  problems  is  required,  in  particular,  when 
evaluating  strength  and  load-carrying  capacity  of 
heat-protective  coatings  for  high-temperature 
structures. 


2.  Experimental  methods  and  results 

One  of  the  main  processes  in  fracture  mechanics 
of  high-temperature  CM’s  is  thermal  (shrinking) 
deformation.  There  is  a  strong  relathionship  between 
the  coeeficient  of  thermal  deformation  and  the  whole 
spectrum  of  physical  and  mechanical  characteristics 
of  a  material:  elastisity  modulus,  £,  tensile  and 


compressive  ultimate  strengths,  <t«/,  Ouc  Poisson’s 
ratio,  etc. 

Fracture  of  a  heat-proof  coating  might  be  caused 
by  cnimblimg,  partial  melting,  errosive  ablation, 
separation  of  some  segments,  and  outer  sur^ce 
cracking.  Frequently,  cracking  behavior  is 
complicated  due  to  the  action  of  gas  pressure 
generated  as  a  result  of  pyrolysis  of  inner  layers,  local 
materal  defects,  etc.  More  often  cracks  propagate 
along  formation  lines  of  cylindrical  or  conic  coatings 
and  are  caused  by  tensile  stresses.  Experimental  study 
of  thermal  deformation  and  strengA  in  reinforced 
plastics,  with  maximum  allowance  made  for  service 
conditions  and  data  obtained  for  stress-state 
calculations  of  heat-proof  structural  components  is 
justified  by  an  urgent  demand  to  improve  thermal 
resistance  and  life  time  of  a  heat-proof  coating  for  a 
space  vehicle. 

To  study  how  efficient  a  heat-proof  coating 
made  of  a  carbon-filled  reinforced  plastic  (CFEP)  we 
studied  physical  and  mechanical  characteristics  of 
CFRP  in  conditions  simulating  real  ones:  varying 
temperature,  heating  rate,  components  and  pressure 
of  a  gaseous  medium. 

Temperature  values  in  a  layer  of  CFRP  in  a 
process  of  heating  up  and  cooling  down  are  shown  on 
Fig.  1  (Severov  [2]).  Temperature  was  averaged  over 
a  thickne^  of  an  outer  layer  of  the  heat-proof  coating. 


Fig.  1.  Temperature 
variation  in  heat¬ 
proof  carbon-plastic 
coating  in  re-entry 
trajectory 

0  zoo  400  ~  600  600  {000 
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To  obtain  reliable  values  of  themal  deformation 
of  the  heat-proof  coating  CFRP  samples  were  studied 
at  different  heating  rates  that  do  correspond  to  those 
in  a  re-entry  path.  Some  characteristics  of  change  of 
dermal  deformation  of  a  carbon  plastic  in  neutral  and 

in  an  oxidizing  gaseous  media  are  presented  on  Fig  2 

(Gracheva  [3]).  The  figure  shows  that  in  the 
neutral 


Fig.  2.  Dependence  of  thermal  deformation  in 
caibon-plastic  on  heating  rate  in  neutral  (solid  lines) 
and  oxidizing  (broken  lines)  atmospheres:  (a)-along 
the  warp,  (b)  -  along  the  weft 

medium  (^lid  lines)  the  intensity  of  deformation 
pr^wses  is  different  as  compared  to  that  of  in  the 
oxidizing  one  (dashed  lines).  In  addition,  one  can  see 
that  the  extremes  on  the  expansion  diagrams  for 
specimens  cut  along  the  warp  tend  to  increase  in  the 
neutral  medium  and  to  decrease  in  the  oxidizing  one. 

The  clmge  in  the  elasticity  modulus  of  the 
carbon  plastic  depending  on  temperature  (Fig.  3)  was 
received  in  the  neutral  medium  at  a  heating  rate  of 
100  degrees/min  (Eskin  [4]). 

Obtmned  experimental  characteristics  of 
changes  in  physical  and  in  mechanical  properties  of 
the  material  are  necessary  to  calculate  parameters  of  a 


stress-deformed  state  of  elements  of  heat-proof 
coatings  operating  in  real  conditions. 


Fig.  3. 

Temperature 
dependence  of 
Elasticity 
modulus: 

1  -  in  stretching 

2  -  in  bending 


3,  Calculation  of  a  thermal  stressed  state  of  a 
cylindrical  construction  element 

We  consider  a  stress-deformed  state  of  the 
construction  element  having  a  shape  of  a  non- 
homogeneous  anisotropic  cylinder,  and  we  employ  a 
solution  to  a  set  of  equations  of  an  elasticity  theory 
problem.  Our  method  is  based  on  using  a  combination 
of  equations  of  elesticity  theoiy,  those  of  heat 
conductivity,  and  some  numerical  analysis. 

As  initial  equations  of  the  three-dimensional 
problem,  an  equation  of  elasticity  theory  in  the 
curvUinear  tystem  of  coordinates  a,  /3,  y  'k  taken. 
There  is  one  plane  of  elastic  symmetiy  tangential  at 
each  point  to  a  body  surface  y  =  const  or 
peipendicular  to  the  axis  of  rotation  a  =  const.  The 
Hook  generalised  law  for  the  /-th  layer  (;i  <  y  < 

. A')  has  the  form 


e'  =  B‘ <j‘ +  f‘e‘  =  ie'  eL  e‘  e‘  e‘  e'  t 

=  ||6;  (il 

/,/t  =  l,2,...,6, 

~  ^ms  ~  ~  ~  0,  (w  =  l,2,3,6)^ry  =  const, 

^ms  -  =  0,  (tw  =  l,2,3,4)j&ra  =  const, 

f'  ={<T,a‘pT,a‘J,a%T,a‘i^T,a‘^T) 


Here,  e^,  e^,  ,  e^,  are  the  strain 

tensor  components,  cr' ,  cr;,  r  are 

the  stress  tensor  components.  Elastic  constants  , 
coefiBcients  of  linear  thermal  expansion 
in  the  directions  CC ,  ^  ,  y, 

coefficients  of  temperature  shift  a'^  are 

functions  of  the  coordinate  ythat  makes  it  possible  to 
take  into  account  an  arbitrary  variability  of  material 
properties  through  the  elastic  cylinder  thickness. 

Taking  into  consideration  the  equations  of 
equilibrium,  the  expressions  for  deformations  by 
di^lacements,  the  Hook  law  for  a  non-homogeneous 
anisotropic  body  the  tystem  of  differential  equations 
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for  definition  of  the  stress-defiirmed  state  of  a 
laminated  hollow  body  is  received. 

The  solution  to  the  problem  must  satisfy 
conditions  on  the  limiting  sur&ces  r= To,  r  =  7k  and 
conditions  of  layers  conjugation  y = y.  In  most  cases 
there  is  a  rigid  conjugation  when  layers  of  the  body 
are  deform^  without  slipping  and  breaking  off,  the 
continuity  conditi^  aj  =  <f'\  j  =  1,2,...,6  are 
fulfilled  &r  all  cr  components.  Sometimes  these 
conditions  can  be  violated  and  some  of  the 

components  of  cr'  can  break,  i.e.  <5''  ^  crj*’. 

A  rigid  conjugation  of  layers  for  a  non- 
homogeneous  cylinder  (cylindrical  coordinate  tystem 
z,  e,  r)  may  be  written  for  an  /-th  layer  in  the  form 


J  - 
C>r 

^  n  T'  rz 

(3) 

U'r-U‘*‘r 

The  temperature  field  for  the  i-th  l^er  of  the 
cylinder  is  defined  by  the  equation  of  heat 
conductivity  which  in  cylindrical  coordinate  tystem 
is  expressed  by 


+  rK: 


* 


r  de'^ 


=0 


(4) 

where  r,  =  K,  =  Ke  =  K^r)  -  the 
coefficients  of  heat  conductivity  acting,  in  the 
directions  r,  z,  6.  It  is  assumed  that  thermal 
continuity  conditions  of  layers  over  the  entire  surface 
of  contact  are  fulfilled 


•J'l  _ 


a:,— -a:. 


a- 


(5) 


Further,  we  deal  with  the  case  when  the  butt- 
enck  of  the  cylinder  r  =  <5,  ^  =  /  do  not  displace  in 
their  planes  and  are  free  from  a  normal  load.  Taking 
the  resolving  functions  as  basic  ones  we  can 
formulate  conditions  on  the  limiting  surfaces  r  =  ro,r 
=  tu  and  the  interfaces  of  the  layers  r,-;  making 
transformations  of  the  initial  equations  of  elasticity 
(1)  and  equations  of  heat  conductivity  (4),  performing 
separation  of  variables  for  each  pair  of*  and  n  values 


for  the  /-th  layer  we  come  to  a  following  system 
(Pankratova  [6]). 

^  - 

-~=ciai+r 

/‘'W'./,',..../,') 

w,9  =  1,2,...8 


Here  oi-  -  radial  stress,  t;,,  -  tangential  stresses, 

u$  -  radial,  axial,  and  circumference 
displacements,  respectively,  T  -  temperature,  T  « 
temperature  gradient. 

The  matrix  elements  depend  on  mechanical 
characteristics  of  a  layer  of  the  material.  Integration 
of  Eqs  (6)  is  done  by  means  of  a  robust  numerical 
method;  it  gives  us  a  solution  with  a  high  degree  of 
precision.  Selection  of  basic  values  to  formulate 
contact  conditions  for  layer  conjugation  makes  it 
possible  to  get  solutions  easily  for  a  prescribed 
number  of  layers. 

Then  we  studied  the  stress-state  of  a  heat-proof 
coating  in  the  form  of  a  hollow  cylinder  in  a  quasi¬ 
static  setting  using  the  method  described  above.  In 
agreement  with  the  prescribed  experimental  data 
relating  to  layer  thickness,  mechanical  properties,  and 
temperature  field  we  broke  the  cylinder  into  separate 
layers  [ri,  rn-i]  (i=l,  2,.. .,7)  Specified  characteristics  in 
each  of  these  layers  are  given  by  their  own 
expressions 

7  +  Br  d^iT 4- 

£-C,+AT  arT-^ai+biT 

being  approximated  by  the  initial  data.  Here  E  - 
modulus  of  elastisity,  v  -  Poisson  ratio,  «r.- 
.coefficient  of  linear  temperature  expansion. 

Some  results  of  the  solution  to  the  problem  for 
maximum  values  of  stresses  Zre  in  external 
(subjected  to  heating)  layer  {0^r<l0mm)  are 
shown  on  Fig.  4. 


Fig.  4.  Distribution  of  tangential 
stresses  and  z„  through  the 
thickness  and  along  the  length  of  a 
carbon-plastic  cylindrical  coating  in 
re-entry  trajectoiy: 

(a)  Zzffnax  =55,54  MPa 
Zzffnin  =  -  1 15.36  Mpa 

0))  r„max  =  45,66  Mpa 
Zrsmin  =  -  37.01  MPa 
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Calculations  for  a  thenno-stressed  state  is  done 
for  a  hollow  caibon-plastic  cylinder  of  length  L  =340 
mm,  radius  of  the  mid-surfece  R  =  90  mm,  and  the 
thickness  r  =  10  mm.  Temperature  field  values  are 
varied  from  a  room  temperature  up  to  1200°C  (Fig, 
1).  Elasticity  modulus  =  Ee  (curve  1,  Fig.  3),  Ey 
(curve  2,  Fig.  3),  and  shear  moduluses  G^e  =  Gyr  = 
Gys.  Coefficiencies  of  linear  temperature  expansion 
are  determined  from  experiment^  data  on  thermal 
deformation  :  (Fig.  2,  a),  ae  (Fig.  1,  b),  Or 

(Borisenko  [7]). 

Tangential  stresses  and  vary  through 
thickness  of  the  cylinder  according  to  some  nonliner 
law  (Fig.  4)  These  stresses  are  considered  to  be  the 
most  dangerous  ones  for  the  integrity  of  a  carbon- 
plastic  heat-proof  coating  under  heating  it  up  from 
200to700^C. 

It  is  known  (CSracheva  [8])  that  thermal 
destruction  of  phenol-phormaldehyde  binder  of  the 
carbon-plastic  occurs  in  this  temperature  range;  as  a 
consequence,  there  is  an  appreciable  shrinkage 
deformatioa  Due  to  thermal  deformations  of  both 
signs  tangential  stresses  develop  in  the  material.  In 
multiple  heatings  tangential  stresses  are  conducive  to 
acceleration  of  the  destruction  process;  it  takes  place 
as  a  result  of  thermal  destruction  without  application 
of  external  forces. 


4,  Conclusions 

A  comprehensive  experimental  and  theoretical 
stucfy  has  been  done  on  influence  of  thermal 
deformations  upon  the  stressed  state  of  structural 
elements  made  of  high-temperature  CM’s. 

On  the  basis  of  a  developed  approach  to  the 
problem  of  a  stress-deformed  state  of  a  hollow  thick- 
walled  body  we  studied  how  inhomogeneity  and 
anisotropy  of  elastic  properties  of  the  material 
influence  stress  level  and  d^ormability  of  a  laminated 
body  having  a  shape  of  a  cylinder. 

We  obtained  some  dependencies  of  a  level  of 
ultimate  stresses  in  hollow  cylindrical  bodies  made  of 
an  anisotropic  CM  on  change  in  its  physical  and 
mechamcal  properties;  the  dependencies  are  obtained 
at  different  temperatures,  heating  rates,  composition, 
and  pressure  of  gaseous  medium. 

We  did  some  analysis  of  a  thermo-stressed  state 
of  a  cylindrical  heat-proof  coating  made  of  a  carbon 


plastic  for  conditions  that  simulate  real  ones  for  re¬ 
entry  of  aircraft  into  dense  layers  of  the  atmosphere. 
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Numerical  Solutions  of  a  Coupled  Thermoelastic 
Interaction  with  Second  Sound 


G,  A.  Harmain 

Dept,  of  Mechanical  Eng.,  University  of  Victoria^  Victoria,  B.  C.,  Canada  V8W  3P6. 

Thermal  suid  elastic  waves  resulting  from  a  suddenly  applied  change  in  the  normal  stress 
and/or  temperature  at  the  surface  of  a  cylindrical  cavity  in  an  unbounded  isotropic  medium, 
initially  unstressed  and  at  a  uniform  temperature  are  obtained  using  numerical  methods.  We 
consider  two  linear  thermoelastic  theories,  which  are  governed  by  systems  of  hyperbolic  partial 
differential  equations  and  predict  a  finite  speed  of  propagation  of  thermal  effects  (second  sound). 

Key  Words:  Second  Sound-Thermoelasticity-Method  of  Characteristics-MacCormack’s  Method. 


1  Introduction 

Several  review  papers  on  second  sound  have  ap¬ 
peared  recently  in  literature  [1,  2,  3].  It  is  well 
known  that  if  Fourier’s  Law  for  heat  conduction 
is  assumed  along  with  the  Principle  of  Local  State, 
an  infinite  speed  of  propagation  of  thermal  effects  is 
predicted,  consequently  the  theory  is  flawed.  Sev¬ 
eral  theories  have  been  proposed  which  take  into 
consideration  the  finite  speed  propagation  of  ther¬ 
mal  signals.  In  this  research  two  theories  of  sec¬ 
ond  sound  have  been  applied.  We  obtain  the  first 
theory,  henceforth  described  as  Theory  1  when 
Maxwell-Cattaneo  Law  replaces  Fourier’s  Law  of 
heat  conduction.  The  following  inequality 

q.gradT  <  0,  (1) 

where  q  and  T  are  heat  flux  vector  and  temper¬ 
ature,  respectively,  follows  from  Clausius- Duhem 
inequality  when  the  Principle  of  Local  State  is  as¬ 
sumed,  regardless  of  heat  conduction  law.  The 
Clausius-Duhem  inequality  follows,  in  turn,  from 
the  Second  Law  of  Thermodynamics  when  entropy 
flux  is  due  solely  to  heat  conduction  [4].  However, 
inequality  (1)  may  be  violated  for  certain  prob¬ 
lems  when  Theory  1  is  adopted.  The  significance  of 
this  violation  is  investigated  for  the  problem  con¬ 
sidered.  The  second  theory  considered,  henceforth 
described  as  Theory  2,  is  a  linearized  version  of  a 
theory  proposed  by  Green  and  Lindsay  [5].  This 
theory  is  not  based  on  Principle  of  Local  State  and 
is  thermodynamically  consistent. 

Second  sound  theories  involve  one  or  more  ther¬ 
mal  relaxation  times,  for  example  Green  and  Lind¬ 
say’s  theory  involves  two  relaxation  times,  and 
these  relaxation  times  are  assumed  equal.  Results 
are  obtained  for  relaxation  times  representative  of 
metals  which  are  of  the  order  of  magnitude  10“ 


Two  independent  numerical  schemes  are  used  to 
obtain  the  solutions  to  these  problems.  The  first 
scheme  is  based  on  application  of  method  of  char¬ 
acteristics  and  is  discussed  in  detail  in  a  recent  ref¬ 
erence  of  Harmain  ei  aL,  [6].  The  second  scheme 
is  based  on  application  of  MacCormack’s  method 
which  is  a  predictor-corrector  type  of  scheme  for  so¬ 
lution  of  a  system  of  hyperbolic  equations.  Numer¬ 
ical  results  are  obtained  from  finite  difference  fornos 
of  the  relations  along  the  five  families  of  the  char¬ 
acteristics  and  from  MacCormack’s  method.  The 
method  of  characteristics  indicates  that  there  are 
two  wave  speeds  one  which  is  essentially  mechanical 
and  the  other  essentially  thermal.  It  was  found  that 
MacCormack’s  method  does  not  always  give  satis¬ 
factory  results  when  thermal  wave  speed  is  greater 
than  mechanical  wave  speed. 

The  results  indicate  that,  for  the  problem  con¬ 
sidered,  the  stress  and  heat  flux  distributions  pre¬ 
dicted  for  various  theories  are  almost  identical  how¬ 
ever,  the  temperature  distributions  are  significantly 
different  for  times  of  the  order  of  magnitude  of  the 
relaxation  time.  The  classical  coupled  thermoelas¬ 
tic  theory  is  governed  by  a  system  of  parabolic  par¬ 
tial  differential  equations  consequently  the  above 
numerical  schemes  are  not  applicable. 

We  consider  cylindrically  symmetric  longitudinal 
waves  propagating  from  a  cylindrical  cavity,  in  an 
unbounded  medium  which  is  initially  unstressed, 
at  rest  and  at  a  uniform  reference  temperature  To- 
Assuming  a  plane  strain  condition  and  we  define  a 
cylindrical  polar  coordinate  system  with  the  z-axis 
aligned  with  the  longitudinal  axis  of  the  cylinder, 
r  the  radial  distance  from  the  axis,  a  is  the  cavity 
radius  and  6  denotes  the  azimuthal  angle. 
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The  initial  conditions  for  the  problems  are: 

t7,(r,0)  =  ^^(r,0)  =  ^(r,0)  =  0,  (2) 

where  <Tr  and  cr^  are  the  radial  and  circumferential 
stress  components,  respectively,  and  Q  =  T  —  To, 
and  T  the  temperature.  Furthermore,  we  assume 
^  «  1.  The  boundary  conditions  for  the  first 
problem  are: 


where  superposed  dot  denotes  partial  differentia* 
tion  with  respect  to  time,  y.  and  A  are  Lame’s  con¬ 
stants.  K  =  (2///3  +  A)  is  the  bulk  modulus,  a  is 
the  volume  coefficient  of  thermal  expansion,  r  is 
the  relaxation  time  and  n  =  0(1)  for  Theory  1(2), 
and  c  is  the  specific  heat  (per  unit  mass)  at  con¬ 
stant  strain.  It  follows  from  the  analysis  given  by 
Green  and  Lindsay  [5],  that  Fourier’s  Law  for  heat 
conduction 


ar{a,t)  =  aoHi{t),0{a,t)  =  0,  (3) 

where  ao  is  a  constant,  and  Hi{i)  is  the  unit  step 
function.  For  the  second  problem,  the  boundary 
conditions  are 


<Tr(a,<)  =  0, 

e(a,t)  =  mHiit),  (4) 

where/(t)  =  tOo/ti  ,  and  f{i)  =  for  i  >ti,  and 
^0  «  To  is  a  constant. 


2  Governing  Equations 

Equation  of  motion,  with  body  forces  neglected  is, 


dv  I  I' dcr  <^r  —  O' <i>\ 
dt  p  V  r  ) 


0,  (5) 


where  p  is  the  mass  density,  v  is  the  particle  veloc¬ 
ity  in  the  radial  direction.  Furthermore,  for  both 
theories  the  non-trivial  infinitesimal  strain  compo¬ 
nents  are  given  by 


6r 


_  du 


(6) 


(7) 


From  time  derivatives  of  Equations  (6  and  7)  we 
obtain  the  compat ability  equations. 


dtr  dv 
dt  dr 


(8) 


dCfi, 

dt  r 


0. 


The  constitutive  equations  are  given  by. 


(9) 


Cj.  =  2pLer  +  A(er  +  e^)  —  Koc{B  +  nrd).  (10) 


5  = 


(13) 


where  h  is  the  thermal  conductivity,  is  valid  for 
Theory  2,  so  that  there  is  a  further  compatability 
equation 


dt  dr' 


(14) 


The  following  nondimensionalization  scheme  has 
been  introduced. 

f  =  T/To,  e  =  0/To,  v  =  v/co,  i=t/r, 
f  =  r/{cor),  <fr  =  o-r/(2^  +  =  crr/{2ii  + 

9  =  9/((2m+-^)co),  s  =  s/c,  K  =  A7(2p+A), 
a  =  aTo,  where  s  denotes  the  entropy,  cq  = 

In  nondimensionalized  equations,  a  superposed 
dot  denotes  partial  differentiation  with  respect  to 
nondimensionalised  time.  Henceforth,  unless,  oth¬ 
erwise  indicated,  nondimensionalized  quantities  are 
used  and  the  overbars  are  omitted  for  convenience. 
The  wave  speeds  which  appear  later  are  nondimen¬ 
sionalized  by  dividing  by  cq.  The  governing  equa¬ 
tions  in  the  nondimensionalized  form  for  the  given 
nondimensionalization  scheme  is  in  matrix  form  as 
follows. 


’  er 

o 

o 

o 

o 

1 

"  er 

0  0  0  0  0 

H 

<1 

-H 

0  0  0  Af  0 

9 

B 

o 

o 

o 

B 

V 

t 

-1  -P  0  F  Oj 

V 

+ 


0 

v/r 

Lvfr 

-Q(er  -  e^)/r 


=  0. 


(15) 


=  2pei  +  A(er  +  e^)  —  Ka{$  +  urff).  (11) 
The  energy  equation  is  given  by, 

pc{nrB  -h  ^)  -f  iv a(e‘r  +  -h  nrB) 

+  S  =  (12) 


Here  the  constants  have  the  following  meanings, 

F  =  aKToIpcl,  L  =  Koc/pc,  M  =  ifcTo/(2/i  -h 
A)rc§,  N  =  (2//-f  A)/pcTo,  P  =  A/pc§,  Q  =  2p/pc5, 
C  =  is  the  coupling  coefficient  of  classical 

thermoelasticity,  and  rj  =  is  the  uncou¬ 

pled  thermal  wave  speed.  The  subscripts  r  and 
t  with  matrices  denote  partial  derivatives  of  the 
quantities  within  matrices  w.r.t  subscripts. 
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The  governing  equations  for  Theory  2  are 


■  Cr  1  To  0  0  0  -1  1  r  ■ 

0  0  0  0  0 

g  +  OOOAfO  q 

e  0  0  0  X  e 

V  J  —1  —P  OF  0  _  .  ^  .  r 

r  0 

—vfr 

+  0  =0  (16) 

6  +  Lv/r 

_  -qG  -  Q(er  -  e*  )/r  _ 
where  G  =  aKclr/k. 

3  Methods  of  Solution 

3-1  Method  of  Characteristics 


Similarly  for  Theory  2  the  independent  variables 
are 

W  =  {er,e<j„v,q,9},  (21) 

where  17,  and  W  denote  the  independent  variables 
in  general  for  Theory  1  and  Theory  2  respectively. 
The  above  systems  of  equations  for  Theory  1  can 
be  expressed  as: 

where  if(U’)  and  b(U)  are  functions  of  [/.  For 
this  system,  the  implementation  of  MacCormack's 
method  is  for  predictor  step  as: 

-  E(GP)}  - 
Aib(Up).  (23) 


The  system  of  equations  given  above  in  Equation 
(15)  represents  the  five  families  of  characteristics  in 
(r,t)  plane. 


dr 


where,  Ai,  A2  are  the  wave  speeds,  and  are 
given  by,  A(i)  =  (G  + -  4^)  /2,  A(2)  = 
(G  “  VG“  —  411)  /2  where  FL  +  MN  + 1  =  G  and 
MN  =  H.  The  relations  along  the  characteristics 
can  be  obtained  using  the  procedure  in  Whitham 
[7]  and  are 


“dT 


(18) 


Similarly  for  corrector  step  the  resulting  equations 
are  in  the  form, 

jjjm+l)  _  1  ^  _ 

jy(jjjm+l))}  _  (24) 

The  term  Up  represents  the  finite  difference  ap¬ 
proximation  for  at  a  grid  point  (1  -h  jAr,  mAt). 
The  superscript  refers  to  an  index  of  a  discrete  time 
step  Atj  and  the  subscript  refers  to  an  index  of  dis¬ 
crete  space  step  Ar.  The  overbar  notation  has  been 
used  to  indicate  the  predictor  components,  and  no¬ 
tation  without  any  overbar  indicates  the  corrector 
components. 


on  ^  =  0. 


<ier  pdej  _  _ 

dt  dt  ^  X  dt 

a2  _  _  A— -  P- 

-(A,-A-^)^-(A?-l)^ 

^  Q[Cr  ~~  6^)Aj  ^  ^ 
r  ’ 


onf  =±Ai 


3.2  MacCormack’s  Method 

An  alternative  numerical  method  for  solving  hyper¬ 
bolic  systems  of  partial  differential  equations  was 
proposed  by  MacCormack  [8]  ,  which  is  a  finite  dif¬ 
ference  predictor-corrector  scheme.  The  indepen¬ 
dent  variables  for  Theory  1  are 

U  =  (20) 


4  Discontinuity  relations 

Since  the  above  systems  of  equations  are  in  con¬ 
servation  form,  the  discontinuity  relations,  which 
relate  the  jumps  in  {er,v,9,^}  for  Theory  1,  and 
{ertV^q^B}  for  Theory  2  can  be  obtained  as  per 
methodology  given  by  Whitham  [7].  The  jump  re¬ 
lations  for  Theory  1  are  as  follows, 


V[er]  +  M  =  0, 

(25) 

V[q]-M[e]  =  (l, 

(26) 

V[e]  -  N[q]  -  L[v]  =  0, 

(27) 

yH  +  [e.i-F[e]  =  o, 

(28) 

where  V  is  the  velocity  of  the  discontinuity  and  the 
brackets  [  ]  denote  the  jump  of  the  enclosed  quan¬ 
tity  across  a  discontinuity. 
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Figure  1:  The  plot  for  temperature  for  relaxation 
time  8  ♦  for  Theory  1. 

Since  linear  theory  is  considered,  the  discontinu¬ 
ity  velocities  are  given  by  7  =  ±Ai  and  V  =  ±A2, 
that  is  discontinuities  travel  along  characteristics. 
A  detailed  discussion  regarding  stress  and  temper¬ 
ature  discontinuities  has  been  given  by  Achenbach 
[9].  Also,  for  material  integrity,  the  radial  displace¬ 
ment  component  is  continuous,  and  hence  [e^]  =  0. 
These  points  also  hold  for  Theory  2. 

5  Results 

Results  were  obtained  from  finite  difference 
schemes  based  on  the  method  of  characteristics 
and  MacCormack's  method  for  relaxation  time  r  b= 
8.0*10“^^s  and  for  r  =  for  an  aluminum 

alloy.  The  following  property  values,  typical  for  an 
aluminium  alloy  have  been  used, 
k  =  217W/mK,  c  =  946J/kgK, 
a  =  7.7  *  10^^ /K,  Co  =  6198m/s, 

K  =  68.6Gpa,  p  =  2700^p/m^ 

To  =  293A". 

For  this  set  of  data  the  value  of  Ai  and  A2  are  1.0208 
and  .51506  respectively  for  a  relaxation  value  of 
8.0*  10“^^s,  2.112581  and  0.99552  for  a  relaxation 
time  of  .5  *  10" 

The  results  indicate  that  two  sets  of  discontinuities 
propagating  along  the  slow  and  fast  characteristics. 
When  T}  <  (1  +  (C)^)^^^  then  fast  wave  is  essentially 
mechanical,  while  for  the  cases  77  >  (l-l-(C)^)^^^  the 
fast  wave  is  essentially  thermal.  Some  of  the  results 
are  presented  in  Figures  1  and  2,  for  Theory  1. 
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The  sheli*fluid  and  shell-temperature  systems  are  considered  for  solution  of  wave  propagation 
problem  in  thermoelastic  cylindrical  shell  containing  ideal  fluid:  one-dimensional  and  two- 
dimensional.  For  these  cases  we  get  compressions  for  wave  propagation  velocity;  numerical 
realization  is  done  for  these  cases.  The  same  problem  is  done  taking  into  account  unmoment 
consideration  of  problem  for  shell  containing  one-dimensional  model  of  fluid  as  well  as  two- 
dimensional  model.  Results  are  compared.  Well-known  Zhukovski’s  formula  is  generalized  on  case 
of  presence  of  temperature  field. 

Key  Words:  Wave  Propagation,  Shell,  Thermall  Stresses,  Fluid. 


!•  Formulation  of  the  problem  and  introduction 
of  basic  equations. 


2.  Shell  containing  two-dimensional  model  of 
fluid. 


We  consider  axis-symmetric  wave  propagation  of 
infinitely  long  isotropic  cylindrical  shell  (radius  R, 
thickness  h,  density  p,  Young  modulus  E)  containing 
ideal  fluid  with  density  po.  Suppose  that  shell 
vibrations  pass  through  thermo-delivery  process 
which  creates  thermal  stresses,  i.e.  we  have  dermal 
connected  problem.  Let  temperature  field  within 
shell  varies  by  the  following  way  [1]: 

T=  01+7  02.  (1) 

Shell  motion  equations  are  known  from  [2] 


Sx 


2  +P  =  ph 


(2) 


ax"  R  °ax"""  ^“at" 

where  P-  fluid  pressure,  Ti,  T2  -loads.  To  -initial 
loading  of  shell  middle  sur&ce,  u,w-displacements 
of  middle  surfece. 

Taking  into  account  expression  (1)  we  have 
following  thermoconductivity  equations  [3] 

a©!  a"0,  2k 


dt 


+M 


ax" 

a"u 


CpPh 


_  1  aw 

a  ax  R  a 


=  0, 


at 


-X- 


d% 

ax" 


12x  6k* 

h"  c  ph 


(3) 


-m 


a"w 

ax"  at 


=  0 


where  %  -  thermoconductivity  coeflBdent,  k*- 
coeffident  of  botty  suil&ce  thermochanging,  c,-  unit 
thermocapacity,  tj  =  (3X+2n)aT/Cppx,  a-temperature 
expansion  coefficient,  -  Lame’  constants. 


For  two-dimensional  model  of  fluid  we  know  flom 
[4]  following  equations 


Ac|>=0, 

P  =  Po 


atp 

a 


(4) 


where  cp  -potential  function,  A  -  Laplas  operator. 

We  can  introduce  potential  flmction  by  means 
Bessel’s  fimctions  [5].  Then  introducing  solution 
thermoelastidty  ^stem  (2)-(3)  by  means 
e^qranential  flmction,  we  get  new  rq>resentation  of 
fluid  pressure 

„  cd"  lo(kR) 

P  =  PoWo  j  exp(a)t  -  kx)  (5) 


here  Wo  -  unknown  coefScient,  Io(kR),  Ii(kR)  - 
BesseFs  fimctions,  k-wave  number,  ©  -  j&equency. 
For  this  general  case  we  get  sixth  order  dispersion 
equation.  For  case  of  absence  of  temperature  field  we 
get  forth  order  dispersion  equation. 


T^le  1.  Values  for  BesseTs  functions. 


1/kR  1 

2 

5 

10 

Io(kR)/Ii(kR)  2.24 

4.12 

10.05 

20.02 

From  following  given  quantities:  po/p  =  0.94, 
Poisson  coefficient  v  =0.3,  To/Eh  =  0.15  and  from 
values  of  table  1  for  hyR=l/20  dimensions  shell  in 
shell-fluid  ^stem  for  waves  with  small  firequencies 

d^u 

("TT^O)  we  have  following  representation  (fig.  1): 
ot 
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8,8,8, 


V 
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(kR)^  “^Eh 


(kR)^ 


12(1 


^rjir 

-v^)UJ 


1 + 


Po  lo(kR)  1 


(6) 


p  I,(kR)  kh 

where  c^E/p  -is  known  Moense  -Koiteveg’  fonnula 

[6], 


1/kR 


Here  we  also  get  sixth  order  dispersion  equation.  In 
shell-fluid  system  we  get  forth  order  dispersion 

d^u 

equation,  and  in  this  ^stem  in  case  of  — ^=0  we 


get  (fig,  3) 


ee 


V 
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Eh  ''''' 


12(1 -v^) 


(kR)"  + 


^Pq  R 
P  h 


(9) 


Comparing  figures  1  and  3  we  can  see  that  in  case  of 
wave  propagation  problem  in  shell  containing  one¬ 
dimensional  model  of  fluid  the  velocity  of  wave 
propagation  decreased  while  in  case  of  two- 
dimensional  model  the  velocity  is  increased. 


Figure  1.  Shell  containing  two-dimensional  model  of 
fluid. 


Figure  3.  Shell  containing  one-dimensional  model  of 
fluid. 


Taking  into  account  unmoment  consideration  of 
problem  (Mi=To=62=0)  we  get  fifth  order  dispersion 
equation.  Analogously,  the  order  of  equation 
decreased  in  absence  of  temperature  field  till  forth 
order,  and  for  small  firequencies  waves  (fig.2)  by  the 
same  condition  we  get 
V  1 


c 


Po  Ip  (1^)  1 
p  Ii(kR)  kh 


(7) 


l/kR 

Figure  2.  Shell  containing  two-dimensional  model 
of  fluid  (unmoment  consideration). 

As  it  is  seen  approximately  there  are  no  differences 
between  these  two  cases. 


3.  Shell  containing  one-dimensional  model  of 
fluid. 


For  one-dimensional  model  of  fluid  there  are 
“  following  equations  [7] 


Po  5x  dt 

dv  2  dw 
Sx^R  dt 


=  0, 


=  0 


(8) 
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For  the  same  problem  but 
consideration  we  get  (fig.4) 
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Figure  4.  Shell  containing  one-dimensional  model  of 
fluid  (unmoment  consideration). 

From  figures  2  and  4  (in  point  of  view  of  unmoment 
consideration  problem)  we  can  see  that  for  two- 
dimensional  models  of  fluid  velocity  increases  while 
for  one-dimensional  velocity  remains  quasi-constant. 
Considering  so  called  “diy”  shell,  i.c.  wave 
propagation  problem  without  any  fluid,  we  indicate 
quasi-linear  dependency  (fig.5) 

—  -  1  k^h^ 

c  ■■V(kRf  ^12(l-v') 
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Figure  5.  “Diy”  sheD. 


4.  Shell-temperature  system* 

We  consider  shell-temperature  ^stem  taking  into 
account  umnoment  consideration  of  problem,  lii  case 

d^u 

•  of  smallness  of  inertial  term  from 

Ot 

thermoelasticity  equations  the  problem  comes  to 
following  system: 

5T, 

ax 

-0, 


50,  a'e,  2k* 
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d^u  1  5w 
-+ — 


5t  5x  R  5t 


=  0, 


from  which  division  equation 
obtained: 


(12) 


r 


[l  +  aiix(l  +  v)]o)^  -i| 
E 


pR= 


■(l+2aiix)<b  + 


Xk^ 


Ei 


2k  = 


Cpphj 


<a^- 


pR" 


Xk"  + 


2k' 


V 


Cpph 


=  0 


(13) 


in  case  of  absence  of  connection  for  frequencies  we 
have 


(14) 


(l  +  arixO  +  v)) 

Approach  roots  of  this  equation  introduced  in  such 
form  which  takes  into  accoimt  smallness  of  thermal 
connection  (t]).  Then,  introducing  solution  of 
equation  (13)  in  form 

(co-oi+ai)  (cD-KD2+a2)  (©-©s+as)  =  0  (15) 


where  Zi  -  small  quantities  which  characterize 
smallness  of  connection. 

Comparing  equation  (13)  with  equation  (15)  for  ai 
we  get 


±r 


1  E 


Rea,  ^  = — 


2pR^ 


ccnxO  -  vXi + ccnxO + y)) 


Xk^  + 


2k' 

Cpphj 


■(i+otnx(i+v))^ 


(16) 

as-image  number  characterized  damping  process. 
Therefore,  we  get  expression  for  velocity  of  wave 
propagation  in  thermoelastic  cylindrical  shell 


IJl 

2fR' 


arK(l-vXl+arDc(l+v)) 


r 


7^+ 


(l-KaDc(l+v))^ 


(17) 


5.  Zhukovsld’s  formula  in  case  of  temperature 
field* 

Here  we  generalize  well-known  formula  of  pulse- 
wave  velocity  [6], 

Supposing  Ti=0  and 

T2  =  Eh(w/R-a0i)  (18) 

thermoconductivity  equation  in  this  case  is 

M  ,,  2k*  ^ 

[i+anx0+v)i— 

'  (19) 

-f(l-v)-  =  0 

Considering  blood  as  a  one-dimensional  model  we 
have  equations  (S). 

Taking  into  account  (1$),  shell  motion  equation  will 
be 


Eh 


1 5'w  a'e, 


R  5x' 


■-a 


5x' 


=  2p, 


5^w 


(20) 


which  in  couple  with  thermoconductivity  equation 
(19)  is  closed  ^stem  from  which  we  get  cubic 
dispersion  equation 


[l+aiix(l  + v)]©^  -i| 
Ehk' 


Xk^  + 


2k’ 


CpPh 


..  V  Ehk^ 
-  ®  -  2aTixv) +-^i 

2poR  2poR 

In  case  of  absence  of  connection 


2k* 

Xk^+--r 

V  Cpph 

(21) 
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(l+arixO  +  v)) 

from  which  for  wave  propagation  velocity 
c“  =Eh/2poR.  This  formula  is  obtained  in  [6]  and  it  is 
called  Zhukovski’s  formula. 

Now  let’s  introduce  the  roots  of  equation  (21)  in 
form  which  takes  into  account  smallness  of 
connection,  i.e.  in  form  (15), 

Analogously  to  previous  case  for  wave  propagation 
velocity  in  case  of  temperature  field  we  get 


-anx(l+3vXl+arix(l+v)) 


2k*  I 


(23) 

This  fonnula  is  generalization  of  Zhukovski  fomnda. 


which  is  well-known  in  biomechanics  as  a  pulse 
wave  propagation  velocity. 
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Coupled  dynamic  problem  of  a  thermoelastic  plate  in  elliptical  sh^  due  to  a  thermal  shock  on  its 
surfece  is  analyzed.  By  making  use  of  the  integral  transform  method  the  ^stem  of  partial  differential 
equations  of  the  coupled  problem  is  reduced  to  a  ^stem  of  integral  equations  regarding  to  time.  The 
solutions  are  given  in  forms  of  series  of  Malhieu  functions  of  first  and  second  kind  both  for  a  firee 
supported  and  a  clamped  plate. 


Key  ^vords:  Elliptical  Plate,  Coupled  Dynamic  Problem,  Thermoelasticity,  Integral  Transforms 


1.  fiitroduction 

Rapid  thermal  processes,  caused  by  a  thermal 
shock,  are  very'  interesting  from  a  view  point  of  ther¬ 
moelasticity  since  they  introduce  coupling  between 
the  temperature  and  deformation  fields.  In  solving 
contour  two  dimensional  problems  the  integral 
transform  method  has  many  advantages  over  the 
method  of  separating  the  variables.  At  present,  many 
transformations  in  a  rectangular  and  a  circular 
domain  for  various  kinds  of  boundary  conditions 
have  been  developed  [1],  [2].  Coupled  dynamic 
problems  for  a  rectangular  and  circular  plate  have 
also  been  solved  by  Bol^  and  Barber  [3],  Ignaczak 
and  Nowacki  [4],  Kovalenko  and  Kamayukhov  [5] 
and  Cukic  [6]. 

In  most  of  the  works  on  a  circular  plate  boun¬ 
dary  conditions  are  satisfied  approximately  -  it  is  usu¬ 
ally  assumed  that  =  Oon  the  contour.  By  taking 
into  a  consideration  the  coupling  phenomenon,  a  fire- 
quency  change  of  the  vibrations  has  been  found  but 
that  correction  is  fer  less  than  the  enor  made  by  the 
simplification  of  the  boundary  conditions.  In  this 
paper  it  is  found  a  solution  of  a  coupled  problem  with 
exact  boundary  conditions. 

2.  Basic  equations 

The  equations  of  the  coupled  dynamic  problem 
of  thermoelasticity  for  plates  has  the  following  nondi- 
mensional  form  [7]: 

W  +  djfW  +  (1 + v)  •  V^T  =  0 

©^  (X\X^  J)  =  ^(X\X^)-h(i)  in  the  domain  of 
the  eUipse  n = {(o S  ;S''  ^  (o  ^  ^  2ji)}  . 


witii  homogenous  initial  conditions  regarding 
w,z,  djw  and  boundaiy  conditions  corresponding  to 
a  ftee  supported  (2,3)  or  clamped  plate  (2,4) 
w(X'=O  =  0,  (2) 


/ 


sinh2A^‘  . .. 

- — - 5  w  - 

2  p  ' 


sin2.y^ 

T  T~ 


=  0 


(3) 


0,w(X‘=?)  =  O,  (4) 

x(X'=|)=0,  (5) 

where  X\X^  are  elliptical  coordinates,  linked  with 
the  Cartezian  coordinates  with  the  following  relations 
Z'  se-coshX' -cosX^,  =e-sinhZ'  -sinJT*  (6) 


V*  -i-dn)- the  Laplace  differential  operator, 

P 

d,=d/dX‘  (i  =  ia),  V^=V’(V^),  5  =  Arcosh|: 

p(;sr',X*)  =  Y-(coshA’‘-cosX^);  «=-|* 

mensional  eccentricity  of  the  ellipse;  a,b,e-  the  longer 
and  shorter  axes  and  the  linear  eccentricity  of  the 
ellipse;  h(/ )  -the  Heavyside  function;The  nondimens- 
ional  variables  are  defined  as  follows:  w=w/a, 

I  =  t/(a^lIO,  z  =  a,ax,  6  =  12(a//i)*[^l+^j  , 


—  Ea^.T  —  oMij  ...  _ 

-q  = - M..  - -  (ij  =  1,2)  ,  S  = - KT| 


I+v 

l-2v' 


K  =  X / (p,cj ,  K  =  4pJi!D  ,D  =  Eh^  /(12(1-  v* )) . 
The  meaning  of  other  constants  is  accordingly  to  [7]. 
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3.  Transformation  of  the  equations  of  the 
^stem 

The  ^stem  of  equations  (1)  is  tiansfonned 
by  means  of  the  Mathieu  finite  integral  transform  [S] 

0  0 

X  (KX\X^)Ct^(X',q^^)c^,„^iX\q^^)dX'  dX^ 

m=0,1.2,.-.  n=1.2 .  (7) 

where  ce2ni ,  Cejm  are  the  Mathieu  fimctions  of  first 
and  second  kind  with  even  index  {9];  q2ni^  (m=0,l,2.) 
is  the  n-th  root  of  the  transcendental  equation 

Ce^„(Z'=?.q)  =  0  m=0,l,2,...  (8) 

The  inverse  transformation  is: 

X\X^]  =  f(X\X^)  = 

=  ,  (9) 

ffi=:0n=l  "2j»^>i 

* 

<»x‘  dAT*  (10) 

0  0 

Both  the  fimctions  w  and  x  ,when  develo¬ 
ped  into  series  in  the  form  (9),  satisfy  identically  the 
conditions  of  periodity,  continuity  and  symmetry  with 
regard  to  the  ellipses  axes. 

The  L^lace  transformation  [10]  is  used  for 
transformation  the  equations  (1)  from  the  time 
domain  into  the  domain  of  the  complex  variable  p 
and  vice  versa: 

00 

Af(t)li-^p]  =  je-^-f(i)dt=f\p)  ,  (11) 

0 

2  c+f® 

‘r'[f'(j>y,p  -^t]=— I  e^f’(p)d  p,i=^. 

e-f*o 

By  making  application  of  the 
transformations  (7),  (11)  onto  the  equations  (1), 
taking  into  consideration  the  rules  for  transformation 
the  derivatives  [10],  after  inserting  the  initial  and 
boundary  conditions  (2),  (3),  (4)  we  arrive  at 

(y + -(1+ 

/>0 

AtajiKiTipw^,,  +[;’+ic,(Ai.,^  +5)]t5L  =^i“^  (1^) 

Where:  A, =  4^^^ /e^  ,S,^  =  Cc'^,(X' 

are  coejB5cients  in  the  series  of  Mathieu 

functions  with  even  index: 

00 

=  C0S2a .  (13) 

f=0 

<E>2^  is  a  finite  cosine  transform  of  the  function 
<l>(x\t)  =  V^yy(x'=lX\t}, 

2k 

Oj,  =  J <l>(X^)-cos2iX^  dX^ ,  i=0,l,2, .  (14) 

0 

The  transform  <DJ,.  will  be  found  later  from  the  bo¬ 


undary  condition  (3)  or  (4).  From  the  ^stem  (12)  it 
follows  immediately 

,  (15) 

=  n  A  - 

P-^ZmAP) 

■"T  * 71^ ’”^^2/  » 

^2«.«  ^  x=0 


where 


8,  :=(l  +  v)K,'n  =  (l-2v)- - is 

1  +  8 


the 


coefficient  of  coupling  between  the  fields  of 
temperature  and  de-  formations  for  plates; 

^2^Ap)  =  (/»’  +5)]+s,A*j„^;>  * 

✓ 


y2«^  ^  2  m/t  > 


“■  ^2«.n 


1+::^ 
2 


(17) 


P— II  (l  err  ^  /r  _  ‘~2mjir’2m^n 

2i»^  “■  -  2  ,  2  ’ 

\^2m^  ~  *^l(^2iii^  *  (1^) 

The  approximate  form  for  A2«^(/?)  is  conveitient  for 

inversion  of  the  Laplace  transforms  (15),  (16).  After 
applying  the  inverse  transformations  (8),  (11)  we  ob¬ 
tain  the  deflection  w  and  the  temperature  moment  x 
in  the  geometrical-time  domain: 

[^x\x\J))  iss 


(19) 


In  the  above  equation  /2®^(f).../^  are  the 
following  inverse  Laplace  transformations  [11]: 

^  -(1 + v)aK,  -»  f] 


fZ(0  =  ^' 


Mw(p) 
1 


'^ZmAP') 

1 


P^T^^iP) 

P 


(p  +  P2^,n)Si^lP^^ 


aK,(/)*  +  ^  I 


^2m^^2m/t > P  ^ 


1  '  *  |  (^0) 

^2m^\P) 

If  the  thermal  shock  is  induced  under  the  ac¬ 
tion  of  uniform  temperature  field  at  the  surfece 
Z^=h/2  in  the  whole  region  of  the  plate  than  the 
transform  can  be  found  as 
—  __ 


(21) 
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4.  Finding  the  function  <E> 


a  =  6452 ,  T)  =  131 1 , S„  =5.9•10■^s  =  0.0558, 
K,  =433  10“*,  e,  =8.43  10-’. 


The  last  boundaiy  condition  (3),  after 
inserting  equation  (19/1),  taking  into  account  the 
boundaiy  condition  (3),  becomes 

J  K,.,(t-e)<D«(0)de] = g,(t)  t  ^  o  k  =  0,1.  .. 

i-oL  *  0  j 

(22) 

The  kernels  Kt,;  and  the  functions  gk  on 
right  sides  of  the  integral  equations  (22)  are  given  in 
form  of  series 

«  «  C  j(2m^)^(2m^) 

>  (23) 

msOirs] 

«>  CO  C  J<2»i,n) 
j»s0r=1 


2(l-v) _ 

a,  = — =j — sinh2^. 


1/2,  A  =  O' 


•  cosh’2|  + 


D.  1=.' 


-cosh2^,  |l:-i!  =  l  (24) 

1/4,  |Jfc-ji  =  2 
0  otherwise 

Similarly,  in  the  case  of  a  clamped  plate,  the 
boundary  condition  (4)  leads  us  to  a  different  kind  of 
integral  equation: 

f; J Ktj(/  -e)<i>5j(e)de = -g»(r),  f s o  k= o,u..  (^5) 

i«0  0 

K^i  and  &  have  been  previously  defined  (eq.  (23)). 

5.  Numerical  example 


If  we  insignificantly  sacrifice  calculus 
accuracy,  the  systems  (22)  and  (25)  can  be  reduced 
to  first  several  equations.  It  was  observed  that  number 
of  N=  3..6  equations  was  sufficient.  The  cosine 
transform  function 

<I>(A^^F)  =  can  be  than  found  from  these 

reduced  systems.  The  deflection  w  and  temperature 
momentumx  in  an  arbitrary  point  (X^X^)  of  the 
plate  at  the  given  time  t  is  calculated  according  to 
equation  (19). 

On  fig.  1.  and  2.  first  N  members  of  the 
transform  02,.(F)  that  correspond  to  a  simply  suppor¬ 
ted  (N=2)  and  clamped  plate  (N=5)  are  shown.  It  is 
assumed  the  plate  is  made  of  brass,  with  longer  axis 
a=0.5  m,  thickness  h=5  mm  and  relative  eccentricity 
e=0.707  (5=0.85).  The  elastic  and  thermal  properties 
of  the  material  are  given  by  the  following 
coefficients: 

£  =  12.10'' N/m’,  v  =  0.42,  a,  =18.4.10-*  K’', 
=  8600kg/ m’,  3t  =  93W/(in  K),  o  =  20W/(m’-K), 
K  =  2.838.10-* m’/s,  =  320K,  =  293K , 

D  =  1518Nm,K=0.168s/m^  ^  =  0.85,  5  =  1.210*, 
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On  fig.  3.  and  4.  the  deflections  in  the 
middle  of  the  plate  QO  -0,X^  =7i/2)  versus  time 
are  shown.  On  fig.  5.,  6.  deflections  in  one  quarter  of 
the  elliptical  region  at  the  moment  f^lare 
presented. 


wx(~2q) 

T  =1  =  025 


the  damped  edge 


The  systems  (22),  (25)  were  numerically  sol¬ 
ved.  In  all  sumes  in  eq.  (23)  only  eigenvalues 
<  35  (Aj^^  ^  280)  were  kept.  The  step  of  integ¬ 
ration  depends  on  the  frequency  «  280 

and  it  should  not  exceed  A/^  =  02'2iz/X^  «  0.004 

6.  Conclusion 

1.  Involving  the  function  <t)(A'^F)on  the  contour 

is  unnecessary  in  calculating  x  according  to 
equation  (19)  (the  error  is  less  than  0.4%)  .  The  func¬ 
tion  O  exerts  an  influence  both  on  the  quantity  and 
fi-equency  of  deflections  (increasing  the  quantity  by 
20%  and  decreasing  the  frequency  of  the  fiindamental 
mode  by  11% ,  fig.3.).  It  means  iJbzt  the  plate  behaves 
less  rigid  at  the  exact  solution. 

2.  The  coupling  effect  increases  the  frequency  by  the 
fector  l+Ci/2.  This  correction  is,  however,  less  than 
the  error  made  when  the  function  O  and  its  cosine 
transform  <I>2i  are  neglected  in  the  equation  (19). 


3.  In  the  case  of  stationary  temperature  field,  when 
i->oo  for  example,  the  systems  (22),(25)  are  redu¬ 
ced  to  ^sterns  of  algebraic  equations  regarding  Oj,. . 

4.  For  the  application  of  the  described  method  it  is 
sufficient  to  transform  only  the  differential  equations 
of  the  problem,  leaving  one  or  more  boundary 
conditions  unsatisfied.  The  solution  obtained  by 
inversion  should  be  inserted  into  the  remaining 
conditions  so  that  they  would  be  reduced  to  integral 
equations  regarding  some  function  on  the  contour 
(02i  in  this  case).  The  method  is  rather  universal  and 
increases  the  flexibility  of  the  integral  transform 
method. 
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1  .  •  thermoelastic 

^ate IS  developed.  Secul^equation  for  themonoclinicplateinclosedformandisolatethemathematical 

symmetric  and  antiqrsmetric  wave  mode  prqjagation  in  completely  separate  terms  is 
denved.  Matenal^eiMof  ^^engmmetiy.  such  as  orthotropic,  transversely  isotropic .  cubic  and 
i^^ic  are  wntain^rmphatly  in  the  analysis.  It  is  shown  that  the  motion  for  SH  modes  decouple 
^ch  is  noteffected  by  ther^  variations  from  the  rest  of  motion  ifpropagation  occurs  along  an  in¬ 
plane  axis  of  syi^etry.  Finally  the  numerical  solution  fiw  a  isotropic  plate  is  carried  out  and  the 
diqiersion  curves  for  symmetnc  and  antisymmetric  are  presented  by  varing  the  relaxation  Ume. 

Key  Words-.  Anisotropic,  media.  Guided  Wave,  Thermal  Relaxation  time,  Freeyvave,  Thermoelasticity. 


l.lntroduction 

The  study  of  thermoelastic  wave  propagation  in 
anisotropic  materials  is  of  great  practical  use  in 
engineering  applications  especially  in  the  context  of 
modified/generaliged  theories  of  thermoelasticity. 

R^ntly,  attempts  havebeen  made  toextend  this 
gengeraliged  theory  of  thermoelasticity  to  anisotropic 
elastic  media.  Baneijee  and  Pao  [I]  investigated  the 
propagation  of  plane  harmonic  waves  in  infinitely 
extented  anisotropic  solids,  taking  into  account  the 
thermal  relaxation  time.  They  showed  that  four 
characteristic  wave  speeds  are  possible  in  such  types  of 
solids.  Th^  further  studied  the  velocity,  slowness  as 
well  as  the  wave  surfaces  of  the  thermoelastic  waves. 


antisymmetric  wave  mode  propagation  in  completely 
separate  terms.  Materials  system  of  higher  symmetry, 
such  as  orthotropic,  transversely  isotropic,  cubic  and 
isotropic  are  contained  imlicitly  in  the  analysis.  It  has 
been  found  that  SH  wave  wiiich  is  not  effected  by 
temperature  variations  decoupled  from  the  rest  of 
motion  if  the  propagation  occurs  along  an  in-plane  axis 
of  qrmmetry.  The  results  in  the  case  of  coupled 
theimoelasticity  can  be  obtained  as  special  cases 
setting  =  0  in  the  present  analysis.  Finally  the 
numerical  solution  for  a  isotropic  plate  is  carried  out 
and  the  dispersion  curves  for  symmetric  and 
antisymmetric  are  presented  by  varing  the  relaxatin 
time 


2.  Formuiatin  of  the  Problem 


Propagation  of  free  guided  waves  in  anisotropic 
homogeneous  plate  has  been  studied  in  detail  by  authors 
[2]-[4].  These  studies  provide  an  interesting  picture  of 
the  rich  dispersion  characteristic  of  these  guided  waves. 
Several  others  authors  [5]-[l  1]  have  studied  free  Lamb 
waves. 

Propagation  of  plane  harmonic  waves  in 
homogenous  transversely  isotropic  heat  conducting 
elastic  materials  has  been  investigated  II2]-[13]. 
Recently,  the  generalized  theory  of  thermoelasticity 
advanced  by  Lord  and  Shulman  [14]  has  been  extended 
to  anisotropic  elastic  bodies  by  Dhaliwal  and  Sherief 
[15]. 

The  present  paper  is  aimed  at  to  study  the 
propagation  offree  thermoelastic  waves  in  homogeneous 
anisotropic  thermally  conducting  elastic  plate.  The 
analysis  for  waves  to  the  monoclinic  plate  is  carried  to 
derive  thesecular  equation  in  the  closed  form  and  isolate 
the  mathematical  condictions  for  ^mmetric  and 


Consider  a  homogeneous  monoclinic  thermally 
conducting  elastic  plate,  having  theikness  d,  whose 
normal  is  aligned  with  the  43*-  axis  of  a  reference 
cartesian  coordinate  system  x/  =  (xux2,x\).  The 
midplane  of  the  plate  is  chosen  to  coincide  with  the 
•**1  -  X  2  plane-  With  respect  to  this  primed  coordinate 
system,  the  equations  of  motion  and  heat  conduction 
equation  are  [15] 

-.(1) 

(t  +toT)  =T^  py(  Ufj  +  xouij) 

..’..(2) 

wmere 

~  e  ki  •  Piji ; 

Pij-Cijuau  /VA^=1,2,3  -(3) 

«  is  the  thermal  expansion  tensor,  K  y  is  the 
thermal  cnductivity  tensor,  p%  and  t5  are 
respectively  the  density  the  specific  heat  at  constant 
strain,  and  thermal  relaxation  time.  In  the  analysis 
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usual  sutnmatifi  convention  holds.  Thecomma  notation 
is  used  for  spatial  derivatives  and  super  posed  dot  for 
time  differentials. 


Since  ,  ejjc/,  ctj^/  and  are  tensors  and 
as  here  conducting  analysis  in  the  global  coordinates, 
any  orthc^onal  transformation  of  the  prined  to  the  non- 

prined  coordinates  i.e.  jc/  tojc^  transforms  according  to 

^yctypi^id 

««  =r*  «y  ...(4) 

vAieny^  is  the  cosine  of  the  angle  between  xj  andx^ 
respectively.  Forrotationofangle<|»inthe  *'  -  x'^  pian» 
the  transformation  tensor  reduces  to 


cos  ^  sin  0 
tij  =  -sin  4  cos^»  0 
[  0  0  1 
using  (4)  and  (5)  in  (3)  yields 


...(5) 


^9  ^9U  —(6) 

For  monoclinic  materials  having  * ,  -  j  as  a  plane  of 
rarror  symmetry,  C„=  =  C,, = C,  =  C„  =  C3  =  C^= 

Cjj  0. 


...(7) 

where  the  transformation  relations  between  and 
C'pq  are  as  in  [2], 

In  terms  of  the  rotated  coordinate  systems, ,  the 
equations  of  motion  and  heat  conduction  transforms  to 

“  P"'  _  ...(8) 

-  pCg  (t  +  TO  (Mij  +  •ton.j) 

...(9) 


3.  Analysis 

Substituting  from  equation  (6X7)  into  equation 
(8)  and  (9)  results  in  a  system  of  four  coupled  equations 
forthe  displacements  w,,  and temperatureT.  Since 
the  plane  wave  propa^on  along  the  -  direction  is 
independent  of  Xj,  a  formal  solution  for  these 
displacements  and  temperature  can  be  written  as 
(w,,  i/j,  ^yT)^(\,V,W,S)e*^{x^^aL  X3-  c()  ...(10) 

v^ere  ^  is  the  wave  number  /  -  ,  c  is  the  phase 

velocity  (  =  ©/^,  ©  is  the  circular  frequency,  a  is  still 
an  unknown  parameter,  V,  ITareratiosofthe  displacement 
amplitudes  of  and  V3  to  that  of  ,  respectively  and 
S  is  the  ratio  of  temprature  T  to  that  of  displacement 
amplitude  Uy  Although  solutions  (10)  are  explicitly 
independence  of  x^,  an  implicit  dependence  is  contained 
in  the  transformation  and  transverse  displacement 
component  is  non-vanishing  in  equation  (10).  This 
choice  of  solutions  leads  to  the  four  coupled  equations. 


A/,^(a)U,  =  0 


and 


P.9=1.2.3.4...(1I) 
where  the  summation  convention  is  implied,, 
^4r“  ^ji  'V.  =  1.23  are  same  as  given  in  [2] 


M„  =  ifi^  M^=  ,p3a/? 

M„  =  /4T,c»Tp,  M^=  /§T„t?Tp, 

^3=  '5T,cr*Tp,a 

o»  -  pc»  C  t,  T  =  T,+  i/m  ...  (12) 
The  system  of  equations  (1 1)  has  non-trivial  solution«f 
the  determinant  of  the  coefiBcients  of  U,  ,113,1)3  and 
vanishes,  wiiich  leads  to  the  eighth  degree  polynomid 
equation 

a*+ A,a*+ Aja‘+ A3o‘+ A^  =  0  ...(13) 

where 

Ai  =  [-/:3>ll+A'ei+(C|3-C44C55)()2p|]/A 
A2=[-K3Ai+AiQi 

-  {  ( C„  C^- 2C„  C„  +  C,3  CJ-(C^+  C„)P3» 

^33  ^5$  P/  ^33  Q«P)* 

~  1  ~  ^45*)  P1P3 

-  2  C3J  C^jP,  Pj 

-  (2C,.  C„  -  2  C„  C„ )  p,  p,}  Q^VA. 
A3=[-K3A^+AiQl.  {iC„C^+ a^+ 

+  C«C„+C„»-(C„+CJpOP,= 

+  ((  C„  C,3-C„»-2C„  C„)-(C,3+  C„)pc^)p,= 

-  ((  c„  -  C,,  )  +  (C„  +  pc=  -  p=c")P,= 

-  (  2C,3  +  2Cjj  —  C,j  Cjj  —  C,j  C^j  -2 

(C,3  +  C„)pc?)P,p, 

-»C„C  -C,3C3.-2C,3C«-2C3.C„-C,C„ 
-C4,pe*)P,P, 

-  (  2C.,  C,.  +  2  C„  C,,  -  2  C,3  C„  -  2  C..  C„-  2 
(C34  +  C„)pcOP,P,}e3]/A. 

><4  =  -  {  (C„- C„-(C„+ C^pc*+ p?c')P,>+ 

^  ^11  ^55  ~  ^  ^11  ^15)  P®*  P* 

+  (2C„C„-2C„pc»)P,p,}j2^A.  ...(14) 


A  =  -^,A' 
e,=pc.«^T-/:, 

a  =  ...(15) 


and  arethe  coefQcientof  corresponding 
equation  of  sixth  degree  polynomial  for  elastic  waves 
[2].  Equation  (13)admitseight  solutions  fora  (  having 
the  properties) 

a3==-a,,a,--a3,a^  =  -a,,  a^^-a,  ...(16) 
For  eacha^,^=l,2,3,...8,wecanusethe  relations(12) 
and  express  ^  =U3,/U  W  =U  /U„andS  =U  /U 
as  i;  =  L,  (o^a  y .  W  =  L,  (a^a  V 

S,  =  L,  (a^ap  ...(17) 

where 


L,  (ap = A/„  M„ 

-  A/,3  M„  -  A4  A/, 3  -  A/,  3  A/„ 

i,  (ap  =  +  A/„  Ay„  A4 

-A/, 3  A/„  A/33  -  M„M„  A/3,  -  A/„  A/33 
Aj  (op  -  A/’,3  A/„  +  A/=,3  A/33  +  ^^23  ^11 

-2A/,3A/„  A/33 -A/„  A/33  A/„ 

L  (op  -  A/„A/*33  +  a/,3  A/3,  A/3,  +  A/„  A/33  34 

-a/,3  A/33  A/,,  -A^.3A/33A/3,-A/„  A/33A/33 ...  (18) 
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Compiling  the  equations  (1 7),  with  the  stress  strain  and 
temperature  relations  andusing  sueiposition,  we  finally 
write  the  formal  solutions  for  the  displacements, 
temper^re,  str|ssess  and  temperature  gradient  as 

(n.,n^u,.T)=  ...(19) 

9=1 
T')= 

Incorporating  equations  (16)  and  (17)  -  (21)  and 
inspecting  the  resulting  relations  such  as 

v,.,-v.  D,,,-D  S^,-S  j-1.3A7...(21) 

^ere  now 

D„  =  [  /?  (  C,3  +  2  C3.  V  +  C33  a  Wp  -  p,  S, 

(  2  C„  ( a  +  W;  +  C„  a  Vj 
D„=  [ ( 2C„ ( a,+  Wp+  2 C„ a  Vj 
D4, ...(22) 
Calculating  the  stresses  <7,3,  o,,,  and  temperature 
gradient  X'  of  (20)  at  the  uiqjer  and  lower  &ces 
Xj=d/2andXj=-df2  respectively  andsetting them  equal 
to  zero  to  invoke  the  stress  -  free  boundary  conditions 
finally  yield  theeight  equations  relating  the  propagation 
amplitude  U„  U„...  U„  ,^\iiose  determinant  of  cofiFidents 
after  algebraic  manipulations  and  reductions  leads  to 
the  two  uncoupled  characteristic  equations, 

D„  G,  cot  (  ra,)  -  D„  G3  cot  (  ya^  +  D„  G,  cot  (  ya5) 
-Di7  G,  cot  (  ya,)  =  0  ..,(23a) 

D„  G  tan  (  ya,)  *  G3  tan  (  yOj)  +  D„  G,  tan  (  ya,) 

--  D„  G,  tan  (  ya,)  =  0  ...  (23b) 

Corresponding  to  symmetric  and  antisymmetric  modes 
respectively  with 


i>23 

Dn 

ihi 

^5 

Dn 

Gi  = 

D33 

^5 

D37 

(h  = 

D2\ 

I>2S 

Dyj 

£>43 

O45 

O47 

041 

Das 

Dai 

^1 

^7 

^1 

Dn 

D2S 

G5  = 

^>31 

D33 

D27 

Gy  - 

^1 

D22 

D25 

041 

O43 

O47 

041 

£>43 

O45 

-  ^  _  tad 


2c 


...(24) 


4.  Oithotropic  Material 


If  xj  andx^  C!fequation(3)arecho6entocoincide 

with  the  in-plane  prindpal  axes  for  orthtropic  symmetry 
then 

Q6  =  Q6  =  Qd  =  Qs  =  0,  ai2  =  0  ...(25) 
Further  more,  for  transverse  isotropy 

Q3  =  Q2,  Cl3^Cl2  ,C55=Q6 
Q2  -  Q3  =  2Q4  ai2  =  ol^3  ...(26) 
and  for  cubic  symmetry 


Qi  =  Q2=Q3,  Ci2=Cl3  =  Ci3 

04  =  O5  =  06  1  =  0^2  =  <*^3  ■(27) 


4.1PROPAGATION ALONG  AXES OFROrnONAL 

SYMMETRY 


Notice  that  the  axis  jclmdacj  coincide  with  the 
azimuthal  angles«|>=0and+=90»respectivdy.  Substitute 
from  equation  (25),  which  particularize  the  constitutive 
relations(3)tooTthotiopicmedia,itisobservedthatM 

Mj3,  M,.  and  M.,  of  (12)  vanishes.  This  result  mean  s 
that  SH  wave  motion  decouple  from  the  rest  of  motion. 
As  a  consequence  equation  (13)  for  <|>  =  0,  reduces  to 
«‘  +  B,  o^+Bja*  +  B3  =  0  ...(28) 

2nd  C^“*-  C*,  a’  -  p<4  =  0  ...  (29) 

where 

ei-c„p^3ej/A, 

“(C33p*  +  (C„-pc^)P/)0J/A, 

-  I  ^3  -  (  C'jS  P^)  Pl^  Q2V\-  ...(30) 

^  —^3^33  03, 

^11  ^33  “  ^13*  “  ^  ^13  ^55 
^2  “  ^33  ^35 

^3  "  ^11  ^55  -  (  ^11  <^35)  P<^  P"  .(31) 

Equation  (28)  admits  six  solutionsforawith  properties 


and  equation  (  29)  leads  to 


...  (32) 


S  =  -  a,  -  [  (  pc"  -  ...(33) 

Here,  notice  that  a, ,  of  equation  (33)  corresponds  to 
the  (  SH)  motion,  while  those  of  equation  (32) 
corresponding  to  the  sagittal  plane. 


By  employing  the  same  procedure  and  following 
the  same  steps  as  used  in  obtaining  the  results  of 
equations  (23)  the  reduced  uncoupled  characteristic 
equations  are 

I^l(^col(yoti)-Z^3Qcot(ya3)  +  I^5<^cot(Ya5)  =  0 
f^l<!^taa(yaj)-£^3Qtan(Ya3)  +  13(505  tan  (ya5)=0 

...  (34o,^) 

sin(2ya7)=^0  ...(35) 

with  y  as  defined  in  (  24). 
and 


Gi- 


^43 


^5  -  =  ^5 

Dis  D4i  Dis 


^  =  K(Ci3  •  C33  cx^  W^)-P35^1 

^  =  K(C55(ad7  +  W^)l 

Ohq  “  q=  1,2, - 6 


^1  Di3 

/>43 

...(36) 


...  (37) 


IP  —  bii  |<A/34-A/|3  A/|4  ^  ■^11-^43*^13^/41 

^  A/i4A^— A/13A/34  ^  A/|4Af43-Af|3A/44  ..  (38) 

The  results  (  34a,b)  with  their  parameter  defined 
in  equations  (  32)  and  (37),  constitute  the  characteristic 
equations  for  symmetric  and  antisymmetric  modes  for 
waves  propagating  along  an  in-plane  axis  of  symmetry 
of  an  orthctropic  plate.  Equation  (35),  isthe  characteristic 
equation  of  a  horizontally-  polarized  SH  wave  on  the 
same  plate,  which  is  clearly  independent  of  thermal 
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vanations.  Further  more,  the  relation  (34)  implicitly 
contains  corresponding  results  for  materials  possessing 
higher  than  orthotropic  symmetry.  These  include 
transversely  isotropic,  cubic,  and  isotropic.  Here,  one 
needs  only  to  exploit  the  appropriate  restrictions  on  the 
thermoelastic  properties  as  descrived  in  equations  (26) 
and  (27). 


5.  Numerical  Results  and  Discussion 


In  this  section,  the  analytical  results  derived  in 
the  previous  sections  are  used  to  present  phase  velocity 
(A,  A1  nondimentional)  dispersion  curves  plotted  as  a 
function  of  the  y='*^/2;at  0.2, 0.5, 0.001.  These 

curves  have  been  calculated  from  expression  based  on 
the  dispersion  relation  in  equation  (34)  suitably  modified 
according  to  detail  of  symmetry  class.  Computation  for 
the  symmetric  and  antisymmetric  modes  have  been 
carried  out  for  carbon  steel  for  which  the  physical  data 
is 

X=  9.3xlO'ONm'^p  =  8.4xlO'°Nm* 
p  =  7.9><  KF-Kgm-^ 

T,=  293.PK,  e  =  0.34, 

C^  =  6,4>cl(FJKg-'deg'' 

It  is  found  that  the  phase  velocity  of  the 
thermoelastic  waves  get  modified  and  is  influenced  by 
the  thermal  relaxation  time  and  agree  in  general  with 
the  results  obtainedby[  16]  when  thermoelastic  coupling 
constant  s  =  0  for  isotropic  material,  as  is  in  following 
figures 


y 

FrtquMiey 

TO  =0.3 


y 

rr«quwry 
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Thermal^Mechanical  Coupling  and  Path-Dependence  in  Underground  Cavities 

H.  Wong 


Laboratoire  Geomateriaux-Departement  Genie  Civil  et  Bdtiment,  Ecole  Nationale  des  Travaux  Publics 
de  VEtaty  rue  Maurice  Audin^  69518  Vaulx-en-Velin  Cedex,  France  (CNRS  URA  1652). 

The  problem  of  a  tunnel  subjected  simultaneously  to  pressure  loading  and  thermal  gradient  is 
discussed,  with  an  emphasis  on  the  concept  of  loading  path  and  its  influence  on  the  current  equilibrium 
state.  For  the  case  of  internal  heating  and  monotone  pressure  drop,  path  independence  seems  to  apply 
both  to  perfect  plasticity  and  softening  behavior,  while  the  contrary  holds  in  the  case  of  cooling. 

Key  Words :  Loading  Path,  Thermal-Softening,  Thermal  Stress,  Tunnels,  Comer  Flow 


1.  Introduction 

A  few  closed  form  solutions  of  a  tunnel  subjected 
to  internal  pressure  and  to  an  axisynunetric  time- 
dependent  temperature  field  are  presented.  Starting 
from  the  reference  case :  positive  temperature  increase 
(heating)  and  constant  material  parameters,  notably  the 
strength  (i.e.  perfect  plasticity),  generalizations  to  the 
cases  of  temperature  decrease  (cooling),  and  thermal 
softening  (strength  decreases  with  heating)  are  briefly 
discussed  and  illustrated.  Models  on  internal  heating 
can  for  example  be  applied  to  studies  of  nuclear  waste 
disposals  or  geothermal  extraction  wells,  while  the 
model  on  internal  cooling  is  useful  in  the  estimation 
of  tunnel  lining  stresses  induced  by  ventilation.  Such 
closed  form  solutions  constitute  very  useful  design 
tools  to  appreciate  the  importance  of  thermal  effects  in 
underground  cavities. 

2.  Problem  Definition  and  Basic 
Assumptions 


The  second  form  of^P  applies  when  the  stress 
tensor  is  at  a  comer  of  the  Tresca's  prism,  and  comer 
flow  regime  intervenes  [l]-[2].  A  circular  tunnel  of 
radius  a  is  excavated,  the  effect  of  the  retreating 
excavation  front  being  simulated  by  a  fictitious 
internal  pressure,  which  decreases  monotonically  ftom 
the  initial  geostatic  pressure  Pee  to  an  intermediate 
value  Pi€  [Pep,0].  This  constitutes  the  first  stage:  the 
mechanical  loading  stage. 

Maintaining  Pj  at  its  previous  value,  an  internal 
thermal  loading  gives  rise  to  an  axisynunetric  time- 
dependent  temperature  field  T(r,t).  This  constitutes  the 
second  stage:  the  thennal  loading  stage.  Under  the 
hypothesis  of  perfect  plasticity  (C  constant),  the 
following  cases  are  considered : 

Case  1  :  an  internal  heating,  leading  to  Ti>0,  3tT>0, 
3rT<0  for  all  (r,t). 

Case  2  :  an  internal  cooling,  leading  to  T<0, 3tT<0, 
3rT>0  for  all  (r,t). 


We  consider  an  infinite,  isotropic,  homogeneous 
medium,  with  an  elastoplastic  behavior,  obeying 
Tresca's  criterion : 


F®  =  Gi  -  Gk  '  2C  =  0  (1) 

where  Gi>Gj>Gk  are  the  ordered  principal  stresses,  and 
C  the  cohesion.  The  strain  rate  tensor,  under  the 
assumption  of  small  strains,  can  be  decomposed  into 
the  following  components : 

i  =  [^£-  1*4)1]  +«T1  +F  <2) 

where  E  and  v  are  Young's  modulus  and  Poisson's 
ratio,  and  T(r,t)  is  the  time-dependent  excess 
temperature  field  with  respect  to  a  reference  initial 
temperature  Tq.  The  plastic  strain  rate  tensor is 
supposed  to  be  derived  from  an  associative  flow  rule 
(^d  positive): 

eP=  i3(yF(G)  ifGj>Gj>Gk 

=  ^  ^  (3) 

=  Xij  30Fij(G^  X^k  ^oFik(^  tf 


3.  Model  1  :  Perfect  Plasticity  (C 
Constant),  Internal  Heating 


This  problem  has  been  treated  by  Wong  [l]-[2].  We 
shall  only  retrieve  the  main  events  and  the  most 
salient  features.  For  the  particular  case  of  mechanical 
loading  with  T=0,  followed  by  thennal  loading  with 
^=0  (see  def.  below),  the  elastoplastic  zones  sq>pear 
in  the  sequence  (PI,  P2,  P3,  then  P4),  illustrated  by 
figure  1.  In  order  to  discuss  the  concept  of  path- 
dependence  (i.e.  dependence  on  loading  history),  we 


construct  a  loading  plan,  with  AP= 


Poo-Pi 


dimensionless  mechanical  loading  parameter,  as 
abscissa,  and  0(a,t)=^^^;:^^-,  a  dimensionless 


temperature,  as  ordinate  (both  monotone  increasing), 
as  shown  in  figure  2.  The  particular  loading  history 
t=0  then  ^=0,  corresponds  to  path  L,  and  the 
subregions  PI  to  P4  traversed  correspond  to  the 
respective  configurations  encountered  in  the  same 
order.  The  path  L'  is  a  more  general  case  where 
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mechanical  and  thermal  loads  vary  simultaneously 
(admitted  by  the  model).  The  configurations 
encountered  will  then  appear  in  the  order  (PI,  P2,  P3, 
P4,  P3),  of  which  figure  3  is  a  more  precise 
representation. 


Oz—  OJg 


Fig.  1  Sequence  of  elastoplastic  zones. 


extension  of  the  triangle  ODE  of  figure  2  (0(a)>0, 
AP>0,  AP+0(a)<l)  to  a  polygon  OABCD  as  shown  in 
figured 


Fig.  4  Elastic  subregion  and  loading  paths  L,  L*. 


Theoretically  the  yield  criterion  can  be  reached  at 
each  of  the  boundary  segments  of  this  polygon. 
Practically,  for  geotechnical  problems,  temperature 
rises  are  usually  much  less  than  the  characteristic 
temperature  T*=2C(l-v)/Ea  of  ordinary  geomaterials, 
in  other  words  0(a)«l.  Thus  we  need  only  consider  the 
segment  CD,  defined  by  AP+0(a)=l  as  for  ED,  but 
with  0(a)  negative.  It  can  clearly  be  seen  that  cooling 
increases  the  threshold  of  mechanical  loading  causing 
plastification.  This  phenomenon,  first  observed  by 
Guenot  &  Maury  [9],  is  now  widely  exploited  in  the 
petroleum  industry  in  the  stabilization  of  wellbores  by 
cooling  the  drilling  mud. 


Fig.  2  Loading  plane  and  loading  path. 

4.  Model  2  :  Perfect  Plasticity  (C 
Constant),  Internal  Cooling 

This  leads  us  to  consider  the  lower  half  plane  0<O. 
Analytical  results  from  Wong  [1]  show  that  the 
subregion  corresponding  to  elastic  behavior  is  an 


To  q)preciate  semi-quantitatively  the  effect  of 
cooling,  take  for  example  two  different  loading  paths 
L  (isothermal)  and  L'  (non>isothermal)  such  that  the 
part  of  L'  outside  the  elastic  subregion  is  entirely 
horizontal.  For  path  L,  the  relative  convergence  Uj 
(change  of  radius  divided  by  the  initial  radius)  at  the 
state  5  is  given  by: 

^  Ui  =  2(l-v2)e^^'^^  -  (l+v)(l-2v)AP 


206 


whereas  for  L',  the  convergence  at  n  equals : 

frUi  =  2(l-v2)(l-0(x,t))(f)2  -  (l+v)(l-2v)AP 
C  a 

X  being  the  unique  root  of  the  equation  : 
l-AP-0(x)  +  Ln(7)2  =  O  (4) 

ci 

For  illustrative  purposes,  take  a  temperature  profile 
0(r)=0a[l-p*Ln(r/a)],  with  p=l/Ln(b/a),  which 
corresponds  quite  well  to  real  temperature  profiles. 
Substitution  into  equation  (4)  gives  : 


medium  would  have  an  incrementally  elastic  behavior 
for  the  portion  Stc.  It  is  an  established  result  that  the 
tunnel  radius  is  insensitive  to  temperature  variations 
in  elastic  behavior.  Thus  cooling  of  the  medium  alone 
would  not  change  anything;  the  effect  is  simply  not 
"felt"  by  the  lining.  In  the  contrary,  cooling  of  the 
lining  leads  to  contraction,  thus  additional 
convergence,  thereby  altering  the  equilibrium  lining- 
massif.  Suppose  the  initial  equilibrium  reached  under 
isothermal  conditions  (Pio,  Uio)  is  given  by  the 
solution  of  the  simultaneous  equations  (K=lining 
stiffaess): 


X  rAP+ea-li 

a  ■ 


and  the  convergence : 

l+^pAP-2) 


|Ui  =  2(1-v2) 


1+^ 

(l+v)(l-2v)AP 


,AP+0a-l, 


For  b/a=10,  the  variation  of  EUj  vs.  0a  is  shown 
in  the  following  figure,  which  clearly  illustrates  the 
influence  of  cooling  on  the  convergence.  Note  that  the 
value  of  Ui  is  relatively  insensitive  to  the  ratio  b/a 
(0(b)=O)  for  b/a>10. 


Contrary  to  the  case  of  heating  (0>O),  the  state  of 
equilibrium  now  depends  on  the  loading  path  even 
when  AP  and  6  are  both  monotone.  For  example,  had 
we  followed  the  loading  path  OStc,  we  would  have  the 
same  convergence  at  states  5  and  7C,  since  the  portion 
871  corresponds  to  elastic  unloading,  with  no  variation 
of  the  convergence.  A  particular  example  of  such 
situations  can  be  found  in  deep  tunnels  with  high  in- 
situ  temperatures  (due  to  geothermal  gradient).  The 
problem  to  be  solved  is  the  estimation  of  stress 
reduction  (so  the  risk  of  encountering  traction)  in  the 
tunnel  lining,  when  fresh  air  is  sent  for  ventilation 
purposes  at  the  opening  of  service.  This  scenario 
corresponds  well  to  the  loading  path  OStc,  and  the 


Pi  =  fM(Ui);  Pi  =  K(Ui-Uci) 

Subsequent  variation  of  convergence  due  to  cooling 
can  be  written  as  : 

8Ui  =a|Tl  +  ^ 

The  first  term  is  simply  the  thermal  contraction 
(which  induces  positive  convergence),  whereas  the 
second  term,  of  opposite  sign,  represents  the  reduction 
of  the  pressure  from  the  massif,  and  counterbalances 
partially  the  thermal  contraction.  Denoting  Pi*=Pi+5Pi 
and  Ui’=Ui+8Ui,  it  can  easily  be  shown  that  the  new 
equilibrium  state  is  the  solution  of  the  modified 
system  here-below: 


Pi  =  4i(Ui):  Pi  =  K[(Ui-Ud)-alT|] 


which  admits  a  simple  graphical  interpretation  as 
shown  in  figure  6. 


Convergence  curve :  Pi=fM(Ui) 


isothermal 
equilibrium 

new  equilibrium 
ato cooling  . 

►Ui 

a  I T  1  confinement  curve 

j  take  account  of  cooling 

Fig.  6  Change  of  equOibrium  due  to  cooling. 


This  model  has  been  used  to  estimate  the  possible 
thermal  stresses  in  the  lining  of  an  Alpine  tunnel. 


5.  Model  3  :  Thermal  Softening 
(0xC(T)<O),  Internal  Heating 

The  decrease  of  mechanical  strength  with 
temperature  increase  has  been  reported  by  many 
authors,  of  which  we  can  mention  the  experimental 
work  of  Chaye  &  Sirieys  [3],  Hoiranand  &  Houpert 
[4],  Hueckel  [5],  Rousset  [6]  and  Wong  [7].  One 
particular  example,  reconstructed  from  Rousset[61, 
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illustrates  the  typical  drop  of  strength  to  be  expected 
in  deep  clays  (Hg.  7). 


Fig.  7  Thermal  softening  in  deep  clays. 

This  suggests  a  generalization  of  the  reference 
model  to  a  thermal-softening  behavior 

3tC(T)  <  0  for  1^0,  d{T>0,  3rT<0  (5) 

For  example,  data  in  figure  7  can  be  ^proximated  by 
the  following  function: 

C(D/C(To)  = 

with  A  lying  between  0.25  to  0.55.  This  model  can  be 
useful  in,  for  example,  the  design  of  underground 
nuclear  waste  disposes  or  geothermal  extraction  wells, 
where  one  would  be  interested  by  the  effects  of 
strength  reduction  on  the  borehole  stability  and 
convergence. 

Note  that  plastic  strains  only  occur  if  the  stress 
tensor  stays  on  the  yield  surface,  while  softening 
stipulates  that  the  latter  shrinks  with  temperature,  i.e. 
DtFfeT>:g:aaFfeT)+T^F(o,T)==0.  As  t>0  and 
dTFte»'^>0,  wi  deduce  that  o75aFfeT)<:0,  hence  6: 
eP  <0,  violating  the  "stability”  requirement  set  fortiii 
by  Drucker  (see  for  example  Palmer  et  al  [8]).  In 
consequence,  uniqueness  of  the  solution  is  not 
theoretically  guaranteed.  Notwithstanding,  only  one 
consistent  solution  has  been  found  which  verifies  all 
the  necessary  conditions  of  consistency.  Detailed 
theoretical  developments  will  be  published  in  a 
separate  paper.  It  is  interesting  that  this  solution  leads 
to  the  same  sequence  of  elastoplastic  zones  (figure  1) 
and  admits  the  same  qualitative  descriptions  such  as 
the  sub-division  of  the  loading  plane.  However,  this 
time,  the  boundaries  are  not  fixed  beforehand.  The  new 
element  in  this  solution  is  a  dimensionless  field 
function  C(T),  defined  by  C(T)=C(T)/C(To), 
representing  the  degree  of  softening  inside  the 
medium.  For  example,  the  yield  condition  of  PI: 
AP+e(a)=:l  becomes:  AP+0(a)^(Ta)  where  Ta=T(a,t) 
is  the  temperature  at  tunnel  wall.  The  plastic  boundary 


x(t)  in  the  configuration  P2  is  now  given  by  (cf. 
equation  (4)): 

0(x(t),t)  -  C[T(x(t),t)]  =  -  AP  + 

Putting  C(T)=C(To)  gives  the  solution  of  model  1, 
demonstrating  the  consistency  of  the  two  models. 

Conclusions 

The  three  thermal-mechanical  models  presented 
here,  thanks  to  their  analytical  character,  allow  a  more 
comprehensive  study  of  thermal  effects  in  underground 
cavities.  Their  simplicity  also  facilitates  greatly 
numerical  computations,  and  sensitivity  studies 
become  routine  matters.  These  facilities  make  them  an 
ideal  complement  to  more  elaborate  numerical  tools  in 
a  design  office,  especially  at  the  preliminary  design 
stage. 
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THERMAL  STRESS  RELAXATION 
DURING  GROWTH  OF  CYLINDRICAL  SHELLS 
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We  examine  thermal  stress  relaxation  during  growth  from  the  melt  of  shaped  crystals  in  the  form  of  thin 
circular  cylindrical  shells,  using  the  Haasen- Alexander  constitutive  law,  in  which  the  creep  strain-rates  and 
dislocation  generation-rate  depend  on  the  current  levels  of  temperature,  stress,  and  dislocation  density.  Unlike 
problems  in  time-independent  domains,  growth  problems  have  vanishing  tractions  and  non  vanishing  traction-rates 
which  are  proportional  to  the  growth  rate.  Once  die  stress-  and  dislocation-rates  are  computed,  they  are  integrated 
starting  from  the  solid-liquid  interface.  Such  integration  requires  knowledge  of  stresses  and  dislocation  density  at  the 
solid-liquid  interface,  significant  microstructuial  parameters  describing  the  solidification  process  and  critically 
affecting  the  resulting  stress  relaxation  and  dislocation  density,  including  the  final  density. 

Key  words:  cylindrical  shell,  thermal  stress,  relaxation,  dislocation  density,  crystal  growth,  silicon,  semiconductors. 


1 .  Introduction 

As  the  efficiency  of  Si-based  photovoltaic  cells 
increases,  photovoltaic  energy  becomes  more 
attractive  as  an  alternative  form  of  clean,  inexpensive 
energy.  Experimental  efficiencies  in  the  range  13%- 
23%  have  been  reported.  The  recent  series  of  articles 
edited  by  Sinke  outlines  some  of  the  materials 
issues  for  with  photovoltaic  energy.  To  further 
enhance  efficiency,  dislocation  density  must  be 
minimized. 

A  common  method  for  the  growth  of  thin  Si 
plates  firom  the  melt  for  photovoltaic  applications  is 
Edge-defined  Film-fed  Growth  (EFG):  Si  plates  are 
grown  either  directly  in  the  form  of  rectangular 
panels,  or  as  polygonal  cylindrical  tubes  which  are 
subsequently  sectioned  by  laser  cutting  into 
rectangular  panels,  thus  increasing  productivity. 

Growth  of  flat  sheet  or  polygonal  tubes 
gives  rise  to  inhomogeneous  thermal  and  residual 
stress  distributions  caused  by  inhomogeneous 
temperature  gradients.  For  comparison,  see 
Lambropoulos.  Since  the  temperature  is  also  very 
high  during  growth  from  the  melt,  large  amounts  of 
creep  by  dislocation  generation  and  multiplication 
also  lead  to  stress  relaxation  at  the  cost  of  significant 
dislocation  density  and  residual  stresses. 

We  consider  the  simplified  geometry  of  thin 
cylindrical  shells  of  circidar  cross  section,  as  the 
limiting  case  of  a  polygonal  tube  in  which  the 
number  of  facets  increases  to  infinity.  The  interaction 
of  various  factors  leading  to  dislocation  generation  is 
investigated.  Such  factors  include  the  rate  of 
temperature  decay  away  from  the  solid-liquid  interface, 
the  rate  of  crystal  growth,  the  radius  and  thickness  of 
the  growing  shell,  as  well  as  the  boundary  conditions, 
in  terms  of  the  initial  dislocation  density  and  initial 
stress  prevailing  along  the  solid-liquid  interface. 


2  •  Constitutive  law 

High-temperature  inelastic  deformation  of  Si  is 
described  by  decomposing  strain-rate  into  elastic 
(assumed  isotropic),  thermal,  and  creep  parts: 


^?=aCI)T5ij 


with  a  super-posed  dot  denoting  material  derivatives. 

Several  different  models  have  been  used  to 
describe  the  creep  strain-rate,  including  power-law 
creep,  and  exponential  dependence  of  strain-rate  on 
stress  via  an  activation  volume.  Such  models 
view  dislocation  generation  as  a  steady-state  process, 
so  that  the  total  dislocation  density  is  constant.  As  a 
result,  these  models  can  not  predict  an  evolving 
dislocation  density. 

For  dislocation  generation  in  semiconductors 
such  as  Si,  Alexander  and  Haasen  proposed  a 
constitutive  law  in  which  the  inelastic  strain-rate  and 
dislocation  generation  rate  both  depend  on 
temperature,  stress,  and  on  the  dislocation  density. 
This  constitutive  model  predicts,  for  example,  the 
presence  of  upper  and  lower  yield  points  in  a  imiaxial 
tensile  test  at  fixed  loading  rate  and  temperature. 
Extensive  data  and  review  of  the  model  assumptions 
are  in  George  and  Rabier.  The  Alexander-Haasen 
constitutive  law  was  introduced  in  the  study  of  EFG 
flat  plate  Si  crystal  growth  by  Dillon  et  al.,  and 
has  also  been  used  to  describe  dislocation  generation 
during  Czochralski  crystal  growth. 

As  the  state  of  stress  during  crystal  growth  is 
multiaxial  and  inhomogeneous,  we  use  the  multiaxial 
form  of  the  Alexander-Haasen  constitutive  law 
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(2) 


eJ^=<t)bBoexI(-Q/fegT)(Te-A^/N)“N^ 

N=KBoexi(-Q/RgT)(Te- N 


^  is  creep  strain-rate,  N  is  dislocation  density,  sy  = 
^ij“’<ndk8ij/3  is  stress  deviator,  5ij  is  Kronecker 
delta,  and  Te  is  effective  shear  stress  te  =  (sy  sy/2)^^. 
<x>  =  X  if  x>0,  and  0  otherwise.  For  Si:  <|>  =  1/2,  b 
is  Burgers  vector  (0.38  nm),  exponent  m  =  1.1,  and 
constants  Bq  =  8.6x10*^  K  =  S.lxlQ-^ 

mN"^  A  =  4  Nm*^  (describing  back  stress  of 
dislocations  already  present).  Activation  energy  of 
dislocation  motion  is  Q  =  211  kJ  mol"^  and  Rg  = 
8.314  J  mol'^  is  the  gas  constant 


3.  Problem  formulation 

A  circular  cylindrical  shell  is  semi-infinite  in  the 
growth  x-direction.  The  growth  rate  is  po-  The  shell 
has  radius  R,  thickness  t,  and  bending  rigidity 
D=Et2/[12(lV)]. 

The  solid-liquid  interface  is  at  x  =  0,  with  z 
measuring  firom  tihe  shell  middle  surface.  As  the  shell 
is  subjected  to  axisymmetric  loading,  the  kinematic 
relations  of  strain-rates  and  velocities  w ,  u  in  the 
radial  (z)  and  axial  (x)  directions,  are,  respectively, 


Fi(x) 

F2(x) 


DR  DR(1-v2) 


D{l-v)  D(1  v2) 


(7) 


Thermomechanical  force-resultant  rates  are 

^=r^^EaTd2,  l^=Ea  rf^Eaizdz 

J-t/2  i-tll  (8) 

J[^^2'^{^?+ve§P)<lz 

/^^2^(^?’+''egp)zdz 

Traction-free  boundary  conditions  =  Q,  =  0  at 

the  solid-liquid  interface  x  =  0  lead  to  boundary 
conditions  in  terms  of  the  force-  and  moment-rates 

i^=PoQx=o.  Qx=po^=-poy 


(3) 


and  the  incremental  equations  of  equilibrium  are 


N,=0,  ^  +  ^i=0,  ^-4=0 

*  dx  R  dx  ^ 


(4) 


When  steady-state  growth  conditions  are  attained 
(long  shell),  field  quantities  do  not  change  in  a  fixed 
laboratory  frame  of  reference,  and  material  derivatives 
are  then  converted  to  spatial  derivatives  by 


(5) 


The  differential  equation  for  the  radial  velocity  is 


^+4p4w=Fj(x)+ 

dx^ 


d^2(x) 

dx2 


(6) 


where  p  =  [3(l-v^)]^^^/VRt  and 


Thus,  the  traction-rate  boundary  conditions  require 
knowledge  of  the  transverse  force  Ne  (equivalently, 
the  stress  Ge)  at  the  interface. 

The  radial  velocity  rate  was  found  by  a  Green’s 
function  iterative  approach  and  numeric^  integration 
in  the  axial  direction.  The  integration  grid  pattern  was 
finely  spaced  near  the  solid-liquid  interface  (where 
stresses  are  expected  to  vary  rapidly).  High  order 
Gauss  quadrature  rule  was  used  to  ^d  the  stress 
profile  in  the  thickness  direction  so  as  to  obtain  the 

sectional  loading  rates  .  For  stability 

and  convergence,  a  one-dimensioni  line  search  was 
used  to  obtain  the  optimum  step  length  for  the  radial 
velocity  and  curvature-rate  in  each  new  iteration. 

Once  the  stresses  are  computed,  the  dislocation 
density  and  creep  strain-rates  are  found  by  integrating 
equations  (2)  in  the  direction  of  crystal  growth,  where 
N(x=0,  z)  s  No  (z)  is  the  initial  dislocation  density 
along  the  solid-liquid  interface.  The  initial  dislocation 
density  Nq  can  not  be  determined  a  priori,  as  it  is  set 
by  the  physical  mechanism  of  solidification. 

The  temperature  distribution  is  taken  to  be 

T(x,S=T,+(T„-T,  +  T,S)=-Vx 
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where  Tf  is  the  room  temperature,  Tm  is  the  melting 
temperature,  and  Tz  is  the  temperature  difference 
between  the  outer  surface  and  the  inner  surface  of  the 
shell.  We  assumed  that  No  is  uniform  through  the 
shell  thickness.For  the  shell  geometry  we  use  typical 
radius  R  =  5  cm,  and  thickness  t  =  100  \xm. 


4 .  Thermoelastic  results 

We  first  use  the  thermoelastic  approximation, 
neglecting  the  creep  strain-rates  as  compared  to  the 
thermal  and  elastic  strain-rates,  with  the  dislocation 
density  level  determined  from  the  thennoelastic  stress 
values. 

Fig.  1  shows  the  effect  of  the  initial  dislocation 
density  at  the  solid-liquid  interface  on  the  final 
dislocation  density  at  the  outer  shell  surface  as  a 
function  of  the  ratio  y/P  describing  the  rate  of 
temperature  decay  wiA  respect  to  the  geometrical 
dimensions  of  the  shell. 


Fig.  1  The  final  dislocation  density  at  the  outer 
shell  surface  z=t/2  vs.  the  dimensionless  ratio  y/p  for 
various  values  of  the  initial  dislocation  density  Nq  at 
the  solid-liquid  interface. 


For  slow  temperature  decay  (y/P  «  1),  each 
material  element  of  the  shell  spends  a  longer  time 
interval  at  higher  temperatures,  and  the  high  rate  of 
dislocation  generation  makes  the  final  dislocation 
density  insensitive  to  the  initial  value  ("temperature- 
driven"  dislocation  multiplication). 

On  the  other  hand,  for  rapid  temperature  decay,  y 
is  of  order  P  or  larger,  and  severe  thermal  stresses  also 


make  tiie  final  dislocation  density  insensitive  to  the 
initial  value  at  the  solid-liquid  interface  ("stress- 
driven"  dislocation  multiplication). 

For  intermediate  values  of  y/p,  the  effect  of  the 
initial  dislocation  density  is  significant,  with  lower 
initial  values  leading  to  lower  final  values. 

When  the  initial  dislocation  density  is  small,  the 
maximum  creep  strain-rate  is  negligible  when  we  are 
not  in  the  "temperature-driven"  or  "stress-driven" 
regimes  of  dislocation  multiplication.  At  intermediate 
values  of  y/P  the  creep  strain  rates  are  negligible  and 
thermoelastic  calculation  of  stresses  is  justified. 

5  •  Stress  relaxation 

The  problem  formulation  outlined  above 
introduces  two  important  material  parameters  at  the 
solid-liquid  interface,  the  initial  stress  Ce,  o  which 
induces  a  generally  non-vanishing  tangential  force  Nq 
at  the  interface,  see  equation  (6),  and  the  initial 
dislocation  density  Nq  at  the  interface.  In  this  aspect, 
growth  problems  of  the  type  described  above  are 
different  in  their  formulation  from  problems  in  which 
the  material  has  a  constant  mass. 

The  effect  of  stress  relaxation  at  the  interface  will 
be  examined  by  using 

[{^6)elastijx=0 

where  (Oe)ciastic  ts  the  thermoelastic  stress  based  on 
the  temperature  distribution  used.  Multiplicative 
factor  f  describes  the  effect  of  stress  relaxation  (for  f = 
1,  there  is  no  stress  relaxation).  It  is  expected  that  f 
and  No  are  inversely  related:  When  Nq  is  large,  there 
is  significant  stress  relaxation  (f  — >  0). 

In  Figures  2-3  we  show  the  computed  effects  of 
the  initial  dislocation  density  Nq,  and  relaxation  factor 
f  on  the  maximum  final  dislocation  density.  Slow 
growth  leads  to  high  final  dislocation  density,  because 
each  shell  element  spends  a  longer  time  interval  at 
higher  temperatures.  Larger  dislocation  density,  in 
turn,  produces  large  creep  strain-rates  and  strains  and, 
hence,  larger  residual  stresses.  Uniform  temperature 
through  the  shell  thickness  produces  the  lowest  final 
dislocation  density  and  residual  effective  stress. 

Higher  initial  density  at  the  int^ace  x=0  generally 
leads  to  higher  final  dislocation  density,  since 
dislocation  multiplication  rate  depends  on  the  current 
dislocation  density. 

For  complete  stress  relaxation  at  the  interface  (f = 
0),  the  final  dislocation  density  is  low  because  of  the 
stress  dependence  of  the  dislocation  multiplication 
rate.  For  little  relaxation  (f-»l),  the  large  stresses 
prevailing  at  the  interface  induce  high  dislocation 
multiplication  rate,  and  hence  high  final  density. 
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Fig.  2:  Dependence  of  the  final  dislocation  density 
on  the  initid  dislocation  density  at  the  solid-liquid 
interface.  Solid  symbols  are  for  slow  temperature 
decay,  and  open  symbols  for  intermediate  decay. 


Fig.  3:  Dependence  of  final  dislocation  density  on 
the  initial  stress  at  x=0.  For  f  =  0,  full  stress 
relaxation  at  the  interface;  For  f  =  1,  no  relaxation. 


6 .  Conclusions 

We  have  outlined  an  approach  for  computing 
thermal  stress,  stress  relaxation,  and  dislocation 
density  during  growth  of  thin  shells  from  the  melt. 

Problems  of  combined  growth  and  stress 
relaxation  require  knowledge  of  the  stress  tensor  along 
the  growth  interface,  in  contrast  to  problems  requiring 
specification  of  the  traction  vector  when  mass  is 


conserved.  When  the  Alexander-Haasen  model  is  used 
to  describe  the  multiplication  of  dislocations  during 
crystal  growth,  the  initial  dislocation  density  at  the 
solid-liquid  interface  additionally  must  be  specified. 

Initial  stress  and  dislocation  density  along  the 
interface  are  used  as  initial  conditions  for  finding  the 
stresses  and  dislocation  density  everywhere  in  the 
crystal,  by  integrating  the  stress-rates  and  dislocation 
multiplication  rate  in  the  growth  direction.  These 
rates  vary  rapidly  within  a  short  distance  from  the 
interface,  and  soon  reach  a  constant  value.  The 
mechanical  and  microstructural  state  of  the  solid- 
liquid  interface  is  thus  identified  as  a  significant 
aspect  of  the  crystal  growth  problem. 
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Modeling  of  Damage  Effect  on  Heat  Transfer  in  Solids 
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The  paper  deals  with  a  modeling  of  coupling  between  the  damage  evolution  and  heat  trans¬ 
fer  in  solids,  that  undergo  brittle  deterioration  from  creep.  Three  models  that  account  for: 
direct  conductivity  drop  with  damage,  simultaneous  conductivity  drop  and  radiation  increase, 
and  substitutive  conductivity  and  radiation  through  partly  damaged  solid,  are  formulated.  As 
examples,  cylinders  subject  to  creep  damage  under  pure  thermal  gradient  are  considered,  and 
corresponding  failure  mechanisms  are  compared. 

Key  Words:  Rheology,  Continuum  Damage  Mechanics,  Thermal  Fracture  Conductivity,  Ra¬ 
diation 


1.  Introduction 


Creep  process  and  associated  material  deteri¬ 
oration  are  temperature  sensitive.  The  classical 
approach  consists  in  accounting  for  the  eifect  of 
temperature  on  the  material  constants  in  consti¬ 
tutive  equations  of  creep  and  creep  damage.  This 
approach  was  applied  by  the  authors  in  [1]  where 
an  annular  disk,  subject  to  creep  under  combined 
peripheral  radial  tension  and  stationary  radial  tem¬ 
perature  gradient,  was  considered. 

When  more  advanced  approach  is  used,  the 
thermo-damage  coupling  is  required  in  order  to 
take  into  account  changes  of  the  temperature  field, 
caused  by  deterioration,  and  vice  versa. 


2.  Basic  equations 

2.1  HEAT  EXCHANGE  IN  SOLIDS  SUBJECT 
TO  DAMAGE  EVOLUTION 
Tanigawa  [2]  formulated  basic  thermo-elastic 
equations  and  problems  for  time-independent  non- 
homogeneous  structural  materials  A(r)  in  the  form: 

=  0.  (1) 

The  problem  becomes  more  complicated  when 
the  time-dependent  creep  process  in  the  presence 
of  temperature  field,  and  the  associated  material 
deterioration,  is  considered.  The  material  non¬ 
homogeneity  becomes  time- dependent  A(r,t),  fol¬ 
lowing  damage  accumulation  in  a  solid.  Hence, 
when  isotropic  nature  of  damage  is  assumed  (gov¬ 
erned  by  a  single  scalar  parameter  D  (cf.  Kachanov 
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ii- 

r  dr 


rA(r) 


dr 


[3]),  a  more  general  form  instead  of  Eqn.(l)  is  re¬ 
quired: 


lA 

r  dr 


A(M)f 


(2) 


In  order  to  specify  a  thermal  conductivity  function 
A(r,t)  the  damage  evolution  with  time  D{t),  that 
results  in  temperature  redistribution,  is  used. 

The  simplest  model  is  based  on  the  assumption 
of  the  linear  heat  conductivity  drop  with  damage 
(cf.  Ganczarski  and  Skrzypek  [4]): 

A^(r,«)  =  A(r)[l-D(r,<)],  (3) 

where  A(r)  denotes  non-homogeneous,  in  general, 
distribution  of  thermal  conductivity  in  a  virgin  (un¬ 
damaged)  solid,  whereas  scalar  parameter  D  de¬ 
fines  current  damage  level,  D  G<  0, 1  >. 

Further  extension  of  the  previous  model  allows 
for  an  additional  heat  flow  term  through  the  dam¬ 
aged  surface  element  portion,  by  application  of 
the  Stefan- Boltzmann  radiation  law.  Hence,  when 
both  conductivity  and  radiation  mechanisms  of 
heat  transfer  are  admitted,  the  following  extension 
of  Eqn.(2)  is  proposed: 


=  (4) 


with  A^(r,t)  given  by  (3).  This  model  was  sug¬ 
gested  by  the  authors  in  [4],  and  applied  to  the  ra¬ 
dial  flow  in  an  originally  homogeneous  cylinder  sub¬ 
ject  to  constant  temperatures  at  the  edges,  when 
the  scalar  damage  growth  rule  was  applied.  A  com¬ 
bined  conductivity /radiation  mechanism  allows  for 
a  heat  flux  even  though  the  damage  at  a  point 
reaches  level  1  (due  to  radiation  across  the  mi¬ 
crocracks) .  However,  it  will  be  shown  further,  the 
model  exhibits  the  essential  inconsistency.  Namely, 
the  form  of  term  associated  with  radiation  suggests, 
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damaged  solid 


pseudoundamaged  solid 


Fig.l.  Schematic  of  heat  transfer  through  partly  damaged  material  element  and  hypothesis  of  heat  equivalence 


that  there  exists  heat  exchange  caused  by  a  redis¬ 
tribution  of  damage  only,  even  though  the  temper¬ 
ature  gradient  is  locally  zeroth.  Hence,  to  omit 
this  inconsistency,  it  is  necessary  to  use  of  second 
law  of  thermodynamics,  and  to  cut  off  inadmissible 
temperature  distribution. 

Another  way  consists  in  accounting  for  a  com¬ 
bined  heat  exchange,  when  the  conductivity  is  as¬ 
sumed  as  dominant  phenomenon  characterized  by 
the  substitutive  coefficient  of  thermal  conductivity 
(cf.  Staniszewski  [5]),  modified  in  order  to  take 
into  account  simultaneous  influence  of  conductiv¬ 
ity  through  point  r  and  radiation  from  r  to  r-f  Ar, 
Fig.l.  Equivalent  coefficient  of  thermal  conductiv¬ 
ity  is  expressed,  therefore,  by  the  equation: 

Aej(r,  t,T)=X^  (r,  t)  +  t,T).  (5) 

The  equivalent  (substitutive)  coefficient  of  ther¬ 
mal  conductivity  is  obtained  by  equating  heat  flux 
due  to  radiation  through  a  partly  damaged  cross 
section  and  heat  flux  due  to  conductivity  through 
fictitious  pseudoundamaged  cross  section: 


ce  4£>-t- 


dD/dr 

dT/dr 


T^Ar. 


(6) 


In  a  simplified  case,  when  changes  of  D  with 
r  are  small,  the  last  term  in  the  parenthesis  may 
be  disregarded.  Consequently,  the  equation  of  heat 
transfer  (2)  may  be  rewritten  in  the  following  form: 


i_a 

r  dr 


rXei{r,t, 


dT 


(7) 


with  Xeg(r,t,T)  given  by  Eq.(5)  and  (6). 

Concluding:  in  the  model  (7),  a  combined  con¬ 
ductivity  and  radiation  mechanism  through  un¬ 
damaged  (solid)  and  damaged  (voided)  material, 
respectively,  is  reduced  to  the  equivalent  conductiv¬ 
ity  through  the  fictitious,  pseudoundamaged  ma¬ 
terial,  when  a  substitutive  nonlinear  coefficient  of 


thermal  conductivity  function  XegirJ^T)  through 
the  pseudoundamaged  material  is  introduced  to  the 
Fourier  conductivity  law  for  partly  damaged  mate¬ 
rial  (4)  instead  of  linearly  decreasing  with  damage 
coefficient  X^{r,t)  in  the  model  (3).  Note,  that  in 
the  model  under  consideration  (7),  in  case  when 
the  material  damage  parameter  reaches  locally 
level  D  =  1  (macrocrack  initiation),  the  equiv¬ 
alent  coefficient  Xeq{D  —  1)  remains  non-zeroth 
and,  hence,  the  residual  fictitious  heat  conductivity 
through  the  pseudoundamaged  (fictitious)  surface 
element,  equivalent  to  the  heat  radiation  through 
the  completely  damaged  (true)  element,  remains 
non-zeroth  as  well.  On  the  other  hand,  the  model 
(7).  in  contrast  to  the  model  (4),  is  free  from  an 
inadmissible  heat  exchange  phenomenon  caused  by 
the  damage  redistribution,  when  the  temperature 
gradient  locally  drops  to  zero. 

A  complete  3D  model,  with  the  term  dD/dr 
taken  into  account,  is  a  subject  of  separate  paper. 


2.2  GENERAL  EQUATIONS  OF  MECHANICAL 
STATE 

When  the  geometrically  linear  theory  of  small 
displacements  is  applied  and  decomposition  of  to¬ 
tal  strains  into  elastic,  creep,  and  thermal  parts  is 
used:  e  =  -{-  the  problem  might  be 

formulated  via  the  stress  function: 


nit]  =  + 

r 


for  f  =  0, 
for  t  >  0, 


where  the  linear  differential  operator  T[<l>,T]  takes 
the  form  (primes  and  dots  denote  derivatives  with 
respect  to  r  and  t,  respectively): 


E 


ocT  . 


(9) 
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well  as  homogeneous  boundary  conditions: 


damage 

advance 


80-100% 

60^ 

40-60% 

2040% 

0-20% 


Fig.2.  Boundary  conditions  imposed  on  a  cylinder 


The  stress  components  and  their  rates  are  defined 
as  follows: 

<7,  =  =  ^  .  I  for  t  =  0 

cr^  =  i/(cTr  +  cb)  -  EaT,  J 

&r  =  Hr,  =  _  1  (10) 

=  I'i&r  4*  &e)  -  Eat-\-  /  for  t  >  0 

^E{it^il),  J 

Constitutive  equations  for  coupled  creep- damage 
problem  are  defined  by  the  similarity  of  de viators, 
based  on  the  flow  theory 

4;  =  I— sjfef-  ^  (11) 

^CTeq 

and  the  time  hardening  hypothesis  associated  with 
the  Kachanov  isotropic  brittle  rupture  law  (4): 

/  \ 

D  =  C{T)(^j^j  , 

(12) 

where  f(t)  is  a  given  time  function,  {)  denote 
Macauley  brackets,  and  <tj  refers  to  the  maximum 
principal  stress.  In  case  of  the  plane  strain  condi¬ 
tions  and  creep  incompressibility  the  intensities  of 
the  stress,  the  net  stress  (with  the  effect  of  deteri¬ 
oration  taken  into  account),  and  the  strain  rates, 
are  defined  by  the  following  formulae  [4]: 


^e?  = 


i 


Tie  - 


(1  _  £))m(T)  2 


(13) 


In  the  above  formulation,  damage  rate  and  strain 
rates  are  defined  by  temperature  dependent  mate¬ 
rial  functions  m(T),  C{T),  n{T). 


3.  Formulation  of  boxmdary  problems 


Let  us  consider  a  cylinder  of  the  inner  and  outer 
radii  a  and  6,  respectively,  under  the  plane  strain 
condition,  subject  to  radial  temperature  gradient 
Fig.2.  Stresses  and  their  rates  satisfy  Eqn.(8)  as 


<l>{a)-0,  fort  =  0,  .  . 

(^(a)  =  0,  ^(6)  =  0,  fort>0.  ^  ^ 

The  homogeneous,  stationary  equations  of  heat 
transfer  (2),  (4)  and  (7)  are  compared.  Tem¬ 
perature  redistribution  due  to  damage  are  consid¬ 
ered  here  as  quasistatic,  hence  right-hand  sides  of 
Eqs.(2),  (4),  (7)  are  disregarded.  In  general,  for  the 
very  high  damage  rates  preceding  failure,  this  term 
might  be  significant. 

Temperature  at  both  inner  and  outer  edges  of 
the  cylinder  is  held  constant  in  time,  hence,  the 
following  boundary  conditions  have  to  be  satisfied: 

Tia)^Ta,  T(6)  =  T,.  (15) 

As  the  initial  solution  (for  t  =  0,I>  =  0),  the 
classicad  logarithmic  distribution  of  temperature  is 
obtained  from  all  boundary  problems  (2),  (4)  and 
(7),  with  (15)  taken  as  boundary  conditions  for 
temperature  field. 


4-  Numerical  algorithm  for 
thermo-creep-damage  problem 

The  elastic  solution  when  D  =0,  and  the  classi¬ 
cal  distribution  of  the  temperature  axe  assumed  as 
the  initial  conditions  of  the  creep  damage  problem. 
Then,  for  the  subsequent  time  step  ’’new”  values  of 
strcdn  €r/$j  stresses  (Trfejz^  damage  parameter  and 
temperature  are  computed.  In  ail  cases  under  con¬ 
sideration,  and  each  step  of  time,  the  equation  of 
heat  transfer  is  solved  by  use  of  subiterations  either 
of  the  Finite  Difference  Method,  associated  with 
the  relaxation  method,  or  the  Modified  Midpoint 
Method.  Material  functions  m(T),  C(T),  n{T)  are 
updated  as  well.  The  procedure  is  repeated  until 
the  first  macrocrack  is  initiated. 


5.  Results 

All  numerical  examples  presented  in  this  pa¬ 
per  deal  with  the  cylinder  made  of  stainless  steel 
(rolled  18  Cr,  8  Ni,  0.45  Si,  0.4  Mn,  0.1  C,  Ti, 
Nb  stabilized,  austenitic,  annealed  at  1070^C,  air 
cooled  ASTM  321)  of  the  following  properties  [6], 
[7]:  E  =  15.0  X  103  kG/mm^,  tro.2  =  12.0  kG/mm^, 
i/=0.3,  a  =  1.85  X  lO-n/K,  A=23W/mK,  a/h  = 
0.5,  (7  =  5.669  xlO'^w/m^K^  €=0.50,  the  temper¬ 
ature  dependent  material  functions  for  creep  rup¬ 
ture  are: 


T 

(“C) 

m 

n 

(kG/mm“) 

C 

(kG-^s-i) 

600 

4.5 

3.1 

10.0 

1.68  X  10-2^ 

650 

4.0  ! 

2.8 

6.0 

1.29  X  10- 

700 

3.5 

2.5 

3.8 

6.36  X  10-‘® 
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where  denotes  the  stress  necessary  to  cause 
creep  rupture  after  10^  hr. 

5.1  EXAMPLES 

5.1.1  Thermo-Damage  Coupling  in  a  Cylinder  Dis¬ 
regarded. 

Disregarding  the  effect  of  damage  accumulation 
on  heat  transfer  Eqn.(l),  the  sampling  solution  is 
obtained.  In  this  case  temperature  remains  un¬ 
changed,  the  accompanying  hoop  stress  relaxation 
is  slow  enough  to  reach  at  finite  upper-band  esti¬ 
mation  of  the  lifetime. 

5.1.2  Pure  Heat  Conductivity  Case. 

In  case  of  simplified  equation  of  heat  transfer  (2), 
where  radiation  through  the  damaged  part  of  wall 
is  disregarded  (e  =  0),  the  significant  temperature 
redistribution  is  observed.  The  hoop  stress  relax¬ 
ation  is  now  comparable  with  the  sampling  case 
except  for  the  tertiary  creep  period,  hence  lifetime 
is  eventually  shorter  (85%t/). 

5.1.3  Combined  Conductivity-Radiation  Case. 
Combined  conductivity  /  radiation  mechanism 
taken  into  account  cause  that  saturation  of  tem¬ 
perature  precedes  rupture.  Hence,  appropriate 
cutting-off  procedure,  to  avoid  thermodynamically 
inadmissible  temperature  fields,  must  be  intro¬ 
duced.  The  high  temperature  gradients  are  ob¬ 
served  in  the  inner  zone,  that  result  in  a  change  of 
sign  of  the  hoop  stress  and,  eventually,  the  lower- 
band  estimation  of  the  lifetime  (38%f/). 

5.1.4  Equivalent  Conductivity  Concept. 

The  concept  of  equivalent  conductivity-radiation 
exhibits  the  essential  differences  dependent  on 
whether  the  derivative  dDjdT  is  disregarded  or 
taken  into  account.  When  the  exact  formula  (6) 
is  applied  a  characteristic  hoop  stress  discontinuity 
is  formed  at  the  point  of  most  advanced  damage.  In 
case  of  dDjdT  =  0  concept  (7)  sightly  differs  from 
(2).  Concluding,  as  the  most  reliable,  the  equiva¬ 
lent  conductivity  concept  Eq.(7),  is  recommended. 

A  comparison  of  the  lifetimes  for  all  considered 
cases  is  presented  in  Table  1. 


relative 

lifetime 

Examples  | 

5.1.1 

5.1.2 

5.1.3 

5.1.4 

0.853t/ 

0.381!!/ 

0.789  ti 

Table  1  Comparison  of  lifetimes  of  cylinders 
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to  Evaluate  LCF  Resistance 
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A  rational  design  procedure  is  suggested  which  includes  associated  rheological  and  durability  analysis  or 
structures  with  local  inelastic  zones  subjeaed  to  variable  repeated  mechanical  and  thermal  actions.  The  approach  is 
based  on  the  structural  model  of  elasto-visco-plastic  medium  and  the  ideas  which  follow  from. 

Key  Words:  Repeated  Loading,  Plasticity,  Creep,  Damage  Accumulation,  Macro-model  of  Structure 


introduction 

In  many  cases  lifetime  of  structures  subjected  to 
variable  repeated  actions  of  load  and  temperature  is 
limited  by  situations  which  exist  in  their  inelastic 
zones  (IZ):  rise  of  inelastic  strains  is  here  the  most 
likely.  Meanwhile,  application  of  the  traditional 
methods  of  inelastic  stress-strain  analysis  to  such 
problems  usually  leads  to  excessive  computational 
volumes.  Hence  necessity  of  some  approximate 
approaches  follows,  by  which  sufiSciently  realistic 
durability  prognosis  can  be  made  at  essentially 
smaller  lateur  input.  As  an  example,  the  known 
Neuber’s  approach  could  be  served  however,  its 
possibilities  are  restriaed  by  analysis  of  stress 
concentration  zones  under  monotonous  loading 
condition:  besides,  in  some  cases  the  obtained  results 
lack  accuracy.  Utilization  of  the  structural  model  of 
elasto-visco-plastic  medium  [1]  and  of  regularities 
that  it  implies  (in  particular,  the  generalised 
similarity  principle  [2])  allows  to  find  solutions  for 
the  problems  which  appear  at  diverse  loading 
conditions.  In  difference  from  the  Neuber's  and  other 
authors’  (Stow^ll,  Makhutov)  supposition,  use  of  any 
universal  formula  is  not  assumed  here.  By  the 
deduced  regularities  inelastic  deformation  process  in 
unsafe  point  xq  of  a  struaure  generate  at  any 
loading  program  can  be  determined  proceeding  from 
outcomes  of  stress-strain  analysis  (carried  out  by 
aiw  way)  at  initial  loading. 

The  offered  approach  expands  a  wide  circle  of 
the  problems  and  is  not  restricted  by  the  cases  of 
expressed  stress  concentration:  it  remains  valid  when 
inelastic  strain  domains  in  a  design  are  relatively 
small  (at  least,  situation  is  not  close  to  the  limit 
equilibrium  state).  And  in  any  case,  due  to  use  of 
the  structural  model,  the  peculiarities  of  non- 
isothermal  plasticity  and  creep  under  repeated 
loading  are  rather  adequately  reflected. 

Lifetime  evaluation  (in  accordance  with  the 
criterion  of  a  macro-crack  formation)  is  based  on  the 
suggested  version  of  damage  accumulation  model  of 
kinetic  type.  The  latter  is  associated  with  the 
mentioned  structural  (rheological)  model  as  they 
both  are  defined  by  common  state  parameters.  This 
essentially  simplifies  the  corresponding  design 
procedure. 


2.The  structural  model  of  medium 

It  should  be  reminded  that  the  mentioned  type 
of  rheological  models  (1-3]  is  based  on  the  concept 
of  the  actual  materials  micro-inhomogeneity.  The 
most  simple  way  to  reflect  this  property  goes  back 
to  the  known  Masing  scheme  (in  the  Western 
countries  for  such  models  they  frequently  use  terms 
"composite"  and  "layers").  Accordingly,  deformation 
behavior  of  a  body  element  is  here  imitated  by  a 
package  of  perfectly  viscous  subelements  (SEs) 
having  equal  strains  s  (or,  in  general,  strain  tensors 
s)  and  temperature  T.  Creep  rate  of  any  is  supposed 
to  be  a  function  of  temperature  and  individual  stress 
(or  corresponding  elastic  strain  r).  It  has  been 
assumed,  that  all  these  functions  are  similar  to  some 
common  rheological  function  (RF)  Cf(x,  T)  which  is 
specific  for  each  material. 

Typical  RF  at  constant  temperature,  being 
plotted  in  semi-logarithmic  coordinates,  usually  can 
be  approximated  by  two  intersecting  straight  lines.  It 
reflects  two  different  inelastic  deformation  regimes. 
The  first  (marked  as  p\  (s)  in  Fig.l)  is  distinguished 

by  relatively  high  strain  rates  in  a  narrow  elastic 
strain  range.  This  type  of  inelastic  deformation  is 


usually  considered  as  a  scleronomic  one  (plasticity). 
The  second  ( p*  (s))  is  typical  for  creep  (s  is  the  state 
parameter  of  the  simulated  medium,  explanation  of 
its  essence  and  physical  interpretation  will  be  given 
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below;  by  points  the  time  derivatives  -  d/dt  -  are 
denoted). 

It  is  evident  that  in  any  case  (excluding  the 
intersecting  zone)  one  of  the  tvi'o  inelastic  regimes  - 
viscous  or  plastic  (and  the  corresponding  type  of 
damage  accumulation,  see  p.5)  has  prevailing 
meaning;  however,  they  both  are  realized 
simultaneously: 

f  =  Ap(T)€xp(BpS)  ^  Ac(T)exp(B^).  (1) 

3.  The  similarity  principle 

Cyclic  steady  deformation  beha\ior  of  a 
structure  is  here  considered.  It  is  supposed  that 
loading  which  is  realized  in  the  IZ  is  close  to 
proportional  (this  often  takes  place  even  in  spite  of 
disproportionate  changes  of  forces  and/or  thermal 
strains).  In  the  general  case,  history  of  an  arbitrary 
external  action  can  be  presented  by  adequate  field  of 
fictitious  elastic  strains  re(xj)  which  is  related 
linearly  with  corresponding  stresses  in  the  structure. 
In  connection  with  any  local  IZ  it  is  sufBcient  to 
know  strains  re(xj)  in  the  zone  only  [3]. 

Moreover,  taking  into  account  the  assumption 
made  for  loading  conditions  in  such  zones,  we  can 
rely  on  the  generalized  similarity  principle  (GSP);  it 
should  be  reminded  that  the  GSP  has  been  deduced 
(on  the  base  of  general  equations  of  the  structural 
model)  for  arbitrary  design  subjected  for  proportional 
variable  repeated  loading  [2],  Then,  due  to  respective 
similarity  of  actual  stress,  strain  and  displacement 
fields  generated  in  a  structure,  the  necessary  initial 
information  can  be  reduced  to  fictitious  elastic  strain 
history  in  its  any  representative  point  xq  (e.g .  in  a 
point  which  is  supposed  to  be  unsafe). 

Below  the  necessary'  equations  are  written 
assuming  that  the  stress  state  is  linear.  Their 
generalization  for  the  case  of  arbitrary  stress  state  is 
trivial,  except  a  peculiarity:  instead  of  effective 
values  of  tensors,  the  corresponding  scalar  measures 
here  should  be  used,  which  differ  from  the  formers 
by  possibility  to  change  their  signs. 

Let  r^(x)  in  any  point  of  the  IZ  at  any  time 
instant  t  be  proportional  to  a  common  parameter  R  = 
r/xo);  analogously,  T(xj)^T(t)^(x),  w^here 
T(t)^T(xo,t).  Functions  R(tl  T(t)  determine  the 
prescribed  loading  program. 

Current  state  which  exists  in  the  IZ 
(designated  below  as  S(t))  represents  a  set  of  actual 
elastic  and  total  strain  fields  r(x),e(x):  accordingly, 
parameter  E  determines  total  strain  in  point  xq  of  IZ 
(here  and  after  only  power  part  of  actual  strain  is 
meant,  i.e.  thermal  strain  component  is  excluded). 
Creep  rate  field  p*  (xj)  is  determined  as  a  non¬ 
linear  function  of  state  S  and  temperature  T.  Let  us 
remind,  that  any  volume  element  of  structure  is 
represented  by  a  bundle  of  perfectly  viscous  SEs. 

Let  initial  loading  of  a  structure  at  constant 
power  strain  rate  £*  =b  and  temperature  be 


taken  as  the  basic  one.  The  corresponding  one- 
parametric  set  of  states  5^  will  be  termed  as  the 
basic  one  (M,);  any  of  its  elements  is  identified  by 
parameter  R  (St(R)  Initial  loadings 

corresponding  to  different  values  of  E*  J  form  a  set 
of  states  M2,  Accordingly  to  the  GSP,  the  latter 
proves  to  be  two-parametric:  any  state  S 

corresponding  to  aibitrary  values  oi  R,  is 

similar  to  some  state  Si,: 

S(A  (2) 

s^aPiET/bTf,  (3) 

Here  and  after  upper  zero  denotes  corresponding 
inverse  function  {CP  is  function  inverse  to  the  RF 
with  respect  to  the  first  argument).  In  addition,  here 
such  normalization  of  the  RF  is  used,  that  d3(7,7^) 
=  b.  In  particular,  if  the  basic  loading  determines  the 
diagram 

(4) 

the  diagrams  obtained  in  other  trials  are  similar  to 
the  mentioned  one  with  respect  to  the  coordinate 
origin: 

R--sf  (E/s).  (5) 

At  repeated  loading  similarity  of  the  states  S 
ceases,  but  the  differences  S-=  S  ~  (Sv  denote  the 
state  in  the  last  reversal)  prove  to  be  similar  to  the 
states  [2]: 


(6) 

Ky=s-s^ 

(7) 

Accordingly, 

R-  -Kf(E»/K). 

(8) 

The  asterisks  mark  changes  of  the  corresponding 
parameters  on  a  comparison  with  their  values  have 
been  reached  at  the  last  reversal  moment  (index  v). 

Expressions  (2)  and  (4)-(8)  can  be  used  also  at 
variable  rale  E*  and  temperature  T  as  some 
approximation:  however  use  of  expression  (3)  can 
lead  to  some  errors.  For  example,  stress  relaxation 
in  a  zone  IZ  at  value  E*  wftich  is  close  to  zero  is 
possible,  but  this  does  not  mean  that  parameter  s  is 
equal  to  zero .  In  such  situations  the  latter  parameter 
can  be  represented  as  a  functional  of  the  deformation 
history';  the  defining  equation  is  based  on  a 
similarity  assumptions  (1),(4)  and  can  be  obtained  by 
time  differentiation  of  expression  (8)  taking  into 
account  (3). 

By  introducing  parameter  t^E-R  which  is 
linearly  related  with  state  S,  we  come  to  the  state 
equation 
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0(s.T)(lif'(EM);  (9) 

parameters  s  and  EJk  can  be  determined  using 
parametric  equation  (8);  here  and  below  derivatives 
are  marked  by  dashes.  The  state  equation  (9)  can  be 
used  on  airy  stage  of  loading  history  (on  the  initial 
one  it  should  be  adopted  Ev^Sy^Rv-0),  Specifically, 
from  (9)  at  E*^onst,  Theorist  expression  (3) 
follows. 

Unfortunately,  the  "memory  rules"  by  which 
conditions  of  the  sequential  reversals  appearance  and 
erasing  firom  the  memory  caimot  be  considered  here; 
largely,  th^  are  analogous  to  those  used  in  the  case 
of  the  similarity  principle  formulated  for  the 
structural  model  of  medium  [1,2].> 

4.  On  the  computational  procedure 

The  characteristic  functions  RF  and 

R^f(E)  be  used  as  the  identification  functions  for  the 
suggested  macro-model.  The  first  one  can  be 
determined  by  process  of  scaling  over  dependence  of 
secondary  creep  rate  of  the  material  on  elastic  strain 
r  and  temperature  Tip* -(p(r  T)): 

<^(x,1)=<p'‘(x,T)/ <P°(b.Tt) .  (9) 

To  determine  function  f  it  is  necessary  to 
analyze  the  states  of  the  structure  under  initial 
loading  characterized  by  the  two  different  conditions: 

a)  supposing  perfect  elasticity  (0=0)  -  to  connect 
parameters  of  external  thermo-mechanical  action 
with  loading  parameter  R; 

b)  be  based  on  the  given  RF  (i.e.  determined  by 
expression  (9))  and  the  basic  value  of  parameter 
E*  =b.  Variation  of  the  external  load  rate  should 
be  fitted  in  such  \iay  that  the  actual  power  strain 
rate  in  unsafe  point  xq  be  approximately  constant: 
then,  this  value  is  accepted  as  the  basic  one 
{ £*  The  RF  here  is  supposed  to  be 
independent  on  temperature  (7’=7i,). 

Comparing  the  results  one  can  determine 
dej)endence  (3)  between  parameters  R  and  E. 

Note,  that  there  is  no  necessity  to  prescribe  the 
loading  program  for  the  basic  computations  in  detail. 
It  is  enough  to  reproduce  situations  (i.e.  external 
forces  and  thermal  strains)  which  correspond  to  the 
extreme  states  in  the  IZ. 

5.  Lifetime  evaluation  of  a  structure 

It  is  offered  to  use  here  the  variant  of  LCF 
damage  accumulation  model  associated  with  the 
structural  (rheological)  model  of  medium  by 
utilization  of  identical  state  parameters  (its  initial 
version  is  discussed  in  [3]). 

It  is  supposed  that  total  damage  consists  of 
"cyclic"  part  0a  which  is  due  to  alternating  inelastic 
strain,  and  the  "static"  one  0^  related  with  cyclic 


strain  accumulation  (below  attention  is  attraaed  to 
the  first  part  only).  Experiments  show  that 
component  0a  should  be  divided,  in  its  turn,  into  two 
parts  which  correspond  to  plastic  and  creep 
deformation  processes,  respectively  (see  Fig.l).  This 
is  conditioned  by  a  specific  effect:  damage  caused  by 
creep  under  tension  decreases  after  creep  under 
compression  (this  peculiarity  is  often  interpreted  as 
«damage  curability»).  Thus  we  obtain: 

COa  =  (Op  +0c>  (10) 


In  the  most  simple  case  of  tension-compression 
loading  cycle  the  suggested  equations  take  the  form: 


CO) 

(11) 

ml  =‘H(mJD^s,  7?v“|/);| , 

(12) 

here  Di(s,T)  are  the  damage  functions  depending  on 
state  parameters  s  and  T  (see  p.2);  the  third  state 
parameter  is  presented  by  relation  v^pjr^  (inelastic 
and  elastic  strains  in  point  xq  should  be  account 
off  firom  the  last  reversal  point);  H  denotes  Heavyside 
function  iH(x)^0  at  x<0,  otherwise  H(x)^}y 

Inelastic  strain  rates  p]  and  p]  should  be 

determined  in  accordance  with  the  state  equation 
(the  similarity  principle  [1])  of  the  structural  model 
of  medium 

p;=  0^(sJ)(I-(P'(EJk))  (P-px)  (13) 

where  functions  0p,  0c  correspond  to  the  two 
branches  of  the  RF  which  are  shown  in  Fig.L 
Parameter  v  in  equations  (11),  (12)  is  uniquely 
connected  with  argument  EJk  of  state  equation  (8). 
It  is  important,  that  state  parameters  s  and  EJk  for 
the  IZ  as  a  whole  and  for  macro-stresses  in  point  xq 
coincide.  Due  to  this  peculiarity'  the  both 
computations  concerning  deformation  kinetics  and 
damage  accumulation  can  be  carried  on  in  a  parallel 
way. 


Identification  of  the  model  is  reduced  to 
experimental  determination  of  damage  functions 
D^sJ)  and  exponent  aCT),  The  functions  can  be 
found  from  LCF  tests  data  at  varied  deformation 
rates  in  tension  and  compression  half-cycles;  the 
LCF  diagram  exponent  is  determined  by  a  slope  of 
plotted  in  logarithmic  coordinates.  As  an  example, 
damage  functions  for  a  high-temperature  Cr-Ni  steel 
is  shown  in  Fig.2.  Note,  that  identification  of  the 
damage  model  can  be  simplified  if  piecewise-linear 
(line  2)  or,  all  the  more,  piecewise-constant  (3) 
approximation  of  the  functions  is  used. 
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Verification  of  the  suggested  damage 
accumulation  model  confinned  that  it  reflects  the 
main  LCF  regularities  [5]  wth  quite  satisfactoiy 
accuracy.  Moreover,  at  loading  programs  which 
include  hold-time  periods  and/or  non-isothermal 
loading  stages,  num^rs  of  cycle  to  failure  predicted 
by  the  suggested  model  correspond  to  experimental  ' 
data  something  better  than  other  known  damage 
models.  Possibly,  it  is  related  with  state  parameters  v 
and  s  has  been  adopted  as  defining  for  the  damage 
process  (as  well  as  for  viscous  and  plastic 
deformation  processes).  It  has  been  shown  [1,2]  that 
the  parameters  can  be  interpreted  in  terms  of  physics 
of  metals:  the  first  one  represents  relative  number  of 
activated  sliding  planes  while  the  second-  relative 
loading  intensity  of  the  latter. 

6.Conclusion 

Due  to  the  suggested  generalized  model  of 
structure,  the  rather  cumbersome  methods  which  are 
used  now  for  stress-strain  analysis  of  inelastic 
structures  subjected  to  variable  repeated  loading  ,  in 
some  actual  cases  can  be  substituted  by  procedures 
which  need  essentially  less  computational  volumes. 
The  approach  has  required  use  of  some  simplified 
assumptions,  in  particular,  isochronism  of  strain 
reversals  in  all  the  points  of  the  considered  structure: 
the  Masing  principle  validity  for  viscous  solids; 
similarity  of  state  of  any  structure  with  respect  to  its 
basic  state  which  corresponds  to  initial  loading  stage. 
Verification  of  model  has  shown  that  the 
inaccuracies  caused  by  the  assumptions  prove  to  be 
rather  small. 

It  should  be  noted  that  only  cyclical  component 
of  a  structure  response  (and  accordingly  LCF 
damage)  is  considered  above:  the  static  component 
(strain  accumulation  w^hich  often  accompanies  cyclic 
loading  and  can  essentially  decrease  durability  of 
structures)  has  not  been  taken  into  account.  But  in 
the  case  of  local  IZ  influence  of  the  latter  on  lifetime 


can  be  usually  neglected.  In  more  common  cases, 
approximate  limit  strain  accumulation  can  be 
determined  accordingly  to  the  acting  loading  cycle 
parameters  using  some  special  procedure  [6]. 

This  study  is  a  part  of  the  project  sponsored  by  the 
Russian  Fund  for  Fundamental  Research  (grant 
95-01-00230) 

References 

(1)  Gokhfeld.  D.  A.  and  Sadakov,  O.S.  On  the  Main 
Approaches  to  Strength  and  Lifetime  Evaluation 
of  Structures  Under  Variable  Repeated  Load  and 
Temperature,  Inelastic  Solids  and  Structures 
(Antoni  Sawchuk  Mem.  VoL,  M  Kleiber  and  J.- 
A  Konig,  Eds),  Pineridge  Press,  Swansea,  U.K., 
p.415, 1990. 

(2)  Gokhfeld,  D.A  and  Sadakov,  O.S.  Generalized 
Similarity  Principle  for  Plasticity  and  Creep 
Analysis  of  Structural  Elements,  Trans.  11th 
Intern.  SMiRT  Conf.  (Tokyo.  Japan),  V.  L,  p.581, 
1991. 

(3)  Gokhfeld,  D.A.,  Poroshin,  V.B.  and  Sadakov  O.S. 
On  LCF  Lifetime  Prediction  in  the  Case  of  Stress 
Concentration  Zone,  Trans.  4*^  Intern.  Confer,  on 
Comput.  Plasticity  {COMPLAS-4),  Barcelona, 
Pineridge  Press,  Swansea,  UK,  p.l033,  1995. 

(4)  Gokhfeld.  D.A,  Poroshin,  V.B.  and  Sadakov,  O.S. 
Plasticity  and  Creep,  LCF  and  Crack  Propagation 
Processes:  Related  State  Equations,  Trans. 
SMiRT  ll**'  Intern.  Confer.,  Tokyo,  Japan,  Vol.L, 
p.283,1991. 

(5)  Manson,S.S.,  The  Challenge  to  Unify  Treatment 
of  High  Temperature  Fatigue.  A  Partisan  Proposal 
Based  on  Strainrange  Partitioning,  ASTM  Spec. 
Techn.  Publ,  N520,  p.74,  1973. 

(6)  Gokhfeld,  D.A  and  Sadiov,  O.S.,  Steady  Cfyclic 
State  of  a  Structure:  Methods  of  Its  Direct 
Determination,  Inelastic  Behaviour  of  Structures 
under  Variable  Loads,  Z.Mroz,  D.Weicheri, 
St.Doros2  Eds.  Kluwer  Academic  Publ., 
Dordrecht.  Boston,  London,  p.449, 1995, 


220 


A  Constitutive  Model  for  Thermo-Hydro-Chemo-Mechanical  Response  of  Decomposing 
High  Performance  Concrete  Under  High  Temperature. 

M.  Jouhari*  and  I.  Laalai* 

*  Ecole  Nationale  des  Fonts  et  Chaussees,  Centre  d*Enseignement  et  de  Recherche  en  Analyse  des 
Materiaux  (ENPC-CERAM),  6  etS  avenue  Blaise  Pasal,  Cite  Descartes  Champs-sur-Mame,  F-77455 

MARNE’LA^VALLEE  Cedex2,  FRANCE. 

We  have  developed  a  thermo-hydro-chemo-mechanical  constitutive  model  for  decomposing  high 
performance  concrete  subjected  to  high  temperature.  The  model  is  based  on  the  poroelasticity  theory 
and  includes  analysis  of  the  mass  loss  of  the  skeleton  due  to  thermochemical  decomposing,  gas 
pressure  inside  the  pores  and  stresses.  The  numerical  results  show  the  influence  of  the  rate  of  heating 
and  the  values  of  the  material  parameters  on  temperature  gradient,  stress  fields  and  water  vapour 
pressure  and  especially  the  influence  of  the  chemical  shrinkage  due  to  dehydration  on  the  spalling. 

Key  WordssHigh  Temperature,  High  Performance  Concrete,  dehydration,  Stresses  and  Pore  pressure. 


1.  Introduction 

Over  the  last  few  years,  experimental  studies  have 
shown  premature  damage  in  certain  high  performance 
concretes  (HPC)  during  exposure  to  high 
temperature.  These  types  of  concrete  are  dense,  with 
a  number  of  excellent  properties,  but  the  density  is  a 
potentiel  problem  with  regard  to  fire  resistance.  High 
temperatures  induce  a  loss  of  strength  and  stiflhess, 
increase  both  the  elastic  deformability  and  the  creep, 
alter  the  chimical-physical  composition  of  the 
hardened  mortar  (transmigration  and  vaporisation  of 
the  free  water,  loss  of  the  combined  and  adsorbed 
water,  dissociation  of  the  calcium  hydroxide  at 
450®C,  shift  from  a  quartz  to  p  quartz  in  the 
cristailine  silicon  dioxide  at  575°C)  [1].  When 
concrete  is  exposed  to  high  temperature,  the  liquid 
water  in  the  concrete  will  change  into  water  vapour. 
The  dehydration  of  the  C-S-H  also  produces  a  water 
vapour.  These  two  phenomenon  combined  to  the  low 
porosity  and  low  coefficients  of  fluid  transfer  lead  to 
a  considerable  increase  of  the  pressure  of  fluid  inside 
the  concrete.  Then  the  risk  of  spalling  is  very  high 
even  explosive  spalling  has  been  reported  [2].  In 
order  to  get  a  better  imderstanding  of  this 
phenomenon  and  a  greater  degree  of  predictability,  it 
is  necessary  to  acquire  more  knowledge  about  the 
thermo-hydro-chemo-mechanical  mechanisms  that 
cause  this  kind  of  damage. 

2.  Mass  Conservation  and  Thermodynamic 

We  have  developed  a  thermo-hydro-chemo- 
mechanical  constitutive  model  for  decomposing  high 
performance  concrete  subjected  to  high  temperature 
and  overall  loading.  The  model  is  based  on  the 
poroelasticity  theory  and  includes  analysis  of  the 
mass  loss  of  the  skeleton  due  to  thermochemical 
decomposing,  gas  pressure  inside  the  pores  and  the 
thermal  stress.  The  underlying  ideas  to  model  such  a 
dehydration  in  the  framework  of  reactive  porous 


media  are  mass  conservation  considerations  and 
thermodynamics  of  open  porous  media.  For  the 
general  theory  of  open  reactive  nonsaturated  porous 
media,  the  interested  reader  is  referred  to  Coussy 
[3,4].  At  the  level  of  the  porous  media,  the 
dehydration  may  be  roughly  viewed  as  follows:  the 
reactant  phase  corresponds  to  the  hydrats  and  the 
product  phase  to  the  free  water  vapour.  Let  and  m® 
be  respectively  the  masse  increase  of  fluid  and  the 
mass  loss  by  the  skeleton.  The  mass  conservation  for 
each  phase  reads  as  follows: 

•^2— =  -DivM+m®  (1) 

dt 


dm*  0 
dt 


(2) 


where  m°  is  the  rate  of  mass  of  fluid  produced  by  the 
dehydration  and  -DivM  is  the  external  rate  of  fluid 
mass  supply.  Equations  (1)  and  (2)  give: 
dm 

- =  -DivM  (3) 

dt 


where  m  =  m®  -  m®  is  the  mass  increase  due  only  to 
the  external  flow  of  fluid. 


Using  thermodynamics  of  open  porous  medium, 
the  second  law  of  thermodynamics  can  be  writen  as 
follows: 


a:i  -  ^  -St+  g®  m®  -  -  (g®  -  g^)m° 

-■^•GradT-— GradpSO 
T  pS 

where  an  overdote  denotes  time  derivation; 
GjSandgJnare  stress  tensor,  entropy  and  free 
enthalpies  per  unit  mass,  they  are  the  thermodynamic 
forces  associated  in  dissipation  to  the  rate  of  the 
strain  tensor  s ,  temperature  T  and  mass  m^  (j  =  g,  s); 
and  Q  and  M  are  the  vectors  of  the  heat  flux  and  the 
fluid  flux. 
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(|)i  =  a:£  “  ^  -  St+ g®  is  the  dissipation 

related  to  the  intrinsic  mechanisms; 
4>d  is  the  dissipation  associated  to 

the  dehydration  reaction;  (bf  =-— -GradT  is  the 

T  - 

dissipation  associated  with  the  transport  of  heat  and 
*t>f  =~^  Gradp  is  the  dissipation  associated  with 

the  transport  of  fluid. 

Substituting  equation  (2)  into  (4),  the  second  law 
of  thermodynamic  can  be  written  as: 


g:£~y-ST-f  glm-^-GradT— — -Gradp^O  (5) 
T  pS 


A  comparison  between  (4)  and  (5)  allows  us  to 
consider  the  mass  loss  as  an  internal  variable, 
denoted  in  the  following  by  x  and  its  associated 
thermodynamic  force  by  A.  A  is  the  affinity  of  the 
chemical  reaction  of  dehydration  and  iits  reaction 
rate  (because  its  evolution  cannot  be  controlled  by 
external  flow).  The  thermodynamics  forces  derive 
from  free  energy  ^  =  'F(e,T,m,  jc) . 


Classically,  we  obtain: 


a 


de  ’ 


S 


ax  ’ 


3.  Constitutive  equations 


Xy\i  are  the  lame  coefficients,  Mis  the  Biot 
modulus,  b  is  the  Biot  coefficient,  a  is  thermal 
dilatation  coefficient,  K  is  the  bulk  modulus,  Cg  is 
the  volumic  heat  capacity,  Tq  is  the  initial 
temperature,  s®  is  the  initial  mass  entropy  of  fluid,  i 
is  the  latent  heat  of  increasing  fluid  mass. 


3.1.2  The  characteristics  related  to  our  model: 

The  variation  of  pore  pressure  of  fluid  due  to  the 
external  increasing  of  the  mass  m  is  the  same  than 
associated  to  the  internal  increasing  of  mass  due  to 
dehydration  x.  The  coefficient  5  can  be  then 
identified  to  M. 

TqY  is  the  latent  heat  of  dehydration:  it  represents  the 

consumed  heat  by  the  dehydration  reaction  to  produce 
a  unit  mass  of  water  vapour. 

Equation  (7)  inverted  shows  that  the  volume  strain 
related  to  chemical  reaction  of  dehydration  is: 

c  CO 

^  TU'  (12) 

We  can  distinguish  in  the  last  expression  two 
different  contributions;  one  is  due  to  the  internal 
supply  of  mass  fluid  in  the  porous  space,  the  other  is 
induced  by  shrinkage  effect  related  to  chemical 
volume  change  (dehydration  shrinkage).  Indeed, 
equation  (12)  can  be  written  as  follows: 


K  pS  pI 


(13) 


To  complete  the  description  of  the  mechanical 
behaviour,  we  have  worked  out  from  specifying 
expression  of  free  energy  of  the  system  a  constitutive 
equations  in  the  framework  of  physical  linearization 
and  infinitesimal  transformation: 

a  =  aol+tee+2ne-Mb4l-3<xK01-co4-l  (7) 

Po  =  Po 

Sm  =  gm  -^btre  -  (s“  -  ^)0 +---^m+8— 4"  (8) 

(P§)  ,  (P§)' 

S  =  So  +  3aKtrE+-^e+(s° (9) 

A  =  Ao+4tre+79-8--4— (10) 

(po)  (po)’ 

By  using  the  saturating  fluid  state  equation: 

j  dp 

dgm  =  —  Snjd0 ,  equation  (  8)  becomes: 

p* 

p  =  Po-Mbe+p§^e+M— +8—  (11) 

pi  Pi 

where  p  is  the  pore  pressure  and  po  the  pore  pressure 
at  the  initial  time. 


where  the  coefficient  |3may  be  considered  as  a 
chemical-dilatation  coefficient. 

T  is  a  material  parameter  which  expresses  the 
thermodynamic  inbalance  between  the  chemical 
constituents  involved  in  the  dehydration  reaction. 

4.  Evolution  laws 

4. 1  HEAT  CONDUCTION  LAW  AND  MASS  TRANSFER 

For  the  temperature  evolution,  Fourier  law  is 
adopted  (14).  The  mass  transfer  in  the  concrete  is 
gouvemed  by  the  Darcy’s  law  (15) 


Q  =  -C  gradG 

(14) 

—  =  -Kgradp 

(15) 

where  C  is  the  thermic  conductivity  and  k  is  the 
permeability  coefficient, 

4.3  KINETICS  OF  DEHYDRATION 

An  evolution  law  of  the  Arrhenius  type  is  adopted 
for  the  kinetics  of  dehydration.  If  the  degree  of 
conversion  for  the  reaction  is  denoted  by  c,  the 
Arrhenius  kinetic  reaction  equation  is  given  by: 


3 . 1  SIGNIHCANCE  OF  MATERIAL  CHARACTERISTICS: 

3.1.1  The  classical  characteristics: 


—  =  exp| 


(16) 
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where  Ea,n  and  R are,  respectively,  the  reaction 
rate  constant,  the  activation  energy,  the  order  of 
reaction  and  the  universal  gas  constant. 

If  the  heating  rate  is  constant,  we  derive  from  (16) 
and  the  initial  condition  c  =  0  [5): 

r  1  ^ 


l-n 


(17) 


where  g(y)  = 
E 


-  f— du  +  f— du- 
J  u  j  u 


.-Vo 


yo 


y  =  — a.  ^  y  ^  initial  temperature,  h  is 

RT  RTq 

the  constant  heating  rate  and  is  the  total  mass  loss. 


5.  Equation  discretization  and  numerical  solution 

The  numerical  solution  is  carried  out  by  using 
finite  element  technique  (2D  dimension, 
axisymmetric  and  plane  stress  problems  are  treated). 
A  system  of  matrix  differential  equations  is  obtained 
and  may  be  integrated  in  time  by  using  Crank- 
Nicholson  implicit  algorithm.  Note  that  the  problem 
is  nonlinear  since  the  material  parameters  are 
temperature  dependant.  Therefore  at  each  step  of 
Crank-  Nicholson  algorithm,  Newton-Raphson 
procedure  is  used.  After  solving  the  differential 
equations  in  terms  of  displacement,  pressure  and 
temperature,  the  strains  and  the  stresses  are  calculated 
using  equation  (7).  A  numerical  study  have  shown 
that  the  results  are  time  step  independant. 

6.  Numerical  computations 

The  numerical  simulations  has  been  performed  to  fit 
experimental  data  that  are  available  in  the  literature 
[6]  in  the  case  of  HPC  cylinders  16x32  subjected  to 
different  constant  rate  of  heating  on  their  surface.  The 
classical  poroelastic  material  parameters  used  in  our 
numerical  study  has  been  collected  from  the  literature 
[3,  6].  The  reaction  rate  constant,  the  activation 
energy  and  the  order  of  reaction  Ea,n  has  been 
determined  to  obtain  a  good  accordance  with  the 
experimental  results  obtained  by  [6]  (see  Fig.l.).  The 
parameter  Y  has  also  been  numerically  determined 
such  that  the  calculated  temperature  gradient  in  the 
specimen  is  in  agreement  with  the  measured 
temperature  gradient  (see  Fig.2,). 

Temperature  Dependance  of  material  parameters: 
Young  modulus  E  =  Eo*(l-  (T  -  20)*0.46/480) 

Bulk  modulus  of  concrete  K  =  E/(3*(l  -  2  v)) 

Bulk  modulus  of  water  vapotir  considered  as  ideal  gas 
Kg  =  p;<|)  =  <l)o*(l.+x/1000.) 
b=l-K/Ks;M  =  l./((b-  (j))/ Ks  +  ((>  /  Kg) 
pg=  (18*10'^  /8.3)*p/(T  +  273) 

Q  =  p  *(900.+  80  *T/120.-  4.*(T/120.)^)  (J-rn'l'C*) 


C  =  2.  -  0.24*T/120.+0.012*(T/120.)^  (W.m‘‘.“C') 
D)Tianiic  viscosity  of  water:  T|  =  3.85*10'''**T+10''* 
(kg.in'’.s'‘) 

Permeability  coefficient  k  =  /T| 

At  the  room  temperature: 

Eo=56.7  Gpa;  concrete  density;  p  =  2500  Kg/m^  v  = 
0.19;  bulk  modulus  of  solid:  Kj  =  72.5  Gpa;  a  = 
0.8*10-^  P  =  -0.1*10'^  I  =  463  J.kg  ^Y=  4*10^ 
J.®C^kg‘^  porosity:  <j)o  =  0.06  and  Intrinsic 
permeability:  Ki  =  10'^  m^. 

The  numerical  simulations  show  that  the  chemical 
dilatation  coefficient  P  has  a  great  influence  on  the 
state  of  stress  in  the  specimen.  Indeed,  when  p  varies 
from  the  value  10“^  to  8.10’^,  the  axial  stress  at  the 
heated  surface  of  the  specimen  changes  from  a 
compressive  state  to  a  tensile  state  for  temperature 
higher  than  180®C  (see  ' Fig.7.).  Furthermore,  the 
value  of  this  parameter  can  be  considered  as 
responsible  of  the  explosive  spalling  reported  in  the 
literature  since  for  some  values  of  p ,  the  axial  stress 

exceeds  the  tensile  strength  of  concrete.  Another 
numerical  study  have  shown  that  a  great  heating  rate 
may  induce  the  explosion  of  the  specimen  (Fig.4.-  6.). 


Fig.l.  mass  loss  in  HPC  concrete  specimens  heated  at 
rC/nm:  measured  by  [6]  and  calculated. 


Distance  from  heated  surface  (cm) 


Fig.2.  Temperature  difference  between  the  center  and 
the  surface  of  the  specimen  heated  at  l®C/mn. 
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Vapour  pressure  (MPa)  w  Vapour  pressure  (MPa) 


Distance  from  heated  surface  (cm) 


Pressure  on  a  radius  of  the  specimen  heated  at 
rC/nm. 


Fig.4.  Vapour  pressure  at  the  center  of  the  specimen 
subjected  to  different  rate  of  heating . 


Distance  from  heated  surface  (cm) 


Fig.5.  Axial  stress  vs.  Radius  at  different  surface 
temperature  (rate  of  heating  =  l°C/mn). 


Surface  temperature  (®C) 


Fig.6.  Axial  stress  at  the  center  of  the  specimen 
subjected  to  different  rate  of  heating . 


Fig.7.  Axial  stress  at  the  surface  of  the  specimen  for 
different  value  of  the  chemical  dilatation  coefficient 
(rate  of  heating  =  1  ®C/mn). 
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This  p^r  addresses  some  of  the  challenges  &cing  analysts  when  attempting  to  quantitatively 
predict  the  development  of  thermal  residual  stresses  in  processed  amorphous  plastic  products.  In 
particular,  the  pap^r  focuses  on  the  importance  of  selecting  the  ^propriate  constitutive  equations 
describing  the  material  behavior  and  the  importance  of  the  accurate  assessment  of  the  material  parameters 
involved.  An  illustrative  example  is  present.  The  example  illustrates  the  effect  of  the  choice  of  the  shift 
function  on  the  residual-stresses  devel^ment  in  a  fiee  quenched  one-dimensional  polystyrene  strip. 
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L  Introduction 

The  quantitative  prediction  of  the  residual- 
stresses  buildup  in  processed  plastic  products  is 
very  difficult.  For  example,  in  the  case  of 
injection  molding,  analysts  have  to  adopt 
appropriate  constitutive  equations  which  capture 
the  nonlinear,  anisotropic,  viscoelastic  behavior 
of  the  resin  over  the  wide  range  of  ^plied 
temperature  and  pressure.  Also,  a  proper 
material-property  database  is  needed  in  order  to 
assess  the  material  parameters  existing  in  the 
constitutive  equations.  Moreover,  the  simulation 
program  has  to  account  for  the  fountain-flow 
and  the  boundary-conditions  effects. 

This  p^r  discusses  the  importance  of  the 
appropriate  choice  of  the  constitutive  equations 
and  the  material-parameters  assessment  on  the 
qualitative  prediction  of  the  residual-stresses 
buildup.  To  simplify  the  task,  the  paper  focuses 
on  the  residual-stresses  development  in  a  one¬ 
dimensional  quenched  strip.  In  this  case  the 
problems  of  the  saxCaiCG  boundaiy  condition  and 
fountain  flow  are  obviated,  the  effect  of  the 
pressure  can  be  ignored,  and  the  flow-induced 
anisotropy  is  alleviated. 

2.  Constitutive  Equations 

For  the  one-dimensional  viscoelastic 
behavior  we  adopt  the  Boltsman  integral  [1], 

(1) 

0  c?  0 


(2) 

0  0 

where  T  is  the  absolute  temperature,  o  is  the  in¬ 
plane  stress,  e  is  the  in-plane  strain,  Sv  is  the 
dilatational  strain,  am  is  the  mean  stress,  p(t)  is 
the  shear-relaxation  modulus,  J(t)  is  the 
dilatational<reep  compliance,  and  a(t)  is  the 
"thermal-expansion"  compliance.  Also,  we 
acciime 

H(t)  =  -  (^I  “  )Mi  (t)  (3) 

J(t)  =  K,  -  (Ki  -  Kg  )M2  (t)  (4) 

a(t)  =  - (aj  -ttg  )M2  (t)  (5) 

where  pi,  ki  and  ai  are  the  shear  modulus, 
compressibility  and  volumetric  thermsd- 
expansion  coefficient  for  the  liquid  state, 
respectively.  Similarly,  Kg  and  (Xg  axe  for  the 
glas^  state.  Mj(t),  and  M2(t)  are  the  shear- 
relaxation  and  the  dilatational-creep  functions, 
respectively  [2].  They  are  taken  as 

MjCt)  =  Z(wd)  Expj}?-^ 

where  Wj  and  Xj  are  the  weighting  parameters 

and  the  relaxation  or  retardation  times  of  mode  i 
for  the  deviatoric  (subscript  S)  and  the 
dilatational  (subscript  D)  domains. 
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Furthennore,  we  assume  that  the  material  is 
thermorheologicaUy  simple,  i.e.,  M,(t)  and  M,(t) 
shift  without  distortion  according  to  the 
following  relation, 

(^d);  =aD(TD),i  and(Ts).  =as(xs)^.  (8) 

where  the  subscript  r  denotes  the  reference  state, 
and  as  are  the  dilatational  and  deviatoric 
(shear)  shift  functions,  respectively.  Th^ 
depend  on  the  temperature,  pressure  and  the 
structural  state  of  the  material.  The 
thermorheologicaily-simple  material  assumption 
(equation  S)  implies  that  Mi  as  well  as  M2  has 
the  same  shape  at  every  thermomechanical  state 
on  a  logarithmic  time  scale  and  that  at  different 
temperatures  Mi  as  well  as  M2  may  be  brought 
into  coincidence  a  parallel  shift  along  the 
logarithmic  time  scale  producing  a  master 
curve.  It  should  be  mentioned  that  for  some 
polymers  and  within  certain  temperature  and 
pressure  range,  distortion  of  the  shear-relaxation 
function  has  been  experimentally  noticed  [2]. 


continuous  at  ac;  Q'  =  Q{t,/(T^ 

Equation  (9^  is  a  modiBcation  of  the  Gibb’s 
function.  It  reduces  to  the  well-known  Williams- 
Landel-Feny  (WLF)  equation  in  the  equilibrium 
state  when  T£=T  and  to  the  Arrhenius  form  in 
the  glassy  state  when  Tf  is  constant  [6]. 
Equation  (9i,)  is  a  modification  of  the  shift 
function  adopted  by  the  Cornell  Injection 
Molding  Group  (CIMP).  This  equation  fits 
reasonably  well  the  experimental  shift  data  of 
polys^mne  and  polycarbonate  [7].  However,  the 
equation  is  composed  of  two  different 
expressions  applied  at  the  two  different  regions 
and  consequently  is  numerically  inconvenient 
The  fictive  temperature  Tf  represents  the 
structural  state  and  is  taken  to  be  proportional  to 
the  transient  specific-volume  change  [1], 

Tf  =To+}{l-M2(t-?)}^d5  (10). 

The  best  choice  of  the  variable  to  represent  the 
structural  state  is  still  a  dd)atable  issue, 
however,  the  fictive  temperature  has  been 
recognized  as  one  of  the  ^propriate  choices  [6]. 


Following  the  argument  of  Espinoza  and 
Aklonis  [3],  the  relaxation  and  retardation 
spectra  are  assumed  to  move  identically  and 
without  distortion,  that  is,  a©  =  as  =*  a.  The 
observation  that  the  shear-relaxation  modulus 

[4]  as  well  as  the  dilatational-creep  compliance 

[5] ,  of  some  amorphous  polymers  in  iso&ermal 
volume  relaxation  experiments,  shifts  along  the 
logarithmic  time  with  the  change  of  the  specific 
volume  supports  this  assumption.  Furthermore, 
the  shift  function  is  assumed  to  depend  on  the 
temperature  and  the  structural  state.  Two  shift 
functions  are  studied  in  the  current  analysis  in 
order  to  demonstrate  the  effect  of  the  shift 
function  on  the  quantitative  prediction  of  the 
residual-stresses  buildup.  The  two  functions  are: 


L  Log(a)  = 


2.  Log(a)  = 


Q/T 


l-Tj/Tf  T,^T2 


(9J 


fora^a^.. 


and  Log(a)  =  QyT^  ~Q'/T,  for  a  ^  a,  (9b) 


where  Q  and  T2  are  material  constants,  and  ac  is 
the  critical  value  of  “a’’  which  defines  the 
transition  between  the  melt  and  the  glas^  states. 
Q'  is  chosen  such  that  the  slope  of  Log(a)  is 


Determination  of  the  residual  stresses  in  a 
firee-quenched  strip  requires  the  simultaneous 
solution  of  equations  (1)  and  (2)  augmented 
with  (3)-(10)  at  all  material  points  (layers) 
across  the  thickness  of  the  strip  and  over  the 
whole  histoiy  of  quenching.  Evolution  of  the 
temperature  profile  can  be  obtained  by  applying 
the  one-dimensional  heat  conduction  equation 
with  free  convection  boundary  conditions  at  the 
sur&ces.  The  strain  is  solved  for  iteratively  at 
any  time  by  enforcing  the  free-end  boundary 
condition,  i.e.,  the  lateral  force  to  vanish. 

3.  Materia]  Parameters  Assessment 

As  mentioned  before,  we  can  solve  for  the 
evolution  of  the  in-plane  residual  stresses  across 
the  thickness  of  the  strip  throughout  the  histoiy 
of  quenching  -  provided  that  all  material 
properties  are  available.  These  material 
properties  are: 

1.  the  compressibility  and  volumetric  thermal- 
expansion  coefficients  for  the  glas^  (Kg  and 
Og)  and  the  melt  states  (ki  and  aO; 

2.  the  shear-relaxation  modili  (pg  and  pj);  the 
shear-relaxation  spectrum,  i.e.,  (Wg)!  and 
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(tg)};  aiid  the  dilatational-creep  spectrum, 

i.e.,(Wj))i  aiid(Tp)j; 

3.  the  material  constants  of  the  shift  function, 

Q  and  T2. 

The  coefficient  of  thermal  expansion  and 
the  compressibility  can  be  obtained  from  the 
PVT  diagram,  using  Tait’s  equations.  The 
shear-relaxation  and  the  dilatational-creep 
spectra  can  be  determined  from  curve-fitting 
e^iimental  data  of  the  shear-relaxation 
modulus  and  dilatational-creep  compliance, 
respectively.  The  shift  function  used  to  generate 
the  master  shear-ielaxation  and/or  dilatational- 
creep  compliance  defines  the  values  of  Q  and  T2. 
Fitting  the  isothermal  volume-relaxation 
experimental  data  can  also  be  used  to  generate 
the  dilatational-creep  compliance  and  the 
constants  Q  and  T2.  It  should  be  mentioned  that 
although,  in  principle,  assessment  of  the 
material  properties  is  a  direct  task,  finding 
reliable  and  consistent  experimental  data  poses 
one  of  the  greatest  ch^enges  to  obtaining 
reliable  and  accurate  values  of  the  material 
parameters. 

4.  Example  and  Discussion 

Prediction  of  the  residual  stresses  buildup  in 
a  2.6  mm  thick  polystyrene  strip  from  130  ^  C 
to  23  ®  C  is  presented.  The  example  is  meant  to 
illustrate  the  importance  of  the  proper  shift 
function  choice.  It  is  imperative  to  acknowledge 
that  the  material  parameters  of  the  constitutive 
equations  should  not  be  determined  by  curve¬ 
fitting  of  the  primary  targeted  experimental 
data.  That  is,  for  the  current  example,  we 
caimot  use  the  experimental  data  of  the  residual- 
stresses  profile  of  the  polystyrene  strip  to  obtain 
any  of  ffie  material  constants.  They  should  be 
obtained  fix>m  completely  difrerent  sets  of 
experimental  data. 

The  material  parameters  adopted  for  the 
current  analysis  are  presented  in  Tables  1-3. 


Table  1  Tait’s  constants 


Constant 

Glass 

Liquid 

Cl  (cmVgm) 

0.986 

1.007 

C2  (cm^/gm-°C) 

2.44  10"' 

5.79  10"* 

C3  (Pa) 

2.26  10* 

2.02  10* 

C4  (l/’C) 

1.36  10* 

3.00  10* 

Table  2  shear-relaxation  and  dilatational-creep 


parameters  (1 

(,=  100  ®o. 

Ws 

Ts(sec) 

Wd 

TD(sec) 

0.587 

3.021 

0.1 

2.130  10* 

0.348 

2.892  10’ 

0.07 

8.520  10"* 

6.232  10-* 

1.228  10^ 

0.11 

7.455  lO'* 

2.736  10* 

1.557  10* 

0.17 

1.278 

4.191 10"* 

3.474  10^ 

0.165 

2.556 

1.111 10"* 

1.071 10* 

0.385 

34.08 

1.091 10"* 

2.426  10’ 

M«(MPa) 

745 

4.964  10'* 

2.096  10* 

mlMPa) 

0.0 

Table  3  Shift-function’s  parameters 


Model-1 

Model -2 

Q(K)_ 

1255 

1372 

T2(K) 

326.7 

334.3 

Tait’s  constants  are  obtained  from 
cumulative  PVT  data  from  literature  for 
commercial-grade  polystyrene.  Shear-relaxation 
parameters  are  determined  from  curve  fitting  of 
the  experimental  data  from  Alkonis  and 
Tobolski  [8],  and  the  dilatational-creep 
parameters  are  taken  from  Greiner  and 
Schwarzl  [9],  The  parameters  Q  and  T2  are 
determined  by  best-  fitting  of  the  volume 
relaxation  pre^ction  of  the  current  model  with 
the  corresponding  experimental  data  a  of 
Greiner  and  Schwarzl. 


Fig.  1  Volume-relaxation  for  polystyrene  upon 
quenching  from  115  to  indicated 
temperature 

The  predicted  results  using  the  shift 
functions  (9a),  and  (9b),  labeled  predicted-1  and 
2  respectively,  are  showii  in  Fig.  1.  The 
corresponding  predicted  shift  in  the  shear- 
relaxation  modulus,  for  both  shift  functions. 
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^th  aging  time  are  also  compared  ivith  the 
relevant  experimental  data  of  Mhtsuoka  [4]  and 
displayed  in  Fig.  2.  It  should  be  mentioned  that 
the  second  set  of  data  (Fig.  2),  are  used  to 
readjust  the  material  parameters  Q,  T2  and  the 
average  value  of  the  shear-relaxation  and  creep- 
retardation  times.  It  can  be  observed  from  the 
results  that  model  2,  using  equation  can 
match  the  experimental  data  better.  However, 
both  models  can  not  generate  accurate  fits. 


Fig  2  Shear-relaxation  modulus  for  polystyrene 
annealed  at  90  for  different  times. 

Once  the  material  parameters  are 
determined,  the  constitutive  equations  proposed 
are  used  to  predict  the  residual-stresses  buildup 
in  the  freely  quenched  plate,  and  the  predicted 
results  are  compared  with  the  corresponding 
experimental  results  of  Isayev  and  Crouthamel 
[10].  The  predicted  and  experimental  results  are 
displayed  in  Fig.  3.  It  is  clear  that  both  models 
overpredict  the  residual  stresses,  and  that  the 
prediction  of  model  1  is  substantially  higher 
than  that  of  model  2. 


Fig.  3  Residual-stress  for  a  2.6  mm  thick 
polystyrene  plate  quenched  form  130  to  23  °C 


5«  Conclusion 

The  results  presented  in  figures  1-3  are 
consistent  and  indicate:  1)  both  models  of  the 
shift  fimctions  could  not  match  the  experimental 
data  required  to  obtain  the  material  parameters 
(figures  1  and  2),  and  could  not  predict  good 
residual  stresses;  and  2)  model  2  matched  the 
experimental  data  used  for  the  parameter 
assessment  better  than  model  1,  and  predicted  a 
better  residual-stress  profile.  These  observations 
strongly  suggest  that  the  choice  of  the  shift  ‘ 
function  is  important;  the  more  accurate  the 
shift  function  is,  a  better  prediction  of  the 
residual  stresses  is  produced. 
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FABRICATION  PROCESS  TAILORING  TO  MINIMIZE 
THERMAL  RESIDUAL  STRESSES  IN 
METAL  MATRIX  COMPOSITES 

Christos  C.  Chamis 
NASA  Lewis  Reseaidi  Center 
Oevdand,  Ohio  44135 


Metal'inatrix  oonqwsites  (MMQ  are  potential  candidate  materials  fi>r  ^ifriicatioDS  requiring  hi^ 
opetatkHial  temperatures  (400  to  1100°  Q.  In  addition,  high  q)ecific  strengths  and  specific  moduli 
are  possible  becanse  the  densities  of  the  leinfiMcing  materials  are  tdativ^  low.  This  oonit«natkm  of 
properties  mates  titese  materials  especially  attractive  fig  nse  in  the  aeroqaoeindnstiy.  Biit,acnicial 
proUem  lirmting  riie  nse  of  many  MMCs  is  the  hi^  Rsidnal  (iBnal)  thermal  micro-stresses  devdqped 
during  rile  fibricatkm  inocess,  as  a  result  of  rile  large  tBnq)eratnre  differential  and  the  mismatch 
between  the  thermal  e>qiansionooef5cients(CTE)ofthe  fiber  and  matrix  himdertooontiolthehigh 
riiemial  residual  micro-stresses  in  nnidirectirmal  MMCs  developed  during  the  oo(riing  lAase  of  rile 
filaication  process,  a  con^witatiwial  method  is  laesented  to  optimize  fliefebrication  process  of  MMC 
and  the  thennomechanical  properties  of  a  oonqialible  fiber-matrix  inteiphase  (compfiant  layer). 

KEY  WORDS:  Gr^hrte-fiber,  oopper-matiix  composite-mecharrics,  nonlinearilies,  micro-stresses. 


Ihtrodiictioii 

The  olgective  of  the  method  is  to  minimize  the 
residual  miaostresses  at  die  end  of  the  fifteicatkai 
inooess0.e.,  phase  3  shown  in  Figure  l)by 
optimizing  the  tenqierature  and  consolUhitkm 
pressure  time  profiles  (histories)  concurrently  with 
rite  oongdiarrt  layer  properties  (moduins,CI^  and 
strength)  and  other  composite  parameters 
(corrqdiantlqnrthidaiess  and  fiber  vdnme  ratio), 
while  the  in  situ  constituent  materials  integrity  is 
ensured  thror^hout  the  process.  Tailoring  of  the 
fibricatkm  iffooess  has  resulted  in  reducing  residual 
microstresses  in  the  matrix  [1].  The  addition  of  a 
snitaUe  interidiase  fdaced  between  the  fibm’ and 
matrix  may  inoduce  MMCs  wirii  firrriier  reductions 
in  the  thermal  residual  stresses  [2].  The  present 
computational  method  was  devdryed  to  con- 
currentfy  taflor  the  fibrication  process  and  the 
interph^  of  KiMCs  fin  minimal  residual  stresses. 

The  Ihermomechanical  leqnnse  of  MMCs 
during  cool-down  of  die  filnication  process  is 
sbnulatedbasedouunifiedrKmlinearmiciD- 
medianical  encoded  in  METCAN  (metal  matrix 
cmqxisite  analyzer  [3].  The  theory  is  based  on  a 


mkranedianics  unit  cell  shown  in  Figure  2.  The 

tMwIitifiarhwc  Ia  ug  and  itfrege  in  the 

three  different  fdiases  (fiber,  matrix  and  interphase 
are  described  by  a  generic  nmlti-fiKttn  interactitm 
modri  of  prodnet  fiam  (MFIM)  as  fiillows: 


w^ere  P '  is  any  themomedianical  property 
at  time  t  in  pha%  i  m  or  d  Pgi  is  the  corre- 
^n£rig  reference  property;  TMiisthe 
temperature  at  wdiich  medi^cal  propoties 
^Foadi  zero,  S '  iis  tiie  strength  at  time  ^ 
o  ‘i  is  the  imerostress  in  the  i  phase  at  time 
t;  and  the  eiqionaits  q  and  p  are  selected  so 
that  P  passes  through  P<i  and  some  other 
point  Pi‘* . 

The  minimization  of  retidual  micro¬ 
stresses  is  formulated  as  a  constrmned 
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nonlinear  mathematical  piQgrammiag  (NLP) 
im^lem  and  is  nnmcrically  solved  with  tile 
modified  h»sibili^  diiecti^  method 

•  Obiectiwe function:  min(max{0),  cjnAn  J) 

ninfQ 

subject  to  constraints:  and 


•  Mpper  and  lower  bounds: 

PabricalionpfooesspafBmetees:  T^sTsTy 

0SpS34SMPa 
10  sec  SIS  18  000  sec 

imecphase  property:  34,6GPas^S220aGPa 

1.69  cm /cm /*C  S  S  67a  cnVcmTC 
34a  MPas  %S414.0  MPa 

Mieromecbanical  parameters:  0.05  s  s  0.15 
0.05  Sl^S  0.15 


An  nltra-high  modnlns  gn^ibite  (PlOOVoqpper 
MMCwasnsed  to  demonstrate  the  fwoposed 
method  fortfae  ctwjQnreitf  optimiTatipn  orfthc 
process  and  intei|diasepicpeities.  RgmeSshows 
the  conent  and  the  resultant  optunnm  £d>rication 
processes  tor  Case  1  (tobrication]Mooess  opti¬ 
mization  onfy)  an^  Case  2  (ccmcurrent  <^idmization 
of  the  ^irication]»ocess  and  intei|^iase  diaiac- 
teristics).  In  both  cases  the  optimized  {Hocesses 
toUow  similar  patterns  daring  the  cool-down  phase. 
Contoared  to  the  current  ixocess^  two  significant 
differences  exist  that  lead  to  the  leducticm  of  the 
final  residoal  matrix  microstresses:  (l)Tlie 
optirnization  temperature  histories  in  Figure  3(a) 
decrease  nme  rs^idfy  to  room  temperature  and  are 
held  constant  until  the  end  of  the  process;  (2)  as 
shown  in  Figure  3(bX  the  inedicted  optu^  con - 


significantly  higher  values  than  ^  pressure  of  the 
current  inocess  and  finally  dropi^  to  zero.  More 
interesting^,  the  tenyeiature  drop  takes  place  vriien 
theinessoreishi^  sodi  that  the  thermal  stresses 
are  toroed  to  develop  vriien  the  matrix  and 
interphase  are  hi^ify  nonlinear  and  nearty  in  a  flow 
state;  hence,  hi^  strains  do  not  cause  hi^  stresses. 
The  jnessure  is  removed  when  the  temperatore 
readies  nxmi  values  ash  does  not  amtribote 
further.  This  illustrates  the  irnpoftance  of  the 


The  oonesponding  Itmgitudinal  and  transverse 
matrix  microstfesses,aaA]  land  are  shown 
inl^gare4.  The fiiid xeridual microstiess Obaii in 
Case  I'decreased  by  21  percent  conqiared  to  the 


respective  rnioostresses  value  of  the  corrent 
process.  InaMi9arison,Case2hada41peroent 
reductitm  tor<^Ait.  The  additional  reductions  in 
Case  2  are  attribiited  to  the  inteiphase  optimization. 
The  qptimum  microstress  Cbazz  in  Case  1  was 
nearfy  equivalent  to  that  of  the  current  process; 
however,  the  final  microstress  a^inCase2 
decreased  by  24  percent  because  of  the  opti^^ 
intei|toase  prcpeities.  Gniqiared  to  die  initial 
properties  of  the  intqiii«Bg  (assumed  samg  as 
copper),  the  optimized  intendiase  has  (1)  a 
agnificantfy  U^ier  CTE,  (2)  a  slight^  higher 
modules  and  strength,  and  (3)  an  increased 
iiiteiphase  thickness  arid  fito  vdume  ratio. 

The  final  kmgitndinal  conqiosite  properties  tor 
Cases  1  and  2  increased  in  stiffoess  and  strength 
(tensile)  along  with  the  CTE  when  oonqiaxed  to  the 
current  process.  A]so,Case2issiqietiortotlie 
current  imicess  and  Case  1;  it  riiowed  the  inost 
inqmwenient  in  kweiiiig  the  residual  stresses  arid 
improving  the  final  composite  material  properties. 

In  condusimi,  the  results  indicate  that  consdidation 
inessure  histories  are  the  most  inqxntant  totxication 
parameters,  while  the  CTE  is  the  most 
inteiphase 
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Figure  1.  Typical  fibrication  process  cycle  for  gr^hite/copper  con^site. 
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Hgure  2.  Mioromechanics  cell  and  regions  for  metal 
matrix  compodte  mechanics. 
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Figure  3.  Concurrent  and  optimized  ftbrication  process 
for  graphite/copper  compotite. 
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Figure  4.  Current  and  optimized  mio’o  residual  stresses 
in  grq>hite/copper  composes. 
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This  paper  treats  how  to  remove  residual  stresses  which  occur  in  plates  due  to  wdding.  The 
analytical  model  is  a  rectangular  thin  plate  \^ch  has  residual  stresses  previously  due  to  welding.  And 
it  is  subjected  to  heat  supply  in  order  to  remove  residual  stresses.  We  make  use  of  the  strain  increment 
theorem  for  the  theoretical  analysis  of  thennoelastoplasdc  deformation  of  the  plate,  and  introduce  two- 
dimensional  treatment  based  on  Kirchhofi^Love’s  hypothesis.  The  analytical  solution  is  obtained  for 
the  thermoelastic  deformation.  On  the  other  Imd,  for  the  plastic  deformation,  the  solution  is 
evaluated  with  the  aid  of  the  finite  difiTerence  method.  Strain  increment  is  calculated  by  successive 
elastic  solution.  Some  munmcal  calculations  are  carried  out  in  CK-der  to  investigate  how  heating 
conditions  such  as  heating  time,  heating  area,  heating  position  and  the  amount  of  heat  influence  on 
removal  of  residual  stresses. 

JTcy  Words :  Residual  Stresses,  Welding,  Thermoelastoplastic  Problem,  Theoretical  Analysis 


1.  Introduction 

This  paper  treats  how  to  remove  residual  stresses 
which  occur  in  plates  due  to  welding. 

The  welding  process  has  been  used  for  the 
fobrication  of  various  structural  elements.  But  the 
process  causes  plastic  strains,  especially  compressive 
one,  in  the  elements  because  they  are  subjected  to  a 
large  amount  of  heat  in  a  small  area.  Moreover  these 
plastic  strains  produce  residual  stresses  in  the  elements 
when  they  are  cooled  to  room  temperature.  And 
these  residual  stresses  affect  the  behavior  of  the 
elements  such  as  brittle  fracture,  stress  corrosion 
oaddng,  fotigue  and  buckling.  Therefore  it  is  very 
important  to  r«nove  residual  stresses  fi^om  the 
elements,  and  foere  are  several  kinds  of  methods  for  h, 
for  example,  anealing,  ^plying  mechanical  tension  and 
^plying  vibration.  Since  residual  stresses  are  closely 
related  to  compressive  plastic  strains  caused  by  heat 
loading,  it  is  important  to  controll  these  strains  in  order 
to  remove  residual  stresses. 

In  the  previous  studies  [1,2],  we  were  concerned 
with  some  transient  thermoelastoplastic  bending 
problems.  In  the  studies,  we  found  out  that  the 
compressive  plastic  strains  caused  by  heat  loading  were 
controllable  by  heating  conditions  such  as  heating  time, 
heating  area  and  the  amount  of  heat. 

Therefore,  in  the  present  study,  we  aim  at  the 
controll  of  plastic  strains  by  flying  heat  to  structual 
elements  under  appropriate  conditions  in  order  to 
remove  residual  stresses.  The  analytical  model  is  a 
rectangular  thin  plate  which  has  residual  stresses 
previously  due  to  welding.  And  it  is  subjected  to  heat 


supply  in  order  to  remove  residual  stresses.  For  the 
temperature  field,  the  analytical  solution  is  obtained  by 
integral  transforms  [3].  And  for  the  theoretic^ 
anafysis  of  thermoelastoplastic  deformation  of  the  plate, 
we  introduce  two-dimensional  treatment  based  on 
Kirchhoff-Love's  lypotheris.  The  analytical  solution 
is  obtained  for  the  foennoelastic  deformation.  On  the 
other  hand,  for  the  plastic  deformation,  the  solution  is 
evaluated  with  the  aid  of  the  finite  difference  method 
because  we  make  use  of  the  strain  increment  theory 
[4].  Strain  increment  is  calculated  by  succesrive 
elastic  solution  [4].  Some  numerical  calculations  are 
carried  out  in  order  to  investigate  how  heating 
conditions  such  as  heathy  time,  heating  area,  heating 
portion  and  the  amount  of  heat  influence  on  removal 
of  residual  stresses. 


2.  Theoretica]  Aiial3rsi$ 

2.1  HEAT  COM)UCTION  PROBLEM 

We  consider  a  rectangular  plate  as  shown  in 
Figure  1. 


Fig.  1  A  rectangular  plate  with  a  partially  distributed 
heat  supply. 

Plate  dimension  is  2ax2bx2h.  Initial  temperature 


235 


of  tibe  plate  is  the  same  as  the  temperature  of 
sunoundii^  medium  which  is  kept  constant.  From 
time  r  =  0  to  /  =  to,  the  plate  is  subjected  to  a  partially 
distributed  and  symmetric  heat  supply  gj/,  (x)g,  (j>)  at 
the  upper  surfece  (z  =  -A)  and  Q2f2ix)g2{y)  at  the 
lower  sui&ce  (2  =  +/?) .  After  that,  the  heat  supply  is 
removed  and  the  plate  is  cooled  by  surrounding 
medium.  Let  h^,hyh,^,h.2  b®  the  relative  heat 
transfer  co^Scients  on  each  surftice. 

2.1.1.  Heatmg  Process.  For  the  heating  process, 
the  heat  conduction  equation,  the  initial  condition  and 
boundary  conditions  are  given,  respectively  as 


£L-J£L 

dt  \dx^^ dy^"" dz'^] 

(1) 

O 

II 

o 

II 

(2) 

dT 

x  =  ±.  ; 

(3) 

y  =  irb  ;  -^±*  7=0 
dy  ' 

(4) 

where  J,  k  and  A  are  temperature  change,  the 
thermal  difili^vity  and  the  thermal  conductivity, 
respectively.  By  introdudng  the  finite  Fourier 
transform  [3]  over  the  variable  x  and  y,  and  the 

Laplace  transfonn  over  the  variable  /  for  the 
temperature  fimcdon  T{x,y,zj),  we  can  obtain  the 
temperature  solution  in  the  heating  process  as 


CD  eo 

GO 

«)s<r,.r)+.B^.  sm<y^.z)}3 

Zl^^«»(f,x)cos(5-.:v) 

11=1  ^ 

•{y4'corii(&)+.B'sinh(&)}]  (6) 

:Bq^anati<Hi  of  symbols  in  Eq.  <6)  is  onritted. 

2.1.2.  Cooling  Process.  T' ,  the  temperature 
diange  m  the  cooKng process,  satisfies  tire  Eqs.  <1),  (3), 
and  (4)  whose  solution  is  T'  instead  of  T,  and 
satires  the  equations 

t=/o  ;  r  =  7(x,p,z,/o)  (7) 


‘~-K  ;  -^-Kr^o 


instead  of  Eqs.  (2),  (5),  respectively.  Comparing 
equations  for  heating  process  and  one  for  cooling 


process,  we  can  find  out  that  the  temperature  solution 
T'  takes  the  form 

^'iw,t)=T(x,y,z,t)-T(x,y,z,t-t,}  (9) 

2.2  THERMOELASTOPLASTIC  BENDING 
PROBLEM 

2.2.1  Deriviation  ctf  Basic  Equattms.  la  this 
subsection,  we  d^e  the  baac  equations  which  govern 
the  thermoelastoplastic  behavior  of  the  plate.  Here 
we  consider  the  plate  is  fiee  fiom  traction.  We 
assume  that  tibe  plate  is  sufiSdentiy  tiiin.  Therefore, 
we  can  introduce  the  assumption  that  tiie  plane 
perpendicular  to  the  neutral  plane  {2  =  0)  before 
deformation  remains  the  plane  perpendicular  to  it  after 
deformation  and  that  the  axial  stress  is  ne^gible 
c(»q>mred  with  other  stress  conqxments.  According 
to  the  assumption  above,  in>plane  strain  conqionents 
are  given  as 

■,  {i,j  =  x,y)  (10) 

where  denotes  in-plane  strain  components  on  the 
neutral  plane  and  w  denotes  deflection  of  the  plate. 
If  we  define  and  Ae^  as  plastic  strain  already 

accumulated  and  plastic  strain  increment  by  increased 
thermal  loading,  respectively,  the  thermoelastoplastic 
stress-strain  equations  take  the  form 

where  or,y,  and  are  stress  con^nents  =0) 
and  total  strain  conq)onaits  {ij  =  x,  j,z) ,  respectively, 

and  a ,  E  and  v  are  the  coefficient  of  linear  thermal 
e>q)ansion.  Young's  modulus  and  Poisson's  ration, 
respectively.  Moreover,  denotes  foonecker^s 

delta.  Now  we  define  resultant  forces  and  mniyients 
per  unit  width  as 


<12) 

(13) 

and  plastic  and  thermal  resultant  forces  and 

moneotsas 

(14) 

II 

\ 

T 

(15) 

^aE^Tdz 

(16) 

(.17) 

If  we  combine  Eqs.  (10),  <11)  and  int^rate  it  in  the 
domain  we  can  esqpress  resultant 

forcesdefined  byEqs.(12),(14)and(16).  From 
above-mendioned  and  Eq.  (10),  we  can  represent  in¬ 
plane  strain  components  by  resultant  forces  and 
deflection  w  as 
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_*+»']  AT 

2*eP 


l+v  ^  1+v 


-2(>«'4,)  ;  0',7  =  x,>')(18) 

If  we  combine  Eqs.  (10),  (11)  and  integrate  it  in  the 
domain  -h<z^h  with  z  muhipKed,  the  resultants 
monents  are  given  as 


=  -(1- 

l+v[  l-v  ’j 
l+v|  ®  l-v  ' 


■^s 

l-v  '' 


{i,j  =  x,y)i\9) 


v«4iere  D  is  flexural  nudity  ofthe  plate  denoted  by 

£(2A)’ 


D  = 


(20) 


12(l-v^) 

Now  we  consider  the  basic  equations  for  the  in¬ 
plane  behavior  Equilibiium  equations  and  compad- 
bility  condition  in-p!^  direction  are 


-+ - 


aN^  aN. 


»L- 


ax  ay 


a^B^ 


dx  ay 


-  =  2- 


=  0  (21) 


(22) 


ay^  ax^  ”  axay 
Eq.  (21)  is  satisfied  by  the  ‘‘resultant  force  fiinction’’  F 
d^edas 


a^F 

a/ 


a^F 

^  ax^ 


N  =-^ 
^  dxdy 


(23) 


winch  takes  the  same  form  as  Abys  stress  fimction.  If 
we  comlnne  £q.  (IS)  and  £q.  (22),  we  may  obtain  the 
equation  of  compatibility  represented  by  resultant 
forces.  Conddering  £q.  (23)  fiuth^more,  the  basic 
equation  for  the  in-plane  behavior  is  obtained  as 

V*  V=F  =  -v^  AT"  -  [£^(*,3')+ (24) 

where  denotes  the  two-dimensional  Laplace 
operator  and  the  fimction  g^{x^y)  is  defined  as 


S^v{*.3')  = 


a^NL  d^-NL 


-2- 


(25) 


dy^  dx^  '  dxdy 
and  ^f,(x,y)  is  obtained  by  replacing  with 
in  the  above  equation.  The  boundary 

conditions  amcenung  to  the  in-plane  deformation  are 
rqrresented  in  toms  of  the  resultant  force  fimction  F 
as  [5] 

£F 

ax 

ar 
ay 

Eqmlibiium  equations  of  resultant  forces  and 
monoits  which  cause  out-of-plane  deformaton  are 
given  as 


x  =  ±a 
y  =  ib 


-  =  0,F  =  0 
•  =  0,F  =  0 


(26) 


ax  ay 
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aM„  8M, 


^  _ 


=  Af» 


dM^ 


(27) 

aM„ 

.^  =  A^,(28) 


ax  ay  ""  ’  ax 
If  we  substitute  £q.  (28)  into  (27)  and  consider  £q. 
(19),  we  can  obtain  the  basic  equation  for  out-of-piane 
behavior  as 

Dv'vV = -\gu{x,y)+ ^u{x,y'^i^) 

where  the  fimction  g^i^^y)  is  defined  as 


1  -a^ 


-(M'+tA/'jH 


2 


a f V  axay 
and  4gu(x,y)  is  obtained  by  replacing  with 
AM^  in  the  ^ve  equation.  The  boundary 

conditions  concerning  to  the  out-of-plane  deformation 
are  r^resented  in  toms  of  the  deflection  w  as 


r-_n,  +v- 


a^w 
'  ay^ 


.ML. 

\-v 


1-v^ 


l-v^ 


(31) 
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ax  ^  1+v  ay 
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dy 

ahf 


2 

1  +  v 

ax 

1-v^  dy 


(32) 


2.2.2.  Anafysis  of  Practical  Problem.  In  order  to 
solve  Eq.  (24)  under  Eq.  (26),  we  separate  the  resultant 
force  fimction  into  elastic  solution  F*  and  plastic 
solution  F^  as 

F  =  F*+F^  (33) 

F*  satisfies  Eqs.  (24),  (26)  without  the  fimction 
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and  and  can  be  obtained  from 

Eqs.  (6),  (9)  and  (16)  as 

F^laE:=^x^+^y+Cf 

2  2 

00 

+S  W'"  c»sh(af >')+ JSfaf^'sinhCef^/^cosCaf  x) 

1=1 

CO 

+2^{Cf  co$b(/6^x)+DffifxsinbO?^x))oos(/fffjf) 

J-1 


R=1  n=l 


/''(^n,fm>Ocos(i„x)cos(f„y) 


Af  ,Cf ,1^  are  unknown  constants  and  deter¬ 
mined  by  Eq.  (26).  Explanation  of  other  symbols  in 
Eq.  (34)  is  omitted.  On  the  other  hand,  F’'  satisfies 
Eqs.  (24),  (26)  without  ,  and  can  be  obt^ed  with 

the  aid  of  the  finite  dififermce  method. 

In  order  to  solve  Eq.  (29)  under  Eqs.  (31),  (32X 
we  separate  the  deflection  into  elastic  deflection  w* 
and  plastic  one  as 


w=:w"+w'’  (35) 

satisfies  Eqs.  (29),  (31),  (32)  without  g,^(x,y), 
aoA  and  can  be  obtained  from 


(6),  (9)  and  (17)  as  tiie  similar  form  to  Eq.  (34). 
On  the  other  hand,  w*  satisfies  Eqs.  (29),  (31),  (32) 
without  ,  and  can  be  obtained  with  the  aid  of  the 
finite  difference  method. 


2.3  STRAIN  INCREMENT  THEOREM  AND 
SUCCESSIVE  ELASTIC  SOLUTION 

Strain  increment  components  can  be  ^.fllruVAH 
from  von  Mises  yield  criterion  and  Prandtl-Reuss 
equatons.  This  procedure  was  developed  by 
Mendelson  [4].  We  define  “modified  total  strain”  as 

(36) 

Subtracting  mean  normal  strain  fiom  diagonal  elements 
of  Eq.  (36)  leads  to 

e'=e;+A€^  (37) 

where  and  dmote  “modified  deviatoiic  strain 

taisoi”  and  elastic  deviatoric  strain  tensor,  re^ectively. 
According  to  Mendelson’s  procedure,  Prandtl-R^iss 
equations  rqiresented  only  by  strain  components  are 
given  as 

Aefj=:{Asj£„).e;  (38) 

'^^ere  denotes  “modified  equvalent  total  strain"^ 
and  is  defined  as 

^«=V(2/3K-4  (39) 

and  Ae^  denotes  the  equivalent  plastic  strain 
increment.  Let  o-^  and  ni  be  the  initial  yield  stress 
and  work  hardening  parameter,  respectivety,  and  let  the 
uniaidal  stress-strain  rdation  take  the  form 


e=<TlE  ;(<TS<ro)| 

£=(cro/£)-{cr/a(,)’';(craao)J 
Then  As,,  is  related  to  s„  and  the  preloading 
equivalent  stress  , and  is  expressed 

As  -  ,,,, 

'  3  +  2(1  + v)/Mor.,.,/cr,)»->-l} 

The  equivalent  stress  <t,  is  defined  as 

(42) 

where  denotes  the  deviatoric  stress  tensor. 

Now,  consider  the  culculation  of  the  strain 
increment  which  is  caused  by  the  temperature 
increment  from  time  t  to  t-¥At .  In  the  first  place,  if 
we  assume  As^  =  0 ,  then  the  fiinctions  , 

and  4gj^  are  evaluated  by  Eqs.  (25),  (30)  because 
is  already  culculated.  Thai,  resultant  forces 

and  deflection  w  are  calculated  from  Eqs.  (23),  (24), 
(26),  (29),  (31)  and  (32)  by  the  method  winch  is 
described  in  the  preceding  section.  Thadbre,  the 
stress  and  the  total  strain  components  are  culculated  by 
EQS-  (II).  (18),  and  the  first  approximate  solution  of 
Ae^  can  be  calculated  by  Eq.  (38).  Second,  we 

assume  that  As^  takes  the  value  of  this  first 
approximate  solution  and  proceed  in  a  shnilar  manna. 
This  procedure  is  iterated  until  Ae^  amveiges 

sufiSdently.  Afta  convagence,  we  include  Ae^  into 
£^  and  proceed  to  the  next  time  stqp  from  t  +  At 
tot+2At. 
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Determination  of  Residual  Welding  Stresses  under  Consideration 
of  Structural  Transformations  Using  a  Multi-Purpose  Finite 

Element  Program 

0.  Vofi,  I.  Decker,  H.  Wohlfahrt 

Welding  Institute,  Technical  University  of  Braunschweig,  Germany 


Different  austenitwation  temperatures  reached  at  different  locations  during  the  welding  pro¬ 
cess  have  a  strong  influence  on  the  developing  thermal  stresses.  Assuming  the  welding  process 
as  a  decoupled  thermomechanical  problem,  an  approach  based  on  a  maximum-temperature 
cooling-time  diagram  has  been  made  to  determine  the  microstructure  and  hardness  distri¬ 
bution  in  the  HAZ  as  well  as  the  residual  welding  stresses.  Because  of  the  high  temperature 
and  stress  gradients  laser  beam  welds  on  mild  steel  have  been  used  to  validate  the  model. 
The  experimentally  obtained  data  has  been  found  in  good  agreement  with  the  results  of  the 
finite  element  calculations. 

Keywords:  welding,  finite  element  simulation,  structural  transformation,  maximum- 
temperature  cooling-time  diagram 


!•  Introduction 

Welding  residual  stresses  affect  strongly  the  perfor¬ 
mance  capability  of  the  joined  parts.  Therefore  the 
calculation  of  the  temperature  distribution  and  the 
resulting  residual  stresses  is  an  important  step  in 
optimizing  the  welding  process.  Depending  on  the 
type  of  welded  material  microstructural  transfor¬ 
mations  can  occur  during  heating  (ferrite  +  per¬ 
lite  austenite)  and  cooling  (austenite  marten¬ 
site,  bainite  or  ferrite  +  perlite,  depending  on  the 
temperature  cycle),  causing  a  redistribution  of  the 
thermal  stresses  and  strains  because  of  accompani- 
ing  volume  variations  and  changes  of  the  material 
properties. 

Finite  element  simulations  which  consider  micro- 
structural  transformations  during  a  heat  treatment 
are  in  general  based  on  the  time-temperature- 
transformation  diagram  (TTT-diagram)  [1,2].  For 
predicting  the  microstructure  in  the  heat  affected 
zone  (HAZ)  of  a  weld,  special  welding-TTT- 
diagrams  have  been  developed  [3].  The  charac¬ 
teristic  temperature  cycle  for  the  determination  of 
those  diagrams  is  a  fast  heating  to  an  austenitiza¬ 
tion  temperature  of  1350°C  and  no  holding  time 
before  cooling.  Welding-TTT-diagrams  neglect  the 
real  temperature  profile  that  shows  a  gradient  of 
the  maximum  temperature  reached  as  a  function  of 
the  distance  from  the  weld  center.  In  the  case  of 
high-energy-density-beam  welding  this  gradient  is 
very  steep  and,  therefore,  the  spacial  variation  of 


the  austenitization  temperature  is  high  in  a  narrow 
workpiece  portion  around  the  weld  [4]. 

2.  The  maximum-temperature 
cooling-time  diagram 

A  rising  austenitization  temperature  causes  larger 
and  more  stable  austenite  grains  and,  therefore, 
during  cooling  a  delay  of  the  ferrite  nucleation.  The 
bainite  and  ferrite  regions  in  the  welding  TTT- 
diagram  are  displaced  to  longer  cooling  times  [5] 
(figure  1). 


10*''  10°  10^  10^  10^ 


Cooling  time  Atg^j  [s] 

Figure  1:  TTT-diagram  for  two  different  austeniti¬ 
zation  temperatures  (steel  A  in  [5]) 

Using  several  TTT-diagrams  for  different  austen¬ 
itization  temperatures  a  maximum-temperature 
cooling-time  diagram  (figure  2)  has  been  developed 
by  [5]  for  a  steel  A  (chemical  composition  shown 
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in  table  1).  This  diagram  reveals,  depending  on 
the  maximum  temperature  reached  and  the  cooling 
time  between  800  and  500®C  (Ats/s)?  which  part  of 
the  HAZ  shows  a  martensite  (M),  a  martensite  and 
bainite  (M-fB),  a  ferrite  and  bainite  (F-i-B),  or  a 
ferrite  and  perlite  (F+P)  structure,  as  weU  as  the 
corresponding  hardness  distribution  (figure  2). 


Figure  2:  Maximum-temperature  cooling-time  dia¬ 
gram  (steel  A  in  [5]) 


3.  The  finite  element  model 

Assuming  the  welding  process  as  a  decoupled 
thennomechanical  problem,  the  3nicrostructure  in 
the  HAZ  can  be  determined  from  a  measured 
or  calculated  thermal  cycle,  using  the  maximum- 
temperature  cooling-time  diagram.  This  allows  to 
perform  the  calculation  of  the  mechanical  stresses 
and  strains  with  full  temperature  and  microstruc- 
tural  dependence:  all  material  properties,  especially 
the  coefficient  of  thermal  expansion  and  the  yield 


dimensional  finite  element  simulation  is  very  time 
consuming.  However,  the  residual  stresses  that  de¬ 
velop  in  long  welds  far  away  from  the  edges  can  be 
approximated  by  help  of  a  two  dimensional  plain 
strain  model.  To  achieve  reasonable  computation 
times,  the  results  of  the  three  dimensional  temper¬ 
ature  model  have  been  transferred  to  a  two  dimen¬ 
sional  plain  strain  model  as  shown  in  figure  3. 


- 25  mm - -► 

Figure  3:  Finite  element  model  (plain  strain)  for 
the  stress-strain  analysis 

4.  Results  and  discussion 

The  alloy  chosen  for  the  experiments  is  St  52-3  be¬ 
cause  of  its  similar  chemical  composition  and  me- 
chajoical  properties  to  the  steel  A  used  by  [5]  (see 
table  1). 


Steel 

C 

Chemic 

Si 

al  compc 
Mn 

sition  [%' 
P 

s 

steel  A 

0,16 

0.40 

1.50 

0.008 

0.024 

St  52-3 

<0.20 

<0.55 

<1.60 

<0.040 

<0.040 

Table  1:  Chemical  composition  of  a  steel  A  and  St 
52-3 


stress  are  adapted  whenever  structural  transforma¬ 
tions  occur.  This  approach  offers  a  great  variety 
of  applications,  because  it  can  be  integrated  in  any 
two  or  three  dimensional  model  of  a  multi-purpose 
finite  element  program  (e.  g.  ANSYSor  ABAQUS), 
it  is  independent  of  the  type  of  welding  process  or 
heat  treatment  and  can  be  used  for  every  steel  alloy 
with  microstructural  transformations,  if  the  mate¬ 
rial  data  is  known. 

Due  to  the  high  temperature  and  stress  gradients 
laser  beam  welds  on  mild  steel  have  been  chosen 
as  an  example  to  validate  the  model.  Any  welding 
simulation  is  a  highly  nonlinear  problem  because  of 
the  temperature  depending  material  data  and  the 
plastic  deformations.  To  get  suitable  information 
about  the  microstructure,  a  large  number  of  finite 
elements  have  to  be  placed  in  the  HAZ,  which  is 
small  compared  to  the  overall  dimensions  of  the 
joined  parts. 

The  laser  beam  welds  presented  in  this  paper  were 
done  on  50  x  250  mm  plates  of  St  52-3  with  dif¬ 
ferent  thicknesses.  Because  of  the  small  element 
width  needed  in  the  HAZ  (0.1  mm)  a  fully  three 


The  microstructure,  hardness  distribution  and 
welding  residual  stresses  for  different  welding  pa¬ 
rameters  and  various  plate  thicknesses  in  the  case 
of  bead-on-plate  laser  beam  welds  have  been  com¬ 
pared  with  finite  element  calculations.  As  an  ex¬ 
ample  for  the  good  agreement  between  experiment 
and  numerical  calculations  one  full  set  of  results  is 
presented  in  this  paper. 

Figure  4  compares  the  width  of  two  experimen¬ 
tally  obtained  and  calculated  HAZs.  Even  though 
the  martensite  region  zmd  the  areas  with  bainite 
grains  are  of  the  same  size,  it  is  noticeable  that  the 
weld  reinforcement  is  not  comparable,  because  weld 
pool  effects  like  the  surface  tension  have  been  ne¬ 
glected.  With  increasing  computer  capabilities  weld 
pool  modelling  can  be  added  to  the  finite  element 
model  to  get  better  results  in  the  melted  region. 
Because  of  the  good  accordance  of  the  results  for 
the  microstructure,  it  can  be  expected,  that  the  cal¬ 
culated  hardness  distribution  is  also  in  good  agree¬ 
ment  with  the  experimental  data.  The  ultrasonic 
contact  impedance  (UCI)  measurement  shown  in 
figure  5  and  the  line  plots  for  the  three  selected 
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Figure  6:  Comparison  between  UCI-measured  hard¬ 
ness  and  the  finite  element  result  along  selected 
lines  (St  52-3,  d  =  5  mm,  P  =  5  kW,  v  =1.2m/min) 


Figure  4:  Figure  4:  Comparision  between  the  calcu¬ 
lated  and  measured  microstructure  for  St  52-3  (left: 
d  =  5  mm,  P  =  5  kW,  V  =1.2m/min;  right:  d  =  6 
mm,  P  =  5  kW,  v  =1.3m/mm) 

scanning  lines  in  figure  6  reveal,  that  the  chosen 
hardness  for  martensite  of  450  HV  should  be  low¬ 
ered  in  the  simulations.  The  deviation  can  be  ex¬ 
plained  with  the  slightly  differing  chemical  compo¬ 
sitions  of  steel  A  and  St  52-3. 


Figure  5:  Comparision  between  UCI-measured 
hardness  and  the  finite  element  result  (St  52-3,  d  = 
5  mm,  P  =  5  kW,  v  =:1.2m/min) 

The  rise  in  the  measured  hardness  near  the  top  and 
bottom  side  of  the  plate  can  not  be  observed  in 
the  finite  element  result.  It  results  from  the  fact, 
that  the  specimen  was  embedded  in  plastic  while 
performing  the  UCI-measurement. 

In  order  to  receive  accurate  results  for  the  residual 
welding  stresses,  the  effect  of  the  increase  in  volume 


due  to  martensite  formation  has  to  be  added  to  the 
normal  thermal  strain,  causing  an  extra  compres¬ 
sive  stress  that  redistributes  the  thermal  stresses. 
Figure  7  indicates  that  the  X-ray  stress  measure¬ 
ments  from  the  topside  of  the  welded  plate  are  in 
good  agreement  with  the  calculated  results.  The 
transverse  stresses  show  a  well  developped  compres¬ 
sive  stress  in  the  transformed  area  (the  tensile  trans¬ 
verse  stress  of  about  110  MPa  in  the  center  of  the 
weld  shown  in  figure  7  is  an  experimental  error,  be¬ 
cause  of  the  surface  topogaphy  of  the  weld  seam). 


Distance  from  weld  center  [mm] 


Figure  7:  Longitudinal  and  transverse  residual 
welding  stresses  (St  52-3,  d  =  5  mm,  P  =  5  kW, 
V  =1.2m/min) 
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5.  Conclusion 


7.  References 


The  decreasing  austenitization  temperatures  occur- 
ing  with  increasing  distance  from  the  weld  cen¬ 
ter,  have  a  strong  influence  on  the  microstnictural 
transformations  in  the  HAZ.  Combining  several 
TTT-diagrams  to  a  maximiim-temperature  cooling¬ 
time  diagram  allows  this  effect  to  be  taken  into  ac¬ 
count. 

The  welding  process  can  be  assumed  as  a  decou¬ 
pled  thermomechanical  problem.  Integrating  this 
approach  in  a  multi  purpose  finite  element  progam, 
enables  the  calculation  of  the  thermal  stresses  and 
strains  using  material  properties  with  the  full  tem¬ 
perature  and  microstructure  dependence.  The  re¬ 
sults  obtained  are  in  good  agreement  with  the  ex¬ 
perimental  data. 

In  the  literature  only  very  limited  data  about  the 
material  properties  as  a  function  of  temperature  can 
be  found,  therefore,  interpolations  and  extrapola¬ 
tions  still  have  to  be  performed.  As  long  as  secure 
material  data  is  not  available  a  coupled  thermal  and 
metallurgical  calculation  like  revealed  in  [6],  does 
not  appear  to  be  not  necessary. 
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Based  on  the  practice  of  the  steps  axle  workpiece  during  quenching,  the  increment  fonn 
about  thermal  elastoplastic  constitutive  equation,  including  variable  physical  properties  and 
phase  transformation,  is  put  forward  and  solved  by  means  of  Finite  Element  Method  in  this  paper. 

The  transient  stresses  field  and  the  residual  stresses  field  are  obtained.  The  varied  factors  are 
discussed. 

Keyword:  Thermal  stresses  Phase  transformation  Configuration  factor  Quenching 


1.  Introduction 

The  steps  axle  is  one  kind  of  common  metallic 
workpieces  during  quenching.  When  Ae  steps  axle  is 
heated  over  the  temperature  of  Austenite  and  kept  for 
enough  time,  then  put  into  the  quenching  medium 
along  the  line  of  axle  vertically,  Ae  surface  of  work- 
piece  is  contacted  directly  wiA  Ae  medium,  so  Ae 
intense  heat  transfer  is  formed.  During  that  course, 
Ae  surface  of  workpiece  is  in  Ae  state  of  pool  sub¬ 
cooling  boiling^^l  The  inhomogeneity  of  cooling 
leads  to  Ae  various  temperature  grade  at  Ae  diiOferent 
points  in  Ae  workpiece,  which  cause  Ae  various 
Aermal  stress.  Meanwhile  Ae  heat  radiation  for  Ae 
shape  influence  and  Ae  heat  latent  released  by  phase 
transfonnation  producers  influence  Ae  Astributions 
of  Ae  transient  stresses  and  Ae  residual  stresses 
and  make  Ae  numerical  solution  more  difficult. 

In  this  paper,  on  Ae  basis  of  Ae  previousPl^Ae 
transient  temperature  field  of  Ae  steps  axle  was  ob¬ 
tained  under  Ae  pool  subcooling  boiling.  The  Aer¬ 
mal  elastoplastic  constitutive  equation,  mcluding 
variable  physical  properties  and  phase  transforma¬ 
tion,  is  put  forward  and  solved  by  means  of  Finite 
Element  MeAod.  The  transient  stresses  field  and  Ae 
residual  stresses  field  of  Ae  steps  axle  during 
quenching  wiA  water  are  obtained  and  Ae  effects  of 
phase  transformation  and  shape  are  Ascussed.  The 
results  are  satisfying. 

The  metallic  workpiece  is  shown  as  fig.  1.  The 
material  is  carbon  steel,  which  consists  of  Ae  follow¬ 
ing  composition  (%)  :  C  0A4,  Si  0,12 ,  Mn  0,66, 


Fig.  1  The  model  and  configuration  factor  schematic  draw- 
ing 

P<0.0B5  ,  S<0.035.  The  temperature  of  heating  is 
860  t7,  and  water  is  acted  as  quenching  meAum. 

2.  The  variable  physical  properties,  Ae  configu¬ 
ration  factors  and  Ae  heat  conduction  governing 
equation 

2. 1  THE  VARIABLE  PHYSICAL  PROPERTIES 
During  Ae  quenching  process  of  metallic  work- 
piece,  based  on  difference  of  Ae  cooling  velocity  and 
Ae  critical  temperature,  Ae  high  temperature  Aus- 
temte  structure  can  be  transformed  mto  Ferrite,  Pear- 
lite,  Bainite,  Martensite  and  a  small  amount  residual 
Austenite  structure.  Because  of  different  physical 
properties  of  Ae  various  structures,  lead  to  difference 
of  Ae  transient  stresses  and  Ae  residual  stresses  of 
Ae  steps  axle  workpiece. 

During  quenching  of  metallic  workpiece,  Ae 
physical  properties  is  a  non-linear  function  not  only 
of  temperature,  but  also  of  phase  transformation 
compositions.  Put  phase  transformation  conAtions 
and  phase  compositions^^^  mto  Ae  physical  properties. 
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tibe  expressions  of  physical  properties  can  be  written 
as  following: 

k.l  k.L 

*.i  *.i  (1) 

P  =  S  (7^  +  0  - 1 

kX  k.L 

^ijmn  ~  2  ^ “  2 

« = Z  (7^ + (1  -  E 

k,L  kX 

Where,  Cp ,  p,  ,  a  are  heat  conduc¬ 


tion  coefficient,  specific  heat,  specific  volume, 
Young’s  model  and  heat  expansion  coefficient,  re¬ 
spectively;  are  the  phase  transformation 

condition  and  the  phase  volume  firaction^^^; 

l‘A(.nC,AnpAT).E^AT\a,(T)  a» 


heat  conduction  coefficient,  specific  heat,  specific 
volume,  Young’s  model  and  heat  expansion  coeffi¬ 
cient  of  Austemte  under  the  corresponding  tempera¬ 
ture  respectively. 

For  other  physical  properties,  the  expressions 
are  similar  to  (1). 


2.2  THE  CONHGURATION  FACTORS 

Few  persons  consider  the  effect  of  the  surface 
sh^  on  woihpiece  during  heat  transfer.  But  it  is 
proved  by  practice  that  because  of  the  existence  of 
radiation,  while  the  each  surface  of  workpiece  re¬ 
lease  heat  energy,  they  absorb  the  heat  energy  radi¬ 
ated  by  other  surface  and  the  quantity  of  the  ab¬ 
sorbed  energy  is  relevant  to  surface  shape  of  the 
workpiece  to  a  great  extend. 

Any  point  on  the  surface  of  workpiece  can  radi¬ 
ate  energy  in  the  manner  of  hemisphere,  and  the  ratio 
of  the  energy  that  can  reaches  other  surfaces  of  the 
workpiece  to  the  total  radiated  energy  is  called  the 
configuration  factor  of  tiie  point  Obviously,  the  con¬ 
figuration  factor  is  related  to  the  shape  of  surface 
only. 


From  the  calculating  expression  of  the  configu¬ 
ration  factor^'^^: 

^  f  COS^jCOS^. 

-I  = 


We 


can 


;r  5' 

obtain 


(2) 


the  configuration  factor 
-With  the  same  analytical  method,  the  con¬ 


figuration  factor  can  be  obtained  shown  in 

Fig.2. 


Fig.2  The  configure  factors 

2.3  IHE  HEAT  CONDUCTION  GOVERNING 
EQUATION  SET 

In  order  to  depict  the  course  of  heat  transfer  of 
the  steps  axle  under  the  pool  subcooling  boiling  more 
accurately,  the  following  governing  equation  set^^^ 
is  used: 


^  dT  \dT 


£a[T  7^  (Fj , ji  -  ^d(r^y  1  .n  ^ 


-.£  =  /.  (DAT 
T((r,z),0)  =  f(r,z) 


(3) 


Fig.  3  The  distribution  of  temperature  on  the  step  section 

The  equation  (3)  is  solved  by  means  of  F.  E.  M , 
file  temperature  field  of  workpiece  can  be  ob- 
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tained.  The  trend  of  temperature  varied  vnik  time  and 
coordinates  on  step  section  are  shown  as  fig.3. 

3.  Thermal  elastoplastic  constitutive  equation 
with  the  phase  transformation 


4.  The  calculating  results  and  discussion 

Based  on  the  known  temperature  distribution, 
equation  (9)  is  solved  by  means  of  F.  E.  M.  The 
resiilts  are  discussed  as  follows. 


Let  and  stand  for  the  elastic  strain  and 

temperature  strain  respectively.  From  (1),  we  can 
get: 

rl 

rl=lciS,jdT 

0 

In  wUch,  is  the  symbol  of  Kronecker.  Dif¬ 
ferent  the  equation  (4),we  can  get  as  follow: 


(4) 


(5) 


9 

drl^aS^dT 

Adopt  the  isotropy  strengthen  model  as  this: 

'5=Fi\df (6) 

Where  and  a  stand  for  equivalent  plastic 
Strain  and  equivalent  stress,  respectively.  Thus,  we 
can  get: 


(7) 


Let  7?  stands  for  the  unite  expression  of  all 
phase  transformations  strain  component  and  y^j 

stands  for  die  total  strain.  The  increments  form  of 
them  are  dy^.  and  dyJ^^ .  Thus: 


^dyl  +dy' 

Put  equation  (5),  (7)  into  (8),  we  can  get: 


(S) 


dd 


dE’^ 


dT 


dT-dy: 


■E, 


ymn 


dT 
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dd 
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dd 
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fg 


dd 
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dF 
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(10) 


4.1  THE  DISTRIBUTION  OF  THE  TRANSIENT 
STRESSES  AND  THE  RESIDUAL  STRESSES 

In  Fig,4,  cr^,  cr ^  of  difiEerent  times  on  the 

step  section  are  given: 

Fig.4  shows: 

(1) The  transient  stresses  in  different  times  are 
different,  which  expresses  that  die  cooling  velocity  of 
different  points  are  different  on  the  step  section. 

(2)  The  maximum  of  stresses  appears  during  the 
time  5  -  20s.  During  this  course,  the  center  of  the 
workpiece  is  in  die  high  teoperature  plastic  zone  and 
the  stresses  of  the  points  can  be  released  due  to  metal 
plastic  deformation.  Meanwhile,  the  crack  is  readily 
formed  as  a  matter  that  the  surface  is  in  low  tempera¬ 
ture  zone. 

(3)  The  maximum  of  cr^  a  q  appear 

mosdy  on  the  surface  and  near  die  surface,  where  the 
cracks  are  easily  formed. 

(4)  After  25s,  the  changing  ranges  of  stresses 
descends  gradually.  After  40s,  the  changes  will  tend 
to  stability  and  the  stresses  distribution  tend  to  the 
residual  stresses  distribution. 

4.2  INFLUENCE  ON  STRESSES  FIELD  BY 
PHASE  TRANSFORMATION  AND  SHAPE 

Calculating  results  show:  In  eveiy  point  of  the 
model  during  quenching  widi  water.  Martensite 
transformation  content  is  more  than  96%  and  only 
small  amount  is  Ferrite,  Pearlite,  Bainite  and  residual 
Austenite.  The  influence  on  the  transient  stresses  by 
phase  transformation  comes  mainly  fi-om  Martensite 
transformation. 

During  Martensite  transformation,  latent  heat 
vrill  be  released,  \shich  retards  the  cooling  velocity. 
The  stresses  considered  phase  transformation  change 
smaller  than  not  considered  it,  and  Martensite  trans¬ 
formation  retards  the  thermal  stresses.  Meanwhile,  it 
also  shows  that  if  ignored  the  influence  of  phase 
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transformation,  tie  serious  error  will  be  produced 
during  calculating. 


Fig.4  Tie  distributions  of  the  transient  stresses  on  step 
section 

The  radiation  term  has  certain  effect  on  the 
transient  stresses  under  high  temperature  condition. 
The  radiation  plays  a  role  of  supplementary  external 
heat  source.  Its  intensity  is  determined  not  only  by 
the  surface  temperature,  but  also  by  the  surface 
shape. 

The  phase  transfonnation  and  the  heat  radiation 
retard  the  cooling  velocity,  and  lighten  the  thermal 
stresses.  Because  cooling  velocity  is  lowed,  the 
quenching  process  lasts  longer  than  that  in  which  the 
phase  transformation  and  the  heat  radiation  are  ig¬ 


nored.  Anyway,  the  residual  stresses  field  is  the 
thermal  stresses. 

5.  Conclusion 

From  above,  the  conclusions  can  be  obtained  as 
following: 

(1)  It  is  feasible  to  solve  the  transient  stress 
distribution  and  the  residual  stress  distribution  of  the 
steps  axle  by  equation  (9)  based  on  equation  (3). 
Also,  the  results  are  satisfying. 

(2)  The  phase  transformation  and  shape  influ¬ 
ence  heavily  on  distribution  of  the  transient  stresses 
and  the  residual  stresses  during  quenching  wifii  wa¬ 
ter  of  steps  axle,  which  must  be  considered.  Though 
both  factors  retards  the  action  of  thermal  stresses 
during  quenching,  the  thermal  stresses  takes  the  main 
part. 

(3)  The  heat  radiation  influences  mainly  during 
initial  stage  of  quenching,  while  the  phase  transfor¬ 
mation  does  when  temperature  is  below  .  Both  of 
them  influence  on  the  residual  stresses  distribution. 
Compared  each  other,  the  phase  transformation  acts 
more  heavily. 
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A  refined  averaged  theory  of  rigid  heat  conductor  with  a  microperiodic  structure  is  used  to  solve  a 
one-dimensional  initial-boundary  value  problem  of  heat  conduction  in  a  periodically  layered  plate 
with  a  large  nuniber  of  homogeneous  isotropic  layers.  In  such  a  theory,  the  temperkure 
0  =  e(x,t)  (0^x^L,t^0)  is  approximated  by  e(x,t)  =  e^(x,t)  +  Ti(x)e^(x,t),  where 

6  (x,t)  represents  a  m^^ro-temperature,  6  (x,t)  is  a  tenqserature  corrector,  and  ri  -  'n(x)  is  a 
0  1 

prescribed  periodic  micro-sh^  fimction ;  and  the  fimctions  0^  =  0^(x,t)  and  0^  =  ^ 

to  be  fi3und  by  solving  an  initial-boundary  value  problem  described  by  a  ^stem  of  linear  partial 
differential  equations  with  averaged  coefficients  suli^ect  to  suitable  tnitial  and  boundary  conditions. 

A  uniqueness  theorem  for  the  averaged  problem  is  proved,  and  two  particular  initial-boundary  value 
problems  for  a  periodically  layered  semi-space  are  solved  in  a  series  form.  Numerical  examples  are 
included. 


Words :  Microperiodic  Levered  Composites,  Nonsteady  Heat  Conduction  Problems. 


!bilroduction 

A  formal  solution  to  the  one-dimensional  initial¬ 
boundary  value  problem  for  a  parabolic  heat 
conduction  equation  in  a  layered  plate  has  been 
obtained  before  by  a  number  of  authors  (cf.  e.g.  Eqs. 
(2K20)  in  [1];  and  references  in  [2]).  When  the  plate 
is  of  a  large  number  of  kyers  with  dififerent 
constant  isotrqnc  thermal  properties,  an  analysis  of 
the  formal  solution  becomes  involved,  and  usually 
ends  up  with  an  sqjproximate  numerical  solution.  The 
present  psper  deals  with  the  problem  by  using  a  one- 
dimensionk  averaged  heat  conduction  theory  in 
vbich  the  plate  composed  of  a  large  number  of  layers 
is  replac^  by  a  plate  with  smeared  thermal 
properties,  and  the  classical  formulation  of  the 
problem  is  replaced  by  an  averaged  description.  The 
description,  referred  to  a  micro-periodic  leered  plate, 
consists  of  a  system  of  two  partial  differential 
equations  with  constant  coefficients  for  two  unknown 

temperatures  0  =0  (x,t)  and  0=0  (x,t) 

0  0  11 

(0<x<L,t^0)  subject  to  suit^le  initial  and 
boundary  conditions;  and  an  approximate  solution 

takes  the  form  0(x,t)  =  0  (x,t)+q(x)0  (x,t), 

0  1 

vbere  q  =  t|(x)  is  a  micro-periodic  shape  function 
(  cf.  [2]  and  [3]  ).  In  Section  2,  the  basic  field 
equations  of  the  averaged  theory  and  formulations  of 
associated  initial-boundary  value  problems  for  a 
microperiodic  layered  plate  are  presented.  In  Section 
3,  a  uniqueness  theorem  for  the  problems  of  Section  2 
is  proved  In  Sections  4  and  5,  the  series  solutions  for 
a  periodically  layered  semi-space  subject  to  a  sudden 


boundary  heating  and  a  laser  surfoce  bearing, 
respectively,  are  obtained  In  Section  6,  a  numerical 
analysis  of  the  solution  corresponding  to  the  laser 
surf^  heating  of  the  layered  semi-space,  is 
presented  Finally,  in  Section  7  lesi^  and 
conclusions  are  summarized 

2.  Basic  field  equations 

Consider  a  leered  infinite  heat  conducting  plate  of 
finite  dimensionless  thickness  L  ccmiposed  of  n 
identical  subunits  vhich  are  thermally  bonded  to  form 
a  spatially  periodic  pattern  as  shown  in  Fig.  1 


Fig.  1.  Configuration  and  coordinate  ^stemof  a 
microperiodic  layered  plate. 


Each  siibunit  consists  of  two  l^rs  v^ch,  in  general, 
have  different  dimensions  and  are  made  of  different 
homogeneous  isotropic  rigid  heat  conducting 
materials. 
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Let  /,p.,C.,  and  k  (  i  =  1,2  ),  in  this  order, 
*  *  ‘  i 

denote  the  physical  dimension,  density,  specific  heat, 
and  thermal  conductivity  of  the  i-th  layer  in  a 
subunit.  If  the  inter&ce  conditions  between  any  two 
ac^'acent  l^ers  are  assumed  to  be  of  an  ideal  thermal 
contact  type,  i.e.  the  temperature  and  heat  flux  are 
continuous  across  an  inter&ce,  and  a  thermal  load  is 
uniformly  distributed  over  the  boundary  planes  x  0 
and  X  =  L  for  every  time  t  >  0,  a  heat  conduction 
process  in  the  layered  plate  can  be  described  by  a 
solution  to  the  classical  one-dimensional  problem  in 
viiich  a  parabolic  heat  conduction  equation  is  to  be 
satisfied  for  each  layer,  and  suit^le  initial,  interface 
and  boundary  conditions  are  to  be  met.  If  n  is  a 
large  number  (n->oo),  the  classical  problem  is 
^^oximated  ly  the  dimensionless  averaged  initial¬ 
boundary  value  problem  (  cf.  [2]  and  [3] ). 


Findapair  (6,6)  definedfor  O^x^L  and 
0  1 

t  >  0,  that  satisfies  the  field  equations 


^2  dt 

\dK  J 


0  (a~p)— 0  =0 

Ok 


(“+07)0  +K7— 0  =0 

^dt  '1  5x  0 


(1) 


F  =  F(x)  on  the  interval  [0,1]  d^Sned  by 
1 

<F>=jF(x)dx  (5) 

0 

and  T|  =  dn/dx. 

From  the  definitions  of  a,p,y,andK,'weget 

a>p>0  y>0  K9t0  (6) 

Also,  a  modification  of  the  problem  (l)-(3), 

involving  heat-flux  boundary  conditions  is  obt^ed  if 

eqs.  (3)  are  replaced  by 

-<k>;£:e  (0,t)  =  q  (t) 

^0  0 

a 

<k>-^e  (L,t)  =  q  (t)  t>0 

ex  0  1 

\^ere  q  andq  are  prescribed  functions. 

0  1 

Once  a  solution  (6  , 6  )  to  the  prciUem  (1K3) 

0  1 

or  [  (1),  (2),  (7)  ]  is  found,  a  tenqrerature  6  in  the 
plate  is  comput^  from  the  formula 

G(x,t)  =  e  (x,t)+T|(x)0  (x,t)  (8) 

0  1 


for  0  <  X  <  L  and  t  >  0 
subject  to  the  initial  conditions 

e^(x,0)  =  f(x),  e^(x,0)=g(x)  (2) 

for  0  <  X  <  L 

and  the  boundary  conditicMis 


Due  to  an  oscillatory  character  of  ‘q(x)  on 
[  0,  L  ]  ,  6  rqiresents  an  oscillating  function  over 
the  plate  thickness  for  every  t  >  0.  Also,  for  a  smooth 

pair  (0  ,0  )  on  [0,L]x[0,oo),  0  is  a  continuous 
0  1 

fimction  on  [0,L]  x[0,oo),  but  eo/dx  may  have 
discontinuities  across  the  interfoces,  due  to  continui^ 
of  TiCx)  on  [0,L]  and  discontinuities  of  ti(x)  at  the 
interfoces. 

3.  Uniqueness  theorem 


0  (O,t)  =  h(t),0  (L,t)  =  i(t)  for  t>0  (3) 

0  0 


vfoere  f^g,h,and  i  are  prescribed  functions. 

The  constarrts  a,p,y,  andx  in  eqs.  (1)  are  related 
tO'  the  thermal  properties  of  a  subunit  of  the  layered 
plate  and  a  microsh^  fimction  'q  =  'n(x)  by 

1  -2 
<kTi  > 

a  - - 

2 

<pcti  > 

.  -2 

p  =  ^!L->. 

2 

<PCT|  > 


1-- 


1  •  2 
<kTi> 

<k><kf|^  > 


(4) 


y  = 


<pc> 

<k> 


<kq> 

2 

<pc'n  > 


where  <  F  >  stands  for  the  mean  value  of  a  function 


Theorem.  The  initial-boundaiy  value  problem 
(1K3)  or  [  (1),  (2),  (7)  ]  may  have  at  most  one 
solution. 

Proof  of  this  theorem  is  based  on  the  statement  that  a 
solution  of  the  problem  (1H3)  or  [  (1),  (2),  (7)  ] 
corresponding  to  a  zero  thermk  load  satires  a  global 
conservation  law  in  the  form 
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The  function  E  =  E  (t)  represents  the  total  thermal 
energy  released  over  the  time  interval  [0,t]  in  the 
leered  plate  subject  to  a  thermal  load.  By  virtue  of 
ineqs.  (6),  E(t)  ^  0,  and  eq.  (9)  asserts  that  the  total 
thermal  energy  of  the  plate  subject  to  a  zero  thermal 
load  vanishes  £3r  t>0. 


4.  Temperature  in  a  layered  semi-space 
subject  to  sudden  boundary  heatii^ 


We  let  L  =  n  00,  and  solve  the  following  initial¬ 
boundary  value  problem.  Find  a  pair  (6  ,6  )  that 

0  1 


satisfies  the  field  equations 


V 


.5. 

a 


0  +-i-(a-P)— 0  =0 
OK  ac  1 


(— +ay)0  +K:y— 0  =0 

'a  1  ^  dx  0 


(10) 


for  X  >  0,  t  >  0 


the  initial  conditions 

0  (x,O)  =  0  (x,0)  =  0  for  x>0  (11) 

0  1 

and  the  boundary  condition 


0  (0,t)  =  H(t)  =  ^ 

0  0 


for 

for 


t>0 

t<0 


(12) 


Moreover,  0  and  0  are  to  vanish  as  x  ->  oo  for 
0  1 

every  t  >  0.  Using  a  L^lace  transform  technique 
similar  to  that  of  [4],  [5]  and  [6],  the  following  series 
solution  of  the  problem  (10K12)  is  obtained 


t 


0 

0 


dr 


(13) 


t 

0  (x,t)  =  -^  [{l-exp[-ay(t-t)]}-£- 
l  a  J  OK 

0 


N(x,t)  dx 
(14) 


x^iiere  N  =  N(x,t)  is  the  series  ofNeumann's  type 
£>r  an  integrcHl^iential  equation  associated  ^th 
eqs.  (10) 


X  -3/2 

N(x,t)  =  -^t  expl 
2Vit 

“  (^y)”  - 


i^-Xt-x^/4t^ 


+  y  . -  fexp[-py(t-s)]x  (15) 


/  \n“l  u-3/2 
(t-s)  s 


and  A,  =  y(a-p). 


f  2  ^ 

ejq)  -Xs-x  /4s 


ds 


The  solution  (13X15)  converges  uniformly  for  any 
positive  and  j^te  x  and  t;  and  for  the  admissible 
range  of  the  constants  a,p,andy  [cf(6)]. 


5.  Temperature  iu  a  layered  semi-space 
subject  to  laser  surface  heating 


In  this  case  we  look  for  a 
the  field  eqs. 


pair  (0  ,0  )  that  satisfies 
0  1 


I  ^2  dt 
KdK  J 


0  +l(a-p)Ae  =0 

OK  3x  1 


(16) 


(— +ay)0  +KY— 0  =0 
Vgt  '  Ar  A 


dK  0 


the  initial  conditions 


for  x>0,  t>0 


0  (x,0)  =  0  (x,0)  =  0  for  X  >  0  (17) 

0  1 

and  the  boundary  condition 

-<k>  — 0  (0,t)  =  Y(t)  fort^O  (18) 

dK  0 

wiiere  [7] 

Y(t)  =  Y  t“  exp(-b  t“)  (19) 

0 


Here,  Y,b,m,  andn  are  positive  constants. 
0 

Morever,  0  and0  are  to  vanish  as  x-^-oo 
0  1 

for  every  t  >  0.  Clearly,  Y(t)  represents  a  "skewed” 
Gaussian  temporal  profile  of  the  laser  pulse. 

A  solution  to  the  problem  (16X19)  is  obtained  in  the 
form  [6] 


t 


(20) 
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L 

e^(x,t)  =  -Ky  jY(T)^(x,t-T)dr  (21) 


’s^ere 


and 


Y(t)  =  Jexp  [-a  y  (t  -  x)]  Y(t)  dr  (22) 


M(x,t)  =  — t  exp(-Xt“X^/4t) 


<k>^^n 


n=l 

n-1  n-1/2  2 

(t-x)  X  e3q5(-Xx-x  /4x)dx 


(23) 


The  series  solution  (20)-{23)  converges  uniformly  for 
any  finite  x  and  t  >  0 ,  andforthe  admissible  range 
ofparameters  a,p,andy  ,  described  be  ineqs.  (6). 


6.  Numerical  analysis 

Numerical  analysis  is  restricted  to  the  heating  of  a 
leered  semi-space  subject  to  a  surface  laser  pulse. 
Each  of  the  two-layer  units  is  assumed  to  be  of 

the  boron-epo?^  l^ers,  and  r\  =  Ti(x)  is  a  piece-wise 
linear  function  over  the  unit  So,  the  parameters  a,p, 
y ,  K,  <  k  >,  and  X  take  the  values  : 

a  =  7. 17843  x  p  =  3. 04197  x  10~^[m^ 

7=2.0873x10  [sm  ]  k  = -3.0842x10  [m^s 
<  k  >=  1. 0625[W/  m.K]  k  =  86.3403.  The  skewed 
Gaussian  temporal  profile  of  the  laser  pulse  is 
assumed  as 

3 

Y(t)  =  Y  texp(~10  t),  so,  n=m=l,  b=1000  in 
0 

7  -2 

eq.(19).  In  addition,  we  put  Y  =3x10  [Wm  ], 

0 

e*  =  1[K],  and  I*  =  0. 004[m],  so  t*  =  7  (I*  = 

*  -1  * 
33.397  [s] ,  and  t  =  0. 029943 1  [s  J.Here,  6  , 

•  * 

/  ,and  t  stand  for  the  temperature,  length  and  time 
units,  respectively.  With  such  a  choice  of  input 

a  number  of  Figures  showing  0  (x,t)ande  (x,t) 

0  1 

versus  t  for  several  fixed  x 's,  as  well  as  temporal 
profiilesof  0(x,t)  for  the  fixed  x  *s,  are  presented 

7.  Results  and  conclusions 

A  refined  averaged  heat  conduction  theory  for  a 
microperiodic  layered  rigid  plate  has  been  used  to  : 


(i)  formulate  a  one-dimensional  initial-boundary 
value  problem  for  a  periodically  leered  plate;  (ii) 
prove  a  uniqueness  theorem  for  the  problem;  and  (iii) 
solve  two  particular  initial-boundary  value  problems 
for  a  layered  semi-space  in  a  closed  series  form.  In 
such  a  theory,  the  temperature  0  =  e(x,t)  is 

q^oximatedby  0(x,t)  =  0  (x,t)  +  Ti(x)0  (x,t); 

0  1 

where  0  (x,t)and0  (x,t)  are  the  macro- 
0  1 

temperature  and  temperature-corrector,  respectively; 
and  r\  =  ti(x)  is  a  prescribed  microperiodic  shape 
fimction.  A  numerical  analysis  of  0(x,t)  for  the 
layered  semi-space  subject  to  a  laser  surfoce  heating 
indicates  that  :  (a)  a  contribution  of  the  macro¬ 
temperature  0  (x,t)to  the  total  tenTOrature0(x,t) 
0 

is  donrinant  over  the  whole  space-time  dornain  x>0, 
t  >  0,  except  for  a  thin  boundary  l^er  in  which  the 
temperature-corrector  0  (x,t)  pl^s  a  significant 

role;  and  (b)  the  temperature  0(x,t)  is  sensitive  not 
only  to  a  change  of  the  material  parameters  but  also 
to  a  change  of  the  laser  pulse  characteristics. 
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